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CHAPTER I 


ELEMENTARY PROPERTIES OF FUNCTIONS 

1. Introduction. 

The primary objects of thought, or elements, with which the 
Differential Calculus 1 and the Integral Calculus deal, are the same 
as those of Arithmetic and Algebra, namely, numbers and the 
fundamental operations 2 with numbers. The characteristic feature 
of the Differential Calculus is the systematic development of the 
notion of instantaneous rates of change of continuously varying magni- 
tudes. In the Integral Calculus the notion of mean values takes the 
place of the notion of rates in the Differential Calculus, but the two 
subjects are found to be intimately connected so that, from one 
point of view, the Differential Calculus dominates the whole. The 
two subjects together are usually described as The Infinitesimal 
Calculus , or more shortly as The Calculus. 

The notion of an instantaneous rate is a familiar one. Thus in 
the case of a body in motion we are accustomed to distinguish 
between the instantaneous rate of motion (velocity at the moment) 
and the average rate of motion (average velocity) during an interval. 
So in the case of a motor we distinguish between the instantaneous 
rate of work (horse-power at the moment) and the average rate of 
work (average horse-power) during an interval. 

A rate, whether average or instantaneous, involves a comparison 
of the changes of two quantities. Thus in the case of motion, rate 
of motion involves a comparison of distance traversed with time 
elapsed. In speaking of a rate of change of any quantity, therefore, 
a second quantity with respect to which the rate is considered, (that 
is, with whose change the change of the first quantity is compared), 
must be stated or implied. The adjective instantaneous , which is 

1 The adjective differential refers to the indefinitely small quantities (differentials 
or infinitesimals) in terms of which the subject was expounded by Leibniz, (1646-1716). 

A Calculus is a mathematical method of investigation or the subject which results 
from the application of the method. 

2 These are usually enumerated as addition, subtraction, multiplication, division, 
potentiation, radication and logarithmation. 

A 1 M.B.M.A. 
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naturally used where the second quantity is time elapsed, is also 
applied, by analogy, in cases where the time is not involved. It is 
often convenient to prefix the name of the second quantity to the 
word ‘ rate.’ Thus velocity is described as the time-rate of increase of 
distance traversed. Other common examples of rates are time-rate 
of work (power developed), distance-rate of work (force exerted), 
mileage-rate of consumption of oil (oil per mile), petrol-rate of miles 
traversed (miles per gallon), and time-rate of transformation of 
matter (for example, rate of decay of radium). 

An average rate of increase is measured by the ratio of the increase 
of the measure of the quantity whose rate is considered to the 
corresponding increase of the measure of the quantity with respect 
to which the rate is considered. The corresponding average rate of 
decrease is the negative of the average rate of increase. 

Thus if a body (point) is moving along a straight line and x x is its 
distance from a fixed point 0 on the line at time t l9 while x is its 
distance at another time t> the respective increments of distance and 
time are x -x l9 t -t v and the average velocity in the interval from 
t x to t is measured by (x -a :f)j(t -tf). To make the formula general 
we must suppose the measurement x to be algebraic, that is, x (or 
aq) is positive or negative according as the moving point is on one 
side (the positive side) or the other (the negative side) of the origin 
0 of measurement at the time t (or tf). If the time t is subsequent 
to t u the average rate of increase or the average velocity is positive 
or negative according as x has increased or decreased (algebraically) 
in the time t - t v The measure of the average velocity will, of course, 
depend on the units employed for the measures of distance and 
time. 

The average rate will depend on the interval, t - t l9 of time chosen 
unless the motion is such that the distance described is always pro- 
portional to the time elapsed. When this proportionality exists, 
the motion is said to be uniform . The average rate for any interval 
is then equal to that during a unit of time, that is, it is measured 
by the distance described in unit time. For this reason the measure 
of an average velocity is commonly described as the distance per 
unit time. The corresponding language is applied to any other rate 
when the increments compared are always in the same ratio. 

If, now, we pass from average to instantaneous rates, we pass from 
a number which we could think of as calculated from direct 
observation of changes in the measures of the two quantities con- 
cerned, to a number which measures an instantaneous property 
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associated with those changes, and which, therefore, implies an 
additional conception or assumption as to the manner in which the 
changes are taking place. Going back to the measure (x -x 1 )/(t -t x ) 
of average velocity, a good working notion of the conception in- 
volved in the introduction of instantaneous velocity is conveyed by 
the statement that we suppose all the average velocities to close up 
to equality when the intervals of time for which they are reckoned 
lie in a period which is continually and indefinitely diminished, or 
more shortly, that the average velocities are equal in the ultimate 
detail of the motion. Otherwise said, the assumption is that the 
motion is uniform in ultimate detail. The common value to which 
the average velocities close up is called the limit of those velocities. 
It is also called the ultimate ratio of the increments x -x l9 t -t v 

Exactly similar remarks apply to any other rate. The existence 
of an instantaneous rate of change of one quantity with respect to 
another implies that the change of the first quantity is ultimately 
uniform with respect to the second. The instantaneous rate is then 
the limit to which all the average rates close up when the changes 
of the second quantity (from a fixed value) are all continually and 
indefinitely diminished. 

The formal exposition and systematic development of the familiar 
notions here introduced constitute the subject of Differential Cal- 
culus, of which we commence the discussion in Chap. II. In the 
present Chapter we consider a number of preliminary questions, 
most of which are concerned with the methods employed to deal 
rigorously with properties of ultimate detail or limits. 

1.1. Two general remarks may here be interpolated. The first concerns 
the introduction of the conception of an instantaneous rate in scientific 
theories. So far as Pure Mathematics is concerned, the Differential Calculus 
is developed from a consideration of those variable mathematical quantities, 
defined by formulae or otherwise, whose variations can be demonstrated to 
have the character required for the existence of an instantaneous rate. The 
incitement to such a development, however, arises from the impression that 
the conception of such rates is useful in scientific investigations. This impres- 
sion is associated with a general tendency in science to think of phenomena 
as simpler in detail than in gross. Thus in the case of motion, the tendency 
is to suppose the motion to be more and more uniform during a smaller and 
smaller interval of time, and, generally, a change of any kind to take place 
uniformly in ultimate detail. But modern Physics is by no means bound by 
such a conception, and it is, in fact, led to regard many phenomena that seem 
to support the notion of ultimate uniformity as arising from statistical 
averaging, over very small intervals of time, of events whose laws of change 
are as complicated as those for whose explanation the conception of ultimate 
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uniformity was introduced. The usefulness of the Calculus in Physics remains, 
but it must, like other theoretical aids to the investigation of natural pheno- 
mena, be employed with a consciousness of the difference between a logical 
conclusion from the mathematical theory and a demonstration of the exist- 
ence of phenomena suggested by that conclusion. All theories, mathematical 
and other, have limits of applicability which can only be discovered by actual 
observation or experiment. 

The second remark is of a more practical character but has the same 
general trend. The Differential Calculus is quite commonly employed in 
Engineering in the discussion of problems in which the assumption of uniform 
variation in ultimate detail is in obvious conflict with the physical data. As 
a simple example we may take the question of the form assumed by a chain 
(consisting of links of any kind) when suspended by its ends. A solution 
which is of sufficient accuracy for most purposes is obtained by replacing the 
chain by a continuous linear system (an ideal perfectly flexible rope), whose 
form is specified by a mathematical curve. The problem in its modified form 
permits of the use of the Calculus and is easily solved, whereas the original 
problem would require a consideration of the equilibrium of each link. The 
Calculus is thus, from the practical point of view, on some occasions an instru- 
ment of simplification, on others, an instrument of refinement. 

Delicate questions may evidently arise concerning the practical availability 
of the solutions obtained by smoothing- out processes of the kind indicated. 
We are not here concerned with such questions, which, on the mathematical 
side, belong to the theory of statistical averaging. It is, however, important 
to note that a set of measures of a physical quantity, however numerous they 
may be, can never be in conflict with the assumption of the existence of an 
instantaneous rate of variation of the quantity. In other words, a law of 
variation can always be found which is consistent both with the set of records 
and with the existence of an instantaneous rate. 


2. Physical and Abstract Numbers. 

We now proceed to consider the character and generality of the 
system of numbers employed in the Calculus. In the applications 
of the subject the data involve physical numbers , that is, numerical 
measures of the physical quantities that enter into the discussion. 
As soon, however, as the problem to be dealt with is put into mathe- 
matical form, with the aid of the laws to which the variation of the 
physical quantities are subject, those numbers which have physical 
associations are treated exactly like any other numbers which enter, 
and we are concerned only with abstract numbers until the mathe- 
matical investigation is completed or until it is interrupted by further 
reference to the physical data. 

Throughout the present Volume we shall be concerned only with 
theorems involving the ordinary numbers of Arithmetic and Algebra, 
with which the student is familiar. These numbers are called 
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simplex (or real x ) to distinguish them from complex (or imaginary) 
numbers. A complex (more properly duplex) number is so called 
because two ordinary (or simplex) numbers are required for its 
specification. The word 4 number * is henceforth to be taken to 
refer to a simplex number, unless the contrary is indicated. 

3. The Number-System of the Calculus of Real Variables. 

The word number has received many extensions of meaning since 
the time when it had reference solely to counting, and it has con- 
sequently become necessary, in any mathematical subject, to 
explain what number-system is employed. The reader will be 
familiar with the successive extensions which have resulted in the 
number-system employed in the Differential and Integral Calculus 
of real variables. We enumerate them, without regard to historical 
order, partly for the sake of explaining the nomenclature, but 
chiefly in order to emphasize certain points on which the rigour of 
the subsequent discussion depends. 2 

Starting with the natural numbers 1 , 2, 3, ... of enumeration, we 
proceed to the following extensions : 

3. 1 . Integers , positive and negative . The importance of negative 
integers, from the point of view of abstract mathematics, is due to 
the fact that they render subtraction always possible, so that there is 
always a solution of the equation a-f-# — 6 , namely x — b - a , where 
a, 6, x are integers. Otherwise said, the inversion of the process of 
addition has become always possible by the introduction of negative 
integers, whereby not only is there always a definite sum of two 
integers, but there is always a definite integer, positive or negative, 
which on addition to a given integer a produces a given integer b. 
It is convenient to include 0 amongst the integers ; it is neither 
positive nor negative. 

3. 2. Rational 3 fractions {vulgar fractions ), positive and negative . 
Rational fractions were introduced into the number-system for 
the measurement of continuous or quasi -continuous quantities 
by means of the division of a unit. Their importance in 
abstract mathematics is due to the fact that they render division 

1 The adjective real is still commonly used while the correlative imaginary has 
been for the most part abandoned. These adjectives go back to a time when com- 
plex numbers were regarded as a mysterious excrescence on ordinary numbers. 

2 The present discussion is merely introductory. The subject is dealt with in a 
more complete manner in Chap. XXI. 

8 The adjective rational in this connection has reference to the fact that a vulgar 
fraction is the ratio of two integers. 
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always possible, so that there is always a solution of the 
equation ax = b , namely # = 6/a, where a, b are integers or fractions. 
Otherwise said, the inversion of the process of multiplication has 
become always possible by the introduction of rational fractions, 
whereby not only is there always a definite product of two numbers 
(integral or fractional), but there is always a definite number which 
on multiplication with a given number a produces a given number 
6. To this statement, however, there is an exception, which is due 
to the inclusion of 0 amongst the integers. There is no definite 
number which on multiplication by 0 produces a given number b 
(other than 0), while any number on multiplication by 0 pro- 
duces 0. Thus 6/0 is not a number and 0/0 may be any number, 
or is indeterminate. We shall have many opportunities of explain- 
ing the method of handling these special forms when they arise. 

For the sake of generality of statement it is often convenient to 
regard the integers as a particular class of rational fractions. Thus 
we may suppose the integer a replaced by the rational fraction a/1. 

3. 3. Irrational 1 numbers , or irrationals. We may look on the 
introduction of irrationals as primarily due to the attempt to imitate 
in Arithmetic the continuity involved in our conception of a straight 
line. It is easy to shew that, according to this conception, if the 
length of a certain line is measured by an integer, or a rational 
fraction, in terms of a unit, that line can be divided into two parts, 
by a geometrical construction, such that neither part is measured 
by any rational fraction, its length being incommensurable with the 
unit. If, for example, we construct an isosceles right-angled triangle 
on the line as hypotenuse and strike off on it a part equal to one of 
the sides, that part will be incommensurable with the whole or with 
the unit, and will be measured not by a rational fraction but by an 
irrational number. 

From the standpoint of abstract mathematics the introduction of 
irrationals is required to generalize the process of radication 2 (taking 
roots). Otherwise said, irrationals are required to invert the process 
of potentiation (taking powers), whereby there shall not only be a 
definite integral power of any number, but also a definite number 
which, when raised to a given integral power, produces a given 
number, (which must be positive if the index is even). 

The process of converting rational fractions into decimals may be 

1 The word irrational here implies merely that the numbers in question are not 
rational fractions (or integers). 

2 This operation is cited as the most familiar case. 
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quoted as providing a clue to the simplest method of defining irra- 
tionals. This process gives rise to a decimal of a finite number of 
places only when the denominator 1 is a power of 10, or a factor of 
such a power. In other cases it gives a periodic non-terminating 
decimal in which a set of digits is repeated indefinitely. Conversely, 
if a decimal of this character is written down, a method is known 
for finding a vulgar fraction which will generate it by applying the 
conversion-process. On account of the invariable association of a 
vulgar fraction with such a periodic decimal, we easily get to 
associate the notion of a definite number with the latter without 
using the support of the former. 

We have next to associate the same notion of number with any 
non-periodic non-terminating decimal, on the understanding that 
there is given or implied some law or criterion which determines its 
successive digits. Such a decimal is called an irrational number. 
The propriety or feasibility of introducing such decimals as part of 
the number-system depends on two conditions, 

(i) that they can be assigned a definite order with respect to 

the rational fractions and to each other, 

(ii) that they can be subjected to the same operations, (addition, 

multiplication, etc.), and in such a way as to obey the 
same fundamental laws 2 of those operations, as the integers 
and rational fractions. 

In considering these conditions it is convenient to suppose all 
integers and rational fractions expressed in the form of periodic 
non -terminating decimals, so that all numbers have a common 
form of expression. Thus we write 7-999 ... for 8, -33999 ... for -34, 
1-999... for 0, 3-999... for -2, and so on. 3 This convention 
often dispenses with the consideration of special cases in the proof 
of theorems concerning the existence of a number possessing a 
certain property, and it will be adopted henceforth in such proofs. 

We can now lay down the rule for the relative order (of magnitude) 
of two numbers by means of which the above condition (i) is 
satisfied. Of two numbers which agree up to a certain number of 
digits but which differ in the next digit, (or place of decimals), that 
one precedes (or is less than) the other which has the (algebraically) 

1 The fraction is supposed in its lowest terms. 

2 That is, the associative, commutative, distributive and index laws. 

3 The decimal parts of the numbers so written are positive, as in the case of com- 
mon logarithms. 
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smaller digit in that place. The complete discussion of the condition 
(ii) must be left to Chap. XXI, but the student has already obtained 
from Arithmetic a general knowledge of the manner in which the 
successive digits of the number arising from one of the fundamental 
operations are to be obtained. In each case, the law for the suc- 
cessive digits in each of the numbers operated with leads to a law 
for the successive digits of the number to be obtained as the result 
of the operation. The resulting number thus belongs either to the 
rationals or to the irrationals and no new class of numbers is intro- 
duced by any of the operations. From this point of view the 
rational and irrational numbers together form a complete system, 
commonly called the system of real numbers. 

4. Representation of Numbers by Letters. 

The representation of numbers by letters is applied to all members 
of the system of real numbers, without any distinction being made 
between rational and irrational numbers, as they all obey the same 
laws. Since, however, irrational numbers cannot be expressed by a 
finite number of digits, the practice has been adopted of representing 
those of frequent occurrence by special letters permanently associ- 
ated with them ; thus the Greek letter n is reserved for the ratio of 
the circumference of a circle to its diameter, e is reserved for the base 
of natural logarithms, and so on. The same practice could, of course, 
be adopted for special rational numbers expressed by a large number 
of digits, but numbers of this kind which are of theoretical import- 
ance scarcely occur in Pure Mathematics. In Physics, fundamental 
constants are in the same way represented by special letters. A 
familiar case is the use of g for the acceleration of gravity at the 
place of observation. These constants are deduced from observa- 
tions and experiments, and are only known approximately. It 
would be very much better to use special symbols, or letters of 
alphabets not otherwise drawn on, for the representation of special 
numbers, since ordinary letters can ill be spared for this purpose, 
but the general practice is here followed. 

5. Modulus of a Real Number. 

Since a letter, a say, may represent either a positive or a negative 
number and it is often necessary to consider its magnitude , 1 it 
is convenient to have a symbol for it, and | a | has been introduced 

1 The word magnitude will, in the sequel, be used for numerical value as contrasted 
with algebraic value . 
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for the purpose. Thus if a is a positive number, a and | a | are the 
same number, while if a is negative, | a | has the same magnitude 
as it but is positive. \As particular examples, 2 = |2| but 
- 2 = - | - 2 | . The number | a | is called the modulus of a or 
simply 4 mod. a \ 

Four very simple results which are conveniently expressed with 
the aid of the modulus sign should be noted, as they are of constant 
occurrence. If a, b are any two numbers, then 

(i) \a + b\ <|a| + |6| ; 

(ii) if, further, a, b are of the same sign, |a + 6|=|a|+|6| ; 

e.g. |3 + 4|=7 = |3| + |4|, and 
| -3-4|=| — 7|=7 = | — 3|+| - 4 | ; 

(iii) if, however, a, b are of different signs, | a + b |<|a|+|6| ; 

e.g. | 3 - 7 | = | - 4 | = 4 while | 3 | + 1 - 7 | = 10 ; 

(iv) \ab\ = \a\ .\b\ ; e.g. |-3x4|=|-12| = 12 = |- 3|.|4|. 

These theorems can be immediately extended to three or more 
numbers. 

Ex. 1. If a l9 a 2 , ... , a n are alternately positive and negative and if the modu- 
lus of each (except the first) is less than that of the next preceding, shew that 

(i) the sum a x +a 2 + ... + a n , which wo denote by s n , lias the same sign as a x ; 

(ii) s n lies between a x and a x +a 2 ; also \ a x -s n | >| a 2 + a 3 |, (n> 3), and 

I S n -(a x +a 2 ) I >1 a z -\ a 4 |, (n> 4) ; 

(iii) s n lies between a x + a 2 4- ... + a r , or s r , and a x -\-a 2 -\- ... +a r + a f+1 , or s r+1 , 

where l^.r< n - 1 ; also | s n -s r | >| a r+l +a r+2 |» (n > r + 2). 

It is sufficient, in the proof, to supposo a x positive, the sign of every term 
being changed to obtain the results when a x is negative. 

(i) If n is even, write s n —(a x +a 2 ) +(a 3 +u 4 ) + ... +(a n-1 +a n ), and if n is 
odd, write s n =(a x +a 2 ) +(<^3 +a 4 ) + ... +(a n „ 2 f« w _i) +« w . In these forms, 
each compound term is positive and so is a n in the second form. There- 
fore s n is positive, so that it has the sign of a x . Also s n >a x -\-a 2 and 
I s w “ ( a i + a 2 > I > I «3 + «4 I if n > 4. 

(ii) If n is even, write s n ~a x +(a 2 +a 3 ) + ... + a n , and if n is odd, write 
s n ~ci x J r (a 2 +u 3 ) + ... 4* (a n _ x +& n ). In these forms, each compound term is 
negative and so is a n in the first. Therefore s n is less than a x . Further, 
I a i - s n I > I a 2 + a d I if n > 3. 

(iii) Writing s n in the form (a x + a 2 + ... +a r _ x ) +(o r +a rfl + ... +o n ), we can 
apply the results (ii) to the second sum and assert that it lies between a r and 
a r +a r+1 . It follows that s n lies between a x +a 2 + ... +a r _ x +a r , or s r , and 
a x + a 2 + . . . + a T _ x + a T + a r+1 , or 5 r+1 . Further, 

I s n -8 r I = I a r+l +a r+ , + ... +a„ | >| a r+1 +a r+2 | 


if n>r + 2. 
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6. Correspondence of Real Numbers and the Points of a Line. 

Let X'X (Fig. 1) be any straight line and let the portion OA be 
taken as a unit line, so that 0 is associated with (or corresponds to) 



Fig. l. 


the number 0 and A with the number 1. Then we know how to 
associate with any proper fraction pjq a definite point on that 
portion. To do this we divide OA into q equal parts and take the 
first p parts, starting from 0, to form a line OP whose end is P. 
The point P is then associated with, or corresponds to, the fraction 
p/q . We cannot reverse this process to find a proper fraction cor- 
responding to any point P' of the line, for this would require all 
lines such as OP' to be commensurable with OA , and this we know 
not to be the case. We can, however, associate with P' a definite 
real number (in general irrational) by the following process. Let 
the line OA be divided into ten equal parts and let the point P' fall 
either inside the (^q-f l)th part, (reckoning from 0 ), or at its end 
remote from 0 . Now divide this part into ten equal parts and let 
P' fall either inside its (p 2 + l)th part or at its end remote from 0, 
and so on. This process of successive subdivisions gives a criterion 
to determine in turn each of the digits p l9 p 2 , p 3 , ... of a definite 
non-terminating decimal, namely -p^p^p^ ..., that is, to determine 
a real number (rational or irrational) which we associate with the 
point P'. 

If we reverse the process and begin with a number m PiP 2 'p$ ••• , 
we can make the successive subdivisions and select the part in each 
in accordance with the successive digits of that number, but it is a 
matter of postulation or of our conception of a line, not a matter of 
proof, if we assert that a definite point of the line is defined by this 
process. If this postulate is granted, the conclusion is that the 
process explained associates a definite number with each point of 
OA and a definite point with each number between 0 and 1. In 
other words, the process is said to effect a one-to-one, or one-one , 
correspondence of the points on the line and the numbers from 0 to 1. 
The one-one correspondence can, of course, be extended beyond the 
chosen range in the same way. 

No argument in the analytical theory is based on this supposed 
correspondence, but it has led to the use in that theory of words 
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which properly belong to Geometry. Thus it is quite usual to 
employ the word point instead of the word value and to call the real 
numbers from a to 6 the range from the point a to the point 6. 
Another case is noted in the next Article. Such metonymy is 
sometimes very convenient, but it may, on occasion, be confusing 
and, unless carefully watched, may lead to arguments which are 
wanting in rigour. 

7. The Arithmetic Continuum. 

The property proved in the preceding Article that there is a real 
number lying in the range 0 to 1 corresponding to each point on the 
line OA , and its extension to any range, has led to the application of 
the w ord continuum , which properly belongs to our conception of a 
line, to the system of real numbers, which is hence said to form the 
arithmetic continuum. No difficulty arises from this transference of 
a name as long as it is remembered that it does not justify looking 
on the number-system as other than essentially discrete . Such 
4 continuity ’ as exists in the number-system arises from continued 
interpolation between isolated numbers, that is, in number-con- 
struction from without inwards, and it is not of the same character 
as the inherent continuity involved in our conception of a straight 
line. The connection between such a conception of inherent con- 
tinuity and any conception (ancient or modern) of space based on 
experimental evidence, is a matter which does not concern us here. 

8. The Symbols +oo , -oo . 

The system of real numbers is said to be unbounded (or infinite) 
in the same sense as the system of integers is said to be unbounded 
(or infinite). A number always exists which is algebraically greater 
(less) than any assigned number ; it is always possible to add to 
(subtract from) an assigned number another assigned number as 
often as we please, and in this way to arrive at a number which is 
greater (less) than any third assigned number. The word infinite 
and the symbols + oo , - oo do not apply to a single number but to 
a set or sequence of numbers which, when considered in succession, 
attain values algebraically greater (less) than any assigned or 
assignable number. For example, when the system of positive 
integers is indicated by 1 , 2, 3 , ... , n, ... , oo , the symbol oo does not 
indicate the last number, but only that the system is unbounded. 
Again, if we write a/0 = oo , we mean to indicate that if the denomi- 
nator is at first a number other than zero and is then continually 
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decreased in magnitude, the fraction will attain a magnitude greater 
than any assigned number. We shall have occasion to use the 
symbol oo in various connections, but its general significance is 
always the same. 

9. Aggregates, Barriers, Upper and Lower Bounds of Aggregates. 

The term aggregate is applied in Mathematics to a finite or an 
infinite set of elements regarded as a whole. For the present we con- 
sider only numerical aggregates, each clement or member of which 
is a single real number. 1 The identification of a number as an 
element of the aggregate will, in general, be by its possession of a 
property which characterizes the elements. For example, the 
reciprocals of the positive integers form an infinite aggregate. 

We proceed to give a fundamental theorem concerning aggregates, 
(finite or infinite), which is evident when geometrical intuition is 
used in aid of arithmetical notions, but which requires formal proof 
as a purely arithmetic result. 

If a number N exists which is algebraically greater than any 
(every) element of the aggregate, we say that the aggregate is barred 
above and that N is an zipper barrier of the aggregate. In the same 
way, if a number N' exists which is algebraically less than any 
(every) element, the aggregate is barred below and N' is a lower 
barrier. The barriers N, N' are clearly not unique ; any number 
greater than N is an upper barrier and any number less than N' a 
lower barrier. It would be natural to assume that the existence 
of an upper barrier implies the existence of a definite smallest 
upper barrier and, similarly, that a lower barrier implies a 
definite greatest lower barrier. These assumptions are not tenable in 
the form stated and the theorem which we are about to prove con- 
cerning upper and lower bounds replaces them by accurate con- 
clusions. Two simple examples shew clearly why a modification is 
necessary. 

(i) Consider first the infinite aggregate formed of the reciprocals of 
the positive integers, namely 1, |, l, ... , £ , ... . This aggregate is 

1 Aggregates may also be of a geometrical character. Thus with a number-aggregate 
we may associate an aggregate of plot -points on a straight line, so that an element 
x of the number-aggregate corresponds to a point of abscissa x on the line. The 
point-aggregate is then described as a monometric or linear point-set , and the same 
descriptive adjectives are applied to the numerical aggregate. On account of the 
postulate of one-one correspondence of real numbers and points on a line, the pro- 
perties of monometric number- aggregates correspond exactly to those of mono- 
metric point-sets and the language appropriate to the latter is constantly applied to 
the former. 
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barred above, and any number, say 2, which is greater than 1 is an 
upper barrier. Further, there is a definite number, namely 1, to 
which one element is equal and which no element surpasses. The 
aggregate has thus a definite greatest element. 1 The number 1 is, 
however, not itself an upper barrier since one element of the aggre- 
gate is equal to it. There is thus no definite smallest upper barrier. 

(ii) Now consider the aggregate formed by subtracting from 1 the 
reciprocals of the positive integers, namely 0, |, §, ... , 1 ... . 

This is barred above and any number which is greater than 
1 is again an upper barrier, but 1 is now itself an upper barrier 
since any (every) element of the aggregate is less than 1. There is 
in this case no definite greatest element ; we can find elements as 
nearly equal to 1 as we please, but there is no element equal to 1. 
The number 1 is here the least upper barrier of the aggregate. In 
each of these cases the number 1 is called the upper bound of the 
aggregate. 

The general definition of an upper bound of an aggregate is that it 
is a number such that there is no element of the aggregate which is 
greater than it but there is one element (at least) which is greater 
than any assigned number less than it. A lower bound is such that 
no element of the aggregate is less than it but there is one element 
(at least) which is less than any assigned number greater than it. 
It is clear that an aggregate cannot have two upper or two lower 
bounds. 2 We can now state the theorem of bounds. 

9. 1. Theorem of Bounds. An aggregate which is barred above 
has an upper bound , and an aggregate which is barred below has a lower 
bound . 

To prove the theorem for an aggregate which has a lower barrier, 
a say, we introduce a number 6 which is an upper barrier to some 
part of the aggregate, consisting of its elements which lie between a 
and b . For simplicity, a, b may be chosen to be integers. The 
method of successive decimal subdivisions, already illustrated in 
Art. 6, is now employed. The range extending from a to b is divided 
into ten equal parts and the lowest which has any element of the 
aggregate within it or at its upper end is selected. Let this be the 

1 Any finite aggregate has, of course, a definite greatest element and a definite 
smallest, when only unequal elements are regarded as distinct. 

2 Suppose that there are two upper bounds a, b and that b is greater than a. Then, 
since b is an upper bound, either thero is an element of the aggregate equal to b or there 
is an element lying between b and a. In both cases thero is an element greater than o, 
which is therefore not an upper bound, contrary to the supposition. 
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[Pi + l)th part, reckoning from a. Subdividing this selected part into 
ten equal parts, we again select the lowest which contains any element 
of the aggregate within it or at its upper end. Let this be the 
(p 2 +l)th part, reckoning from the lower end of the first selected 
part. This process is repeated indefinitely. The set of lower ends 
of the selected parts defines a definite number, M say, by means of 
a non-terminating decimal. This number is a + (fe -ct)('P 1 fi 2 P3 •••)• 
We prove that M is a lower bound of the aggregate. 

In the first place it is clear that no element of the aggregate is 
less than M , for the lower end of each selected part is below any 
element. In the second place the number M belongs to each of the 
selected parts, and therefore one of these can be chosen which is as 
small as we please, and which at the same time contains M and at 
least one element of the aggregate. Thus M satisfies the conditions 
for a lower bound. 

In like manner we can prove that an aggregate which is barred 
above has an upper bound. 

It should be observed that when one element of the aggregate is 
equal to the lower bound, that element may be the only one which 
is less than any assigned number greater than the bound, and this 
is always the case when the aggregate is finite . 1 If no element of the 
aggregate is equal to the lower bound, there will be an infinite set 
of elements between the lower bound and any number greater than 
it. For if there were only a finite set of such elements, a number 
could be found less than any of them and greater than the bound, 
and this is contrary to the nature of a bound. A similar statement 
applies to an upper bound. 

It is now clear that there is a definite smallest upper barrier when, 
and only when, the upper bound is not an element of the aggregate. 

10. Points of Crowding of an Infinite Barred Aggregate. 

A theorem closely connected with that just proved holds of an infinite 
aggregate which lies between barriers a, b. It asserts that there is at least 
one point in the range 2 from a to h such that an arbitrarily small range in 
which it lies contains an infinite number of elements of the aggregate . A point 
satisfying this condition is called a point of crowding 3 of the aggregate. If 
there were an infinite number of elements each equal to a in the aggregate, 
a would plainly be a point of crowding, according to the definition, if these 

1 Equal elements here count as only one. 

2 In this description the points a, b are supposed included in the range. 

8 German h&ufungspunkt. The names point of accumulation and limit-point are 
also used. 
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elements were treated as distinct. We are usually concerned with the case 
in which equal elements count as only one. 

The proof of the theorem 1 is based on the evident fact that if the range 
from a to 6 is dividecfTritda finite number of sub-ranges, one of them at least 
rhust contain an infinite number of elements of the aggregate, since otherwise 
the total number would be finite. The process of successive decimal sub- 
divisions accordingly applies. At each subdivision we choose that sub-range 
nearest the barrier a which contains an infinite number of elements. The set 
of lower ends of the successive sub-ranges so chosen defines a number by 
decimal approximation, as in Art. 9. 1, and this number lies in a sub-range 
which can be taken as small as we please while containing an infinite number 
of elements of the aggregate. 

The number of points of crowding of an infinite aggregate may itself be 
infinite. For example, in the case of the aggregate of rational numbers in the 
range from a to 6, each point of the range is a point of crowding. 

The student will see that the applicability of the method of subdivision, 
used in the present Article, depends on the fact that the property of the 
range which is under consideration is necessarily also the property of one at 
least of any finite number of sub-ranges into which it is divided. The result of 
the application of the method may be described as a (not necessarily unique) 
localization of the property at a point of the range. 

Ex. 1. A bound of an aggregate is certainly a point of crowding if it is not 
an element of the aggregate ; it may be if it is an element. 

Ex. 2. Tho infinite aggregate of reciprocals of integers (which lies in the 
range - 1 to +1) has the point of crowding 0. 

Ex. 3. The infinite aggregate of values of n/(n + l), where n is a positive 
integer, has a point of crowding at 1, which is an upper bound and a barrier 
of the aggregate. 

11. Constants and Variables. 

When, in an investigation, a letter represents the same number 
throughout, that letter is said to represent a constant number or, 
more shortly, to be a constant. It has become traditional in Pure 
Mathematics to use the earlier letters a, 6, c, ... of the alphabet for 
constants. Sometimes the Greek letters a, /?, y, ... are used for the 
same purpose. The letters may also be accented or distinguished by 
means of other affixes. 

When, in an investigation, a letter represents some number and 
the discussion involves the change of that number, either with or 
without restriction, that letter is said to represent a variable number 
or, more shortly, to be a variable. For example, when we are con- 
sidering the motion of a particle during a certain time, if the letter t 
is used as the measure of the time elapsed up to some instant, t 
varies continually during the motion and is a mathematical variable. 

1 Known as the Bolzano -Weieretrass Theorem . 
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From a slightly different point of view, a mathematical variable 
may be described as a set or aggregate (finite or infinite) of numbers 
which are thought of as a whole and which are represented (in turn) 
by the same letter. It is usual to employ the later letters of the 
alphabet for variables, x, y , z being commonly introduced in order 
when there is no sufficient reason to the contrary. Sometimes it is 
convenient to use the Greek letters f, 77, f in the same way when 
x, y, z have been already employed or are otherwise contra-indicated. 
The tradition in such matters can only be learnt with the subject 
and is, of course, not dictatorial. Particular values assigned to a 
variable, x say, are often denoted by that letter with the addition 
of affixes. Thus x l9 x 2i ... may be introduced for the particular 
values as they occur, the suffixes 1, 2, ... having no reference to the 
magnitudes of the numbers represented. 

In Applied Mathematics there is a natural tendency to use for 
variables and constants, which represent measures of physical 
quantities, letters (or symbols) which in some way recall them ; for 
example, the initial letter of the name of a physical quantity is 
often conveniently used as the symbol for its measure. The practice 
in Dynamics of using v for the measure of a velocity, F for that of a 
force, a for that of an acceleration, and so on, illustrates the 
tendency referred to. There is further a consensus of opinion in 
favour of a standardization of the letters to be employed, and con- 
siderable progress has been made in this direction both in Physics 
and in Engineering. We shall conform to the tradition explained 
above in all abstract investigations and when we proceed to applica- 
tions change the letters to those which are more natural in the 
subjects concerned. 

If the values of a variable x which are considered lie between two 
numbers a and 6, # is said to lie within the range defined by the ter- 
minal values a, 6. If the values of x considered include the terminal 
values, x is said to lie in the same range. In the latter case, the 
range of x is indicated by the symbol ( a , 6), which is described 
simply as ‘ the range of x ’. A more complete symbolism for ranges 
is introduced later, Art. 22. 2. 

12. Linear Plot of a Variable. 

The one-one correspondence of real numbers and points on a line, 
which has already been discussed, is utilized in the specification of 
a point on a straight line by a number and in the converse repre- 
sentation of a number by a point on the line, which is called the 
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plot-point of the number. The process is now described in its 
practical form in terms of lengths and their measures. We take a 
straight line X'X , unlimited in both directions, and a point 0, 
called the origin (of measurement), on it. We distinguish between 
the direction of description of the line from X' to X and that from 
X to X ', the former being called the positive, the latter the negative, 
direction or sense of description. Points which are reached from 0 
by proceeding in the positive (negative) direction are said to be on 
the positive (negative) side of 0. See Fig. 1, p. 10. 

We first choose the length, OA say, which is to be measured by 1, 
that is, the unit of length. A point P on the positive side of 0 is 
then specified by (the measure of) the length of OP, and a point P f 
on the negative side of O by minus the length of OP'. Conversely, 
the plot-point P of a positive number a is the end P of the line 
drawn from O in the positive direction and of length a, the plot- 
point P' of a negative number - a is the end of the lino drawn from 
0 in the negative direction and of length a . The possibility of 
plotting irrational numbers is of theoretical but not of practical 
importance. In actual plotting, unavoidable inaccuracies make the 
retention of many places of decimals in the numbers plotted 
useless. 

When the numbers plotted are values of the variable x, the line 
of representation is usually described as c the line Ox’, x'Ox taking 
the place of X'OX. The point P will then be the plot-point of a 
value x, and a particular point P x the plot-point of x x . It is 
customary to say shortly that ‘ P is the point x ’ , and to write P , (x) 
as a compound symbol assigning both point and number. 

13. Function of a Keal Variable. 

13.1. Introduction. We have seen in Art. 1 that rates, which are 
the primary subject of discussion in the Differential Calculus, in- 
volve a comparison of the simultaneous increments of two variables. 
Let us take again the familiar case of the velocity of a particle (or 
point) which is supposed to be moving along a straight line in a 
definite manner. The quantities brought into comparison are here 
an increment of distance and the interval of time in which it is 
described. When we say that the particle is moving in a definite 
manner, we imply that the (measure of the) distance, x say, of the 
particle from a fixed origin is related to the (measure of the) time 
elapsed, t say, from a fixed epoch, in such a way that to a specified 
value, t x , of / there corresponds a definite value, x x , of x. From 

M.B.M.A. 
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the standpoint of Pure Mathematics, x, t are two variables between 
which a correspondence of values is created by the mode of motion 
of the particle considered, the value x x corresponding to the value t l9 
and so on. This property is described by saying that the variable x 
is a function of the variable t , and the law of motion of the particle 
is said to create or determine a functional relation between the two 
variables. 

Let us now reverse the order of the steps and begin by supposing 
that by some purely mathematical means a correspondence is 
effected between the values of x and t , which are, for the present, 
mere number-variables without physical significance. When a 
value t x of t is chosen, the correspondence is supposed to determine 
a definite value x x of x. The variable x is again a function of t , the 
functional relation being now created by purely mathematical 
means. The most obvious means of creating such a relation is by 
a formula or expression which contains t and to which x is to be 
always equal. For example, the simple formula 

x — at 2 + bt + c, (1) 

where a, 6, c are constants, effects a correspondence which makes x 
a function of t. To the particular value t x of t corresponds the value 
x x of x, given by 

x x ~at x 2 + bt x + c (2) 

If, now, we introduce a particle P and suppose it to move along a 
straight line OX so that x is always its distance from the origin 0 at 
the time t , the functional relation between x and t determines the 
mode of motion. The problem of finding the velocity of the particle 
at any time is then a purely mathematical one. 

Let us carry out the process for the simple functional relation (1) so as to 
find the velocity at the time t v The distance described in the interval from 


t x to t 2 is found from the equations 

x x — at x 2 + bt x +c, (3) 

~ 4~ bt 2 4* c, (4) 

and is therefore given by 

x z = (t 2 ~ hK a (h +^i) 4-6} (5) 


The average velocity during the time t 2 -t x is (x 2 ~x x )l(t 2 -t x ), that is, 
o {t 2 4-<i) 4-6. The instantaneous velocity at time t x is the value of this average 
velocity when the interval t 2 - t x is indefinitely diminished so that t 2 , t x are 
ultimately equal. The instantaneous velocity is therefore 2 at x + 6. 

In this description of a functional relation the variable t takes 
the lead as being that with respect to which the other variable x 
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is brought into correspondence. For this reason t is called the 
independent variable, while x is called the dependent variable. 
The role of the two variables can usually be interchanged, a point 
which will be discussed at length later. 

This introduction will enable the reader to understand the purport 
and the importance of the present Article on functions of a real 
variable. We are here going to study the nature of functional 
relations as a preliminary to the discussion of rates, which is com- 
menced in Chap. II. 

13. 2. General definition of a function of a real variable. The word 
‘ function 5 was, in the earlier history of Mathematics, applied 
exclusively to a mathematical expression (or formula) which con- 
tained one or more variables. The expression was, and still is, said 
to be a function of each of the variables. Thus the expression 

ax 2 + bx + c 

a'x 2 + b'x + c' 

is a function of the variable x in this sense of the word. The expres- 
sion, or rather the aggregate of its values, may be regarded as form- 
ing a variable of which the particular value in any case is dependent 
on, or determined by, the value of the variable x. Let this variable 
be denoted by y ; then the expression effects a correspondence be- 
tween x and y such that when x is given, y is determinable. When 
the dependence of y on x is considered in this way, x is described 
as the independent variable and y as the dependent variable, and y 
is said to be a function of x. 

The word ‘ function 5 is still used in such a case, but following on 
the use of more and more elaborate expressions in extending the 
range of functions considered, it was realized that it is desirable 
to make the treatment of the general theory of functional relation- 
ship independent of the nature of its expression by formulae. To 
do this, we take as our starting point a variable x which consists of 
an aggregate of numbers, with whose prescription we are not for 
the moment concerned. This aggregate may, for example, consist of 
all numbers in a finite range or within an infinite range ; on the other 
hand, it may consist only of the integers or the rational numbers in 
a certain range. We now suppose that with each value of x there is 
associated another number, (on grounds and by means not for the 
moment considered), so that corresponding to the aggregate of 
numbers x we have another aggregate which we denote by y. The 
aggregate y forms a second variable, and the association of values 
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described brings each value of x into correspondence with a value of 
y. The aggregate x is called the independent variable, the aggregate 
y is called the dependent variable, and y is said to be a function of 
x . In this definition it is not required that each number in y should 
occur once only, that is, in association with only one value of x. As 
an extreme case the same number may be associated with each 
value of x. The aggregate y then contains only a single number, 
but it is still described as a function of x . 

To illustrate the general definition of a function, we give three 
examples which are covered by it although not of the usual type 
occurring in the Calculus. 

(i) The variable x consists of all the positive integers and the 
value of the variable y associated with the integer n is n 2 if n is 
even and 0 if n is odd, that is, the formula for y is |{1 + ( - 1 ) n }n 2 . 

(ii) The variable x consists of the real continuum and the value of y 
associated with x is the greatest integer which is not greater than x ; 
when x is positive, y is simply the integral part of x. The graph of 
this function is shewn in Fig. 11, Art. 17. There is no simple 
algebraic formula in this or the next case. 

(iii) The variable x consists of the real continuum and the 
variable y has the value 1 corresponding to rational values of x 
and the value - 1 corresponding to irrational values. 

In the general definition of a function we have supposed that only 
one value of y is associated with each value of x. When this is so, 
y is said to be a single-valued function of x. In the general dis- 
cussions it is necessary to suppose that y is single- valued. When, 
as often occurs, y is defined by a formula or equation which gives 
two (or more) values for one value of x, we begin by separating the 
values to form two (or more) single-valued functions, which are 
treated separately. For example, the equation y 2 — a 2 -x 2 does not 
define y as a single-valued function, for it gives y— ±J(a 2 -x 2 ), and 
y may have one of two values in the range (-a, + a). In this case 
we consider separately the two single -valued functions defined by 1 
y = J(a 2 - x 2 ) and y = - J(a 2 -x 2 ). 

The condition that for any (every) assigned value of the variable 
in a range there is a definite value of the function, does not 
ensure that the function is barred above and below in the range. 
A simple example is sufficient to illustrate this point. Consider the 
function which is defined by the equation y = l/x when x^O and 
which is equal to 1 when x = 0, the range of x being ( - 1, -f 1), say. 

1 Here, and in the sequel, the symbol sj indicates the positive square-root. 



FUNCTIONAL SYMBOLS 


21 


ARTS. 13 , 14 ] 

For any assigned value of x other than 0, l/x is a definite number, 
and for the value 0 of # the function is, by assumption, equal to 1. 
The function, however, has neither upper nor lower barrier in the 
range, since 1/ | x | can be made as large as we please by decreasing 
| x | . The function is not defined throughout the range by the 
formula l/x alone since 1/0 is not a number. 


14. The Functional Symbol f(x). 

It is desirable to have a symbol for the dependent variable y 
which indicates the dependence on the independent variable x . 
Such a symbol is f(x), which has been arrived at by an abbreviation 
of the description function of x. The symbol implies a prescription 
of some kind which, for any value, x x say, of the variable x , assigns 
a number, y l9 associated with it. That number, y l9 is represented 
by f(Xi). The equation y=f(x) represents the correspondence of the 
values of the variable y with those of x , and is said to symbolize, or 
simply to be, the functional relation between x and y. 

When functional symbols are required for two or more dependent 
variables, the usual practice is to replace / in the symbol f(x) by 
other letters. Thus g(x) or cp(x) may be used to symbolize functions, 
the letter replacing / being here suggested solely by alphabetical or 
phonic nearness to it. 

During a particular investigation the letter / in the symbol f(x) 
will, of course, imply the same functional relation between y and x. 
If other letters are used instead of y and x, such as v and u , the 
equation v=f(u) implies that the same functional relation exists 
between v and u as between, y and x , that is, if the numbers x and u 
are equal, so are the numbers y and v. In particular, if a formula or 
expression in x is known for y , say 

, 7 x ax + b ... 

y=nx)= ^Td- (1 > 


where a , b , c, d are constants, then also 


»=/(*)= 


au + b 
cu + d' 


■< 2 ) 


The above remarks apply to general symbols which may be em- 
ployed for any function. When a particular function is of sufficient 
importance, it receives a special symbol in which an appropriate 
letter, or group of letters, replaces the letter / in f(x). Thus the 
symbols sin x 9 cos x 9 etc., for the trigonometrical functions are to 
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be looked on as special cases of /(#), in which / is replaced by sin, 
cos, etc. Many other cases of the same kind will occur later. 1 


15. Note on the Trigonometrical Functions. 

As we shall find it convenient in this Chapter to illustrate various features 
of functions by means of the elementary properties of the trigonometrical 
functions, it may be well to make a definite statement here of the connection 
between the trigonometrical functions of Analysis and the trigonometrical 
ratios defined geometrically. In Trigonometry, the sine and cosine are 
defined in terms of an angle, and the symbols sin A, cos A are used when 
that angle is A. When a measure of A, say a, is introduced in terms of a 
unit of angle, the same symbols are employed whatever the unit, so that 
sin a, cos a are not definitely fixed until the unit of angle is known as well as 
the measure a. In Analysis, on the other hand, sin a:, cos# are definite 
functions of the variable # (which is the aggregate of real numbers). When a 
definite number is assigned as the value of #, the values of the functions 
sin#, cos# are definitely fixed. If, then, we are to define sin#, cos# by 
means of Trigonometry, we must know for what unit of angle these functions 
are the sine and cosine of the angle of measure #. The unit angle actually 
chosen is the radian , so that sin#, cos# are respectively equal to the sine 
and cosine of an angle of # radians. If another unit of angle is employed on 
any occasion, the functional symbol should be modified ; for example, if the 
unit is the degree, we may denote the sine of an angle of # degrees by sin*#, 

say, and since # degrees are equal to tix / 180 radians, we have sird# =sin 

Several ways of defining the functions sin#, cos# without reference to 
Trigonometry have been developed, but they are all too advanced, ana- 
lytically speaking, to be used in an introductory course. See, for example, 
the definitions in terms of infinite series in Chap. YI, Art. 146. 5. 

16. Plot-Point for Two Variables. 

When, as in the case of a functional relation, two variables x, y 
are to be plotted, it is usually most convenient to take two lines, 
x'Ox, y'Oy at right-angles to one another, plotting values of x on 
x'Ox, and values of y on y'Oy , as in Art. 12, the rule of signs applying 
so that points on the parts Ox , Oy represent positive values of x 9 y , 
respectively. In theoretical discussions it is supposed that the unit 
line is of the same length for plots along Ox and Oy , in other words, 
that the scale of representation is the same along the two lines ; in 
practical work it may be much more convenient to choose different 
scales. Suppose now that M x on Ox is the plot-point of x x and that 

1 In an elementary case like y=x n , the regular functional notation does not 
appear at all. It would, in fact, be absurd to introduce any additional notation 
for a function which is represented by a simple formula shewing its construction by 
elementary operations. A functional symbol, / say, can, of course, be used tempo- 
rarily, when convenient, with the definition /(#)=#”. 
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18. Introduction of Oblique Coordinates. 

In plotting the graph of a function it is sometimes convenient to 
use a pair of axes Ox , Oy which are not at right-angles, or, as is said, 
are oblique to one another, as in 
Fig. 12. The angle co between the 
axes is called their obliquity . In 
this case the coordinate lines are 
drawn parallel to the axes. The 
plot-point P corresponding to a 
pair of values ( x , y) of the vari- 
ables is reached by measuring a 
distance x , ( OM ), along Ox and a 
distance y , (MP), parallel to Oy , or 
by measuring a distance y , ( OL ), 
along Oy and a distance x , ( LP ), parallel to Ox. The plot-point P 
is said to have oblique coordinates ( x , y). 

If we draw rectangular axes Of, Orj , the former along Ox and the 
latter perpendicular to it through O, as in the Figure, the coordinates 


(f , rj) of P relative to them are given by 

g=zx + y cos co, rj = ysina), (1) 

so that x -rj cot co, y ~ ^ cosec co (2) 


Oblique axes are not frequently employed in this Book and atten- 
tion will always be called to the fact when they are being used. 

The specification of the position of a point in a plane by means of 
its distances from two lines Ox, Oy in the plane, either at right-angles 
or oblique to each other, is described as the Cartesian 1 specification, 
and the same adjective is applied to either system of coordinates. 



Ex. 1. Shew that in Fig. 12, 


y __ sin (p 
aj~sin (co - (p) 


and 


tan q> = 


y sin co 
x +y cos co * 


Ex. 2. Establish the following results : 


OP 2 =x 2 + y 2 + 2xy cos co, 

PP' 2 = (x - x') 2 + (y - y') 2 + 2 [x - x') (y - y') cos co. 


, DnD/_^ , +^+W+^) cos CO 

L U - OP QP' 


(3) 

(4) 

(5) 


where P f is the point (x', y'). Deduce the analytical condition that the lines 
OP, OP' should be at right-angles. 

1 After Descartes, (1596-1650), the inventor of Analytical Geometry. 
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19. One-way Functions (Monotone Functions). 

A class of functions which is of importance in connection with 
many general theorems is that described as one-way (or monotone or 
monotonic). A single-valued function y is said to be one-way in a 
range (a, b) of x, (where we suppose a < 6), if it never decreases or if 
it never increases as x increases from a to b. In the former case the 
function is said to be up-way , in the latter down-way. These defini- 
tions allow a one-way function to remain constant in a part or in the 
whole of the range ; they merely require that for an up-way function 
we shall have y 2 > y 1 if x 2 > x ly and for a down-way function y 2 ^ y x 
if x 2 > aq, where x l9 x 2 are any values of x in the range (a, b). 

If a function is continually increasing as x increases, so that 
y 2 >y i if x 2 >x x , it is said to be strictly up -way \ if continually 
decreasing as x increases, so that y 2 <y x if x 2 >x x , it is said to be 
strictly down-way. In either case the function is said to be strictly 
one-way. It is clear that a strictly one-way function cannot take 
the same value twice in the range. 

No sort of continuity or regularity in the values of one-way 
functions is to be inferred beyond that involved in the definition ; 
in particular, they need not be graphable functions so as to be 
adequately represented by a plot. 


Ex. 1. The parabola y = ax 2 + bx + c, (a, 6, c constants). 
in the form 

»-(■+£/♦(-£) 


Writing the equation 
( 1 ) 


y is expressed as the sum of two terms, the first of which is variable and the 
second constant. If a> 0, the first term is positive 
except when x— -b I (2a), its value then being zero. 
Therefore y has, in this case, the minimum value 
c-6 2 /(4a) for this value of x. If o< 0, y has the 
maximum value c -6 2 /(4a) when x = -6/(2a). 

When a > 0, the form of the graph in the neighbour- 
hood of the vertex is as shewn in Fig. 13. For values 
of x less than - b/( 2a), yi s a strictly down-way function 
and for values of x greater than -6/(2a), a strictly 
up-way function. These characteristics are inter- 
changed when a < 0. 

Fig. 13. Ex. 2. Investigate ranges in which the following 

y=ax 2 + bx + c, (a >0). functions are one-way : (i) y ~k 2 jx 9 (ii) y = v '(a 2 - 

(iii) y =sina, (iv) y =cos x, (v) 2 /=tana, (vi) y =/(#). 



[Remarks on the solutions : sin# is strictly up -way when x lies in a range 
given by ( 2nn - \n> 2 nn + Jtt), (n an integer) ; I (a;) is up-way but in no range 
strictly up-way.] 
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20. The Polynomial V a r x T as a One-way Function. 

r=0 

We prove that the polynomial 

/ (a;) —a Q + a x x + a 2 x 2 4- . . . + a n x n , (a x 0), ( 1 ) 

is strictly one-way in a range, ( -h, h) say, 1 of x having its centre at the origin. 
For this purpose we require the following lemma and corollary. 


20. 1. Lemma. Let k, K be any two assigned positive numbers. Then 
the magnitude of the expression a x x 4- a 2 x 2 + ... -f a n x n is less than K provided 

that ^ where M is an upper barrier to the set of numbers 

tc iu 4- iv 

k\a x |, | a, |, ... , k n |o„|. 

To prove this lemma we observe that 

| a x x 4- a 2 x 2 4- ... 4- a n x n | < | a x x | 4- | a 2 x 2 | 4- . . . 4- 1 a n x 11 1 


= * l«i 

< M 

< M 


1*1 
k 

x I 1 


-\-k 2 \ao 


k 2 


+ ... +k n \a n 


i*r 

k»~ 


_ x \ n / k n 
Jc 1 -\x\/k 
\x\ /k 


Now 


| a? I/A: 


provided \x\/k< 1. 


M 


\x\!k .. \ ^ K 

-\ x\/k < K aCCOrdinK as T < M +K ■ 


,.( 2 ) 

.(3) 


Since K/(M +K)< 1, this condition includes the previous proviso |#|/A;< 1. 
The lemma is therefore proved. 

In particular, if we take k = 1 the condition bocomes 


\x\<KI(M x +K), (4) 

where M x is an upper barrier to the set | a x |, | a 2 |, ... , | a n |. 


Corollary. A range, ( -h', h') say , can be found such that, for values of x 
in it, the polynomial a 0 -\-a x x 4- ... +a n x n , (a 0 =£0), has the sign of a 0 . 

This follows since the magnitude of the terms following a 0 is less than | a Q | 
if | x | | a 0 \/{M x 4- | a 0 | ). We can thus take 


20. 2. We now return to the investigation of the nature of the polynomial 
(1). The difference f{x 2 ) -f(x x ) between the values of f(x) at the values 
x x , x 2 of x, where x x < x 2 , is given by 

fM -f(xi)=a 1 (x 2 -x 2 ) + a 2 (x* -x 1 2 ) + ... + a n lx 2 n - x x n ) 

= (x 2 -*!){«! +a 2 (x 2 +x 1 ) + ... +a n (x 2 "- 1 +x 2 n ~ !! x 1 + ... +a; 1 "- 1 )}. (6) 

1 Here h is some positive number for which a suitable valuo is found in the course 

of the discussion. The determination of the whole range, containing the origin, 
within which the function is one-way, is, in general, most conveniently effected by 
means of the Calculus ; see Chap. IV, Art. 98, 
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Now 

| a 2 (x 2 4- x x ) 4- . . . + a n (x 2 n ~ l + x 2 n ~ 2 x x + . . . + x x n ~ x ) \ 

< I ct 2 (x 2 + x x ) I + ... + I a n (x 2 n ~ 1 + x 2 n ~ 2 x x + ... +XS 1 - 1 ) I 

< 2 | a 2 1 . J #* | + 3 | a 3 | . | #* | 2 + ... +n | a n | . | a* | n_1 , (7) 


where |#*| is the greater of the numbers \x x \, \x 2 \. According to the 
above condition (4) we therefore have 

\a i (x 2 +x 1 ) + ... +a n (x 2 n - 1 + ... +a; 1 ”- 1 )|< | a x | if I ** I < | > 

where M is now an upper barrier of the set 2 | a 2 |, 3 | a 3 |, ... , n | a n |. 

Hence if x lf x 2 lie in the range ( -h, h), where h = | a x \/(M -f | a x |), the 
expression + a 2 {x 2 + x x ) + . . . + a n {x 2 n ~ x -f x 2 n ~ 2 x x + . . . 4- x x n ~ x ) ( 9 ) 

is of the same sign as a x and hence f(x 2 )-f(x x ) is of the same sign as 
(x 2 -x x )a v Thus within the range ( - h, h) so determined, f(x) is strictly 
up-way (down-way) if a x is positive (negative). 

20. 3. Consider next an aggregate of polynomials of the form (I) arising 
from the variation of the coefficients a Xf a 2 , ... , a n . From the above demon- 
stration it follows that these polynomials will all be strictly up-way in a 
common range ( -h t h) of x provided that a x is always positive and 

h <a 1 */(M*-f a,**), (10) 

where 

(i) a x * is a positive lower barrier of the values of a X9 

(ii) a x ** is an upper barrier of the values of a x , and 

(iii) M * is an upper barrier of the aggregate consisting of all the values of 

the numbers 2 | a 2 |, 3 | a 3 |, ... , n | a n |. 

21. Functions of Bounded Variation. 

A function f(x) which in a range (a, b ), ( a< b), is equal to the sum 1 of an 
up -way function and a down -way function is called a function of bounded 
variation in that range. This statement includes the case of an up -way function 
(or a down-way function) alone, that is, one of the functions of the sum may 
be zero throughout. 

The name given to the sum arises from a property which is easily proved. 
We suppose that the variable x includes all the numbers in the range (a, 6) 
and subdivide this range in any manner by values x 2 , ... , x n _ Xf (x l9 x n being 
supposed equal to a, 6, respectively). The sum of the magnitudes of the 
increments of the function in the intervals (x l9 x 2 ) y ( x 2 , x z ), ... , ( x n _ x , x n ) is 


I f( x i) “/(*: i) I + l/fo) -/(*s) I +••• + I /(*«) -/fcfl-l) I (1) 

Let f(x) = q> (x) +y>(x), where (p {x) is up-way and xp (x) down -way. Then 

/(* a) -/(* i) = <P W - 9 P (*i) +V>{x») ~ V (*i) (2) 

and \f(x 2 ) -/(*,) |< | <p <x 2 ) - <p {xj | + 1 y> (x 2 ) - y (x 2 ) |, (3) 


1 By the sum of two functions <p (z), tp(x) we mean a function whose value for 
any value of the independent variable x is the sum of the values of the two func- 
tions for that value of x. The sum of the two functions is represented by <p(x)+\p (x). 
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with corresponding inequalities for the other differences. Summing each side 
of all these inequalities we get 

2 |/(»r+i) ~.f( x r)\< 2 \<P( x r+i) ~<Pi x r)\ + 2 lv(®r+i)-V(*r)l ( 4 ) 

r=l r= 1 r=l 

Since 9? (a;) is up -way, all the increments of that function which do not vanish 
are positive. In like manner the increments of y; (#) which do not vanish are 
negative. Hence the sums on the right are, respectively, <p{x n ) -<p(x x ) and 
V( x i) ~V i x n)> simply. Therefore, writing a, b for x x , x n , respectively, we have 

2 I /(*r+i) -f(x r ) \^<p(b)-<p(a) + y>(a)~y> ( b ) (5) 

r=l 

The sum of the magnitudes of the increments of f (x) for any mode of sub- 
division is thus not greater than a fixed finite number. The aggregate of 
these sums has therefore an upper barrier and consequently an upper bound. 
It is this property which is described by saying that the function f{x) is of 
bounded variation. 

It is now shewn, conversely, that any function which has this property in 
a range can be expressed as the sum of an up -way and a down- way function. 
In the first place, if on introducing subdivisions of the range, as above, we 
form the sum of those increments only which are positive, the aggregate 
of such sums will have an upper bound, B( u ) say, since each of them is not 
greater than the sum of the magnitudes of all the increments for the same 
subdivision. In the same way the aggregate of the sums formed of the 
negative increments alone will have a lower bound, Bd) say. Now the total 
increment / (b) -f(a) of the function is the algebraic sum of the positive and 
negative increments for any mode of subdivision. Therefore 1 

jB<«) + £<0 ==/(&) -/(a) (6) 

This argument may be applied to any part (a, x) of the range (a, b), for the 
function f(x) is easily seen to bo of bounded variation for a part of the range 
if it is so for the whole. Denote the corresponding bounds for the part (a, x) 
by B( u ) (x), Bd) (z), so that 


BW(x)+Bd)(x)=f(x)-f(a), (7) 

and hence 

f(x)=f(a) + B(»)(x) + Bd)(x) (8) 


Now from its definition as a sum of positive terms, B( u ) (x) cannot decrease 
as x increases. Therefore f{a) + B( u ) (x) is up-way, and similarly Bd)(x) is 
down -way, so that f{x) is expressed as the sum of an up-way and a down-way 
function. 

Functions of bounded variation are of considerable importance in the 
theory of Integration and elsewhere in the Calculus. 

22. Continuous Functions. 

The description and discussion of functions up to this point has 
included cases which, though important from the standpoint of 

1 For a subdivision can be found in which the sums of positive and negative 
increments are as nearly equal as we please to B( u ) and Bd), respectively. 
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general theory, do not usually occur in the applications of the 
subject. We are now prepared to introduce restrictions as to 
the nature of the independent and the dependent variables 
which give to them the character of continuity , which they were 
assumed, without discussion, to possess in the earlier history of 
the subject. 

22. 1. Intrinsic continuity of the independent variable. If the 
number-aggregate of a variable includes all the numbers, rational 
and irrational, in a range (a, b ), the variable is said to be continuous 
per se , or intrinsically , in that range. If such a variable is thought 
of as taking in succession, and in natural order, all its values in the 
range, starting at a , it is described as passing continuously from a to 
b. This continuous passage plainly cannot be carried out, even 
mentally, in detail ; a comparison may be made with continuous 
passage along a curve. 

22. 2. Specification of a range. When a continuous variable may 
have any value between two numbers a, b we say that it has the 
range a to 6, and the same description is used whether the end 
numbers or terminals a, b are included or not in the permissible 
values of the variable. When a terminal number, a say, is included , 
the range is said to be closed at the end a ; otherwise the range is 
open at a. 

It is convenient to introduce for ranges symbols which indicate 
whether terminals are included or not. As in Art. 11, we denote 
the range from a to b by (a, b) when the terminals are included. If 
a terminal is excluded we change the corresponding limb of the 
parenthesis to that of a bracket. Thus in [rx, 6), a is excluded and b 
included, while in [a, 6], both a and b are excluded. When, for any 
reason, it is not desired to indicate whether a terminal is included 
or excluded, the corresponding limb of a brace is used. Thus in 
(a, 6}, the inclusion or exclusion of b is not indicated, and in {a, b} 
the indecision applies to both ends. 1 

A range from a to 6 is described as positive ( negative ) if the differ- 
ence b - a between its upper and lower terminals is positive (negative), 
that is, if b > a, (b < a). 

If a variable may have any value, however large, which is greater 
than a, its range is said to extend from a to + oo and it is indicated 


1 For a closed range, in which a<6, the symbol a^.x^.b can be employed. Simi- 
larly a^.x<b can bo used to indicate a range closed at the lower end and open at the 
upper, and so on. This symbolism, however, is only applicable to a range tho nature 
of whose terminals is known, 
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by ( cl , 4- go ], [a, 4* oo ], or { a , + ao ] according as the inclusion of a is 
to be asserted, denied, or left undecided. A bracket-limb is used 
after + oo , as + oo is not a number and there is no definite upper 
terminal to the range. The ranges indicated by symbols such as 
[ - oo , a) and [ - oo , oo ] will now be clear. A variable can, of course, 
have two or more ranges ; they will be separately represented in 
the manner described. 

In many theoretical discussions the range considered has merely 
to satisfy the condition that a given point P l9 (aq), is within it, 
and so at a certain distance from each end. Such a range is com- 
monly called a neighbourhood of x x . Usually the point x x is supposed 
at the centre of the neighbourhood, so that it is specified by 
(x x -h, x 1 + h) ) where h is some positive number. Sometimes a range, 
such as (x l9 x x -f h) or (x x - h , x x ), terminating at x l9 is spoken of as a 
one-sided neighbourhood of x x . We shall always understand the word 
‘ neighbourhood ’, without qualification, to mean a two-sided neigh- 
bourhood, that is, as extending on both side3 of x v 

22. 3. Continuity of a function relative to the independent variable. 
We consider a single- valued function y , or f(x), of an independent 
variable x which is continuous per se in a range (a, 6). According 
to the general definition of a function, the variation of its values 
may be as great in any part of the range, however small, as in the 
whole range. A case in point is the function, already instanced, 
whose value is 1 for rational values of the variable and - 1 for 
irrational values. Such a function does not conform to the notion 
of continuous variation, which requires that the values of the 
function should close up to equality as the part of the range con- 
sidered is continually diminished. To put the matter in more 
accurate language, it is required for continuity that the part in 
question can always be taken so small that the magnitude of the 
variation of the values of the function in it is less than any assigned 
positive number. 

We can now give the formal condition for the continuity of a 
function at a value x x of the range. Consider a neighbourhood 
(x x -h y x x -\ -h) of x l9 {h supposed positive), y l9 orf(x 1 ) 9 being the value 
of the function when x = x l9 and y\ or f(x') 9 its value for another 
Value x ' of x within the neighbourhood. Then y ' - y x is the difference 
of the values of the function at x ' and x x . The necessary and suffi- 
cient condition of continuity of the function at x x is that, having 
chosen a positive number e, however small, it must be possible to 
choose a value for h , such that each of the differences | y’ -y x |, for 

M.B.M.A. 


C 
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the different values of x', is less than e. In symbolic form the 
condition is expressed by 

1 y' -y x |< e, ( e arbitrary), if | x r -x x |</&, ( h appropriate). 1 ...(1) 

This statement is quoted as the e-condition 2 for continuity at x x , or 
at a point x x , (using ‘ point ’ for c value ’). The student may at 
first think the e-condition cumbrous and unnecessary, but it only 
puts into formal language a property implied by the notion of con- 
tinuity, and it represents the only satisfactory procedure that has 
hitherto been found for the purpose of dealing rigorously with the 
property. 

A simple result that is constantly applied follows immediately 
from the e-condition. If a function is continuous at x x and its 
value there is not zero, there exists a neighbourhood of x x , say 
(x x - h , x x + h), in which the function has throughout the same sign 
as at x v This is an evident consequence of the fact that we can 
choose h so that the variation of y from the value y x is as small as 
we please, and, in particular, so that the magnitude of the variation 
is less than | y x |, the magnitude of the function at x x . 

22. 4. Continuity in a range. So far we have considered only 
continuity of the function at one value x x . For practical purposes 
we require the function to possess the same property for every value 
of x in some range, (a, b) say. When this further condition is satisfied, 
we say that the function is continuous in the range (a f 6). 3 Thus a 
function is continuous in a range of the independent variable when 
(and only when) it is continuous at every value in the range. 

22. 5. Continuity of \f(x)\. If f(x) is continuous at a value x x , 
the function | f(x) | , obtained by taking the magnitude of the function 
f(x) for each value of x in the range considered, is also continuous 
at x v For we have 

|l/(*')l ~l/(«i)l|<l/(*') "/(* i) I (2) 

1 That is, to any positive value of e there corresponds a positive number h such 
that the condition (1) is satisfied. It is plain that a positive number less than an 
appropriate h is also appropriate. 

2 When the letter e is used in the sequel without special definition, it denotes a 
positive number which is arbitrarily assigned, as in the present case. 

3 For the present we suppose that the function is defined beyond the terminals a, b, 
so that the condition of continuity can be applied at the terminals as well as within 
the range (a, 6). When this is not so, we must either confine ourselves to a range 
[a, b] or take the continuity at the terminals as one-sided , in the sense explained in 
Art. 32. See also the remark at the end of Art. 33 with respect to the extension of a 
range. 
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Therefore, the sub-range {x x - li , x x + h) being chosen so that we have 
\f(x') -f(x x ) | < e, (e arbitrary), for \x r -x x \ <h 9 (h appropriate), 
we have also 

|l/(^)l“l/(«i)l|<e (3) 

If, therefore, the ^-condition of continuity is satisfied by f(x), it is 
also satisfied by \f(x) |. It follows at once that if f(x) is continuous 
in a range, \f(x) | is also continuous in the range. 

The argument plainly cannot be reversed to prove the converse 
result, which is, in fact, not true. For example, if f(x) is equal to 
4- 1 for rational values of x and to - 1 for irrational values, | f(x) | 
is always equal to + 1 and is a continuous function, since its varia- 
tion vanishes. But f(x) is not continuous since its values do not 
close up to equality in a continually diminished range. 

22. 6. The 'property of intermediate values for continuous functions. 
If the conditions which have been imposed for the continuity of a 
function are compared with the conditions for the continuity of a 
curve, it will be seen that the former apply in both cases, that is, 
the closing up to equality of the ordinates of the curve over a sub- 
range which is indefinitely diminished, is a feature of geometrical 
continuity. But it is by no means evident to what extent the con- 
ditions imposed for a function ensure that it possesses other pro- 
perties corresponding to those which are associated with the con- 
tinuity of a curve. We consider here the property of a continuous 
curve that if two points of it lie on opposite sides of an unlimited 
straight line, it must intersect the line at least once. Suppose that 
the straight line is taken as the axis Ox and that the two points have 
coordinates (x x , y x ), ( x 2 , y 2 ), y±, 2/ 2 having opposite signs. Then if 
the curve passes continuously from one of the points to the other 
between the ordinates through them, it must intersect Ox in at 
least one point, x 3 say, in the range (x x , x 2 ). 

We now shew that the corresponding property is possessed by a 
function which satisfies the analytical conditions of continuity, 
namely, that if the function y has values y l9 y 2 , of opposite signs, for 
the respective values x 1} x 2 of x, lying within the range of continuity, 
then the function has the value 0 for at least one value, x 3 say, 
intermediate between x x and x 2 . Let the function be negative when 
x—x 1 and positive when x — x 2 . In the following demonstration we 
use the method of decimal subdivision of ranges. Divide the range 
(x l9 x 2 ) into ten equal parts, each of which is regarded as closed, 
(that is, as including its terminal values). Since the function is 



36 MATHEMATICAL ANALYSIS [CH. I 

positive at the upper end of the last part, there must be a first part, 
counting from x l9 for which the value of the function at the upper 
end is positive or zero, 1 the value at its lower end being therefore 
negative. Select this part and subdivide it into ten equal parts. 
Of these last parts, select that one nearest x x for which the value 
of the function at the upper end is positive or zero. Continue this 
process indefinitely. The aggregate of lower ends of the selected 
parts defines a value of x, x 3 say, and we shew that the value of the 
function at x 3 is zero. By the nature of the process, x 3 lies in each 
of the successive selected parts, and we can therefore choose a part, 
as small as we please, such that x 3 lies in it, while the value of the 
function is negative at the lower end and positive or zero at the 
upper end. Now if the function has not the value zero at x 3 , we 
can choose a neighbourhood ( x 3 -h, x 3 + h) in which it has the same 
sign as at x 3 , and this is impossible according to the statement in 
the previous sentence. Hence the function vanishes at x 3 and the 
theorem is proved. 

A simple generalization is proved in the same way. If the func- 
tion has the values y l9 y 2 at x v x 2 , it has any assigned value y 3 , 
which is intermediate between y x and y 2 , for at least one value of x , 
x 3 say, in the range (x v x 2 ). In this statement y l9 y 2 may be of the 
same or opposite signs. To establish this result the successive parts 
are selected so that, at the upper end of each, the function is either 
greater than, or equal to, the value y 3 . 

23. Two Simple Continuous Functions. 

For the sake of the subsequent discussions it is convenient to 
assert, and examine formally, the continuity of the two functions 
defined by the relations y — o , (c a constant), and y—x. 

(i) The function defined by y—c has a constant value in the range 
of x considered. Its variation therefore vanishes in any sub -range, 
and the e-condition 

I y' ~Vi I < s > ( 6 arbitrary), if | x' -x x | < h 9 (h appropriate). ...(1) 

is always satisfied. The function is therefore continuous. 

(ii) The value of the function defined by y=x is always equal to 
that of the independent variable, and we have 

\y' ~yx\—\ x ’ ~ x i\ '•••(2) 

1 The case of a zero value could be excluded from the rest of the discussion since 
the theorem is true if it occurs. It is included to simplify the proof. 
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Therefore | y' - y x 1 < e if | x’ -x x | < e, and the e-condition is satisfied 
by taking h = e. 

24. Continuity of Functions which are Combinations of Continuous 
Functions. 

We are now ready to prove the fundamental theorems concerning 
the continuity of combinations of continuous functions. 

24. 1. Theorem I. The sum or the difference of two functions (p(x), 
y)(x) ) which are both continuous at the value x x of x , is also continuous 
at x v 

Let/(ir) — cp{x) +y>(x). Then we have 

.f(x 1 )=f(x l )+y>(x 1 ), f{x')=.<p(x')+f{x'), (1) 

so that 

f(x') -f(x 1 )=(p(x') -cpix^-Up^x') -ipiXy) (2) 

and 

\f(x') - f(x y) I < \cp{x') -cpixf) I + I f(x') -y)(x t ) I (3) 

Since cp{x ), xp(x) are continuous, it follows that, corresponding to 
any assigned e, we can find positive numbers h x , h 2 such that 

\rp(x') -cp{x 1 )\<e if | x' -ZjI <h lt (4) 

and 

| xp(x f ) -y){x x ) I < £ if | X r -x x I < h 2 (5) 

In these inequalities we can replace h l9 h 2 by a common value h 
which is not greater than either of them, and we then have 

I/O*') ~f( x i) I < 2e if \x'-x 1 \<h (6) 

Since e can be chosen as small as we please, 2e can be chosen as 
small as we please. The e-condition of continuity is therefore 
satisfied by f(x) at the value x x of x, and the theorem is proved. 

The difference of two continuous functions is proved continuous 
in the same way. 

24. 2. Theorem II. The product of the two continuous functions 
(p(x), yi(x) is also continuous at x x . 

We now use the symbol f(x) for the product of the two functions, 


so that f(x)—<p(x)y)(x), and we have 

f{x') -f{x x ) =<p(x')y>ix') -cpixjrpixy) (7) 

On adding and subtracting the term q>(x 1 )y)(x t ) on the right-hand 
side, this may be written 

/(*') -/0*i)={?0*') -<p( x i)}v( x ') +?( x i){v( x ') -f( x i))> ( 8 ) 
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and therefore 


I /(*') -/(*i) I < W( x ') -<p( x i) I • \W X> ) I + 1 f( x ') - v>( x i) I • I <p( x \) I- ( 9 ) 

We have only to consider values of x near to x v Let \q>(x) |, 
\y>(%)\ have upper barriers 1 M l9 M 2 in a range (x x - k , x x + k) of x . 
Since (p(x), y)(x) are continuous, we have, as before, 

W( X ') ~<P( X l) l< 6 if |*' -*!!<*!, 1 ( 10 ) 

\y(x')-xp{x l )\<e if I*'-*! | <h 2 , ) 

where e is arbitrary and h l9 h 2 are appropriate. We can now replace 
h v h 2 by A, a number not greater than h v h 2 or k , for if the in- 
equalities hold in any range they hold in a smaller range. We then 
have 

| f(x') -f{x l )\<{M 1 + M i )e if \x' -x x \< h ( 11 ) 

Here e can be chosen as small as we please and therefore (M x + M 2 )e 
can be so chosen. The condition of continuity is therefore satisfied 
and the theorem is proved. 

24.3. Theorem III. The reciprocal of the function cp(x) is also 
continuous at x l9 provided (p{xf) 7 ^ 0 . 

Let f(x) be used for the reciprocal, so that f(x) = l/p(x). Then 


and 


f(x') -f(x 1 ) = 


<p( x ') <p( x l) 
<p(x’) -(p{x x ) 


\m -/(* 1) 1 = 


<p{x')(p(x 1 ) 

\(p(x') -tpixj] 


( 12 ) 

(13) 


If, now, \(p{x x ) | —N^z 0 , there is a range of x , say (.Tj - 1, x x + i), in 
which | <p (x) | is not less than IN. Also we have 


| q>(x') -(p{x x ) |< e (arbitrary) if | x' -x t |< h x (appropriate), ...(14) 

and we can replace h x by h, a number not greater than h x or l. We 
then have 

\f(x') -/(*!) I < 2 e/N 2 if \x' -x x \ <h (15) 

( ’t r As before, 2e/N 2 can be chosen as small as we please. The con- 
of continuity is therefore satisfied and the theorem is proved. 

shewn in Art. 33 that a function continuous in a range has upper and lower 
barriers. It is, however, not nocossary to use this general result here ; according to 
the definition of a continuous function there is always a range (x x -k f x t + k) in which 
the magnitude of the variation from the value at x x is less than a chosen constant, 
K say, and we may therefore take M x to be the greater of the two numbers 
| (p{x x ) +K ), | q>(x x ) -K |, and similarly for M v 
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The student should carefully observe the proviso (p{x x ) ^0 in this 
theorem. 

24. 4. Theorem IV. The quotient \p{x)jcp{x) of the two functions 
<p(x), xp{x) is continuous at x Jf provided <p{x x ) ^ 0. 

Since we have proved that the reciprocal l/<p(x) of cp{x) is con- 
tinuous under the stated proviso, Theorem II shews that the product 
of y(x) and 1 j(p{x) is continuous. The theorem in question is there- 
fore proved. The student should again carefully observe the proviso 
<P( x l) 0. 

24. 5. It at once follows from Theorems I and II that the sum, 
difference and product of two functions which are continuous in a 
range are also continuous in that range. The reciprocal 1 j(p{x) and 
the quotient tp(x)/(p(x) are also continuous in the range, provided that 
(p(x) does not vanish anywhere in the range. 

24. 6. The Theorems I and II concerning the addition and multi- 
plication of two functions can clearly be extended to the addition 
and multiplication of any finite number of continuous functions. 


25. Continuity of Integral Rational Algebraic Functions (Polynomials). 

These functions are obtained from the independent variable and 
constants by the operations of addition, subtraction and multiplica- 
tion, (potentiation for positive integral indices being included in 
multiplication). It is clear that any polynomial in x can be built up 
by repetition of these processes. Thus from x and c we obtain cx 
by multiplication, and from this cx 2 by multiplication by x, and so 
on. All monomials of the form cx 11 , (n a positive integer), are 
obtained in this way, and by addition of such monomials we obtain 
a polynomial in x . Any integral rational algebraic function is 
reducible to such a polynomial. 1 

Now from Theorem II of the preceding Article, cx is continuous 
in any range because c and x are so, (treating c and x as functions 
of x). By the same theorem, the product cx . x , that is cx 2 , is con- 
tinuous, and so on. Thus we prove cx n continuous. 

By Theorem I, the sum of all such functions is continuous, that 
is, a polynomial in x is continuous. 

Summarizing, we have the results that 

n 

(i) the monomial cx n , and (ii) the polynomial V] ajf 

r= 0 


are continuous for any finite range of x . 


1 Thus (1 +x)(2 -fa) is an integral rational algebraic function and 2 +3#+ a* the 

equivalent polynomial. 
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26. Continuity of Rational Algebraic Functions. 

These functions are obtained from the variable x and constants 
when the operation of division is allowed as well as those of addition, 
subtraction and multiplication. Any such function is reducible to 
the quotient of two polynomials in x. From Theorem IV above, 
such a quotient is continuous, because the polynomials are so, in 
any range which does not include a value of x for which the denomi- 
nator polynomial vanishes. 

Ex. 1. Prove directly by the use of the e-condition that the functions 
x 2 , x 3 , x 4 , x n , l lx, 1/a; 2 , Ijx 71 , (n a positive integer), are continuous for any 
value of x, with the exception of 0 in the case of the fractional forms. 


27. Continuity of Fractional Powers of x . 

The beginner will probably be content to base the discussion of 
the continuity of fractional powers 1 of x on the results concerning 
fractional indices which are established with more or less rigour in 
books on elementary Algebra and with which he is familiar. We 
therefore assume these results in the present Article. An alternative 
discussion, which is more fundamental, is given in Chap. XXI. 

27. 1. The 'power x l l q , (q a positive integer). If q is even , x must 
be positive as there is no real even root of a negative number. The 
positive root is supposed taken. The continuity at the value 0 of x 
cannot be dealt with here because there is no range having 0 as 
centre in which the function is defined. This is a case of one-sided 
continuity, which is treated later, Art. 32. If q is odd, x may be 
positive, negative or zero ; it is convenient to treat the last case 
separately, (see below). 

We consider the continuity at a value x x which is restricted as 
mentioned, y x being the value of the function there. If x', y' are 
another pair of values of independent variable and function, we 
have 

y' -y x —x' llQ - x x llQ 

__ (x'^ q - x x x l Q ) (x'^-W* + x'l«- 2) l g x x llQ -}-...+ X x ( q -Vl q ) 


x’ -x x 

x '(Q-i)iQ + x ,{q -^! q x x l i q +77TT x^-vti ' 


(i) 


Since x x ^ 0, we can confine our attention to a neighbourhood 
(x x -k, x x + k) in which x' and x x have the same sign. The denomi- 

9-1 

nator of the last expression is then of magnitude not less than qM q , 


x The graphs of some fractional powers of x are shewn in Figs. 33, 34, pp. 139, 141. 
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where M is the smaller of the two numbers \x x -k\, | x x + k | . Thus 
we can write 

, , . I x' -x A I 

\y - 2 / 1 1 < 1 — ( 2 ) 

qM 9 

It follows that we have 

9-1 

I V' ~Vi I < ( e arbitrary), if | x' -x x | < sqM 9 , (3) 


9-1 

provided, of course, that eqM q ^ k. Now the condition of con- 
tinuity plainly allows us to take e less than any fixed number 
already introduced and therefore such that the proviso mentioned 
is satisfied. The function is therefore proved continuous for all 
values of x , other than 0, for which it is defined. 

If q is odd, the function is also continuous at the value 0 of x. 
For if x ± = 0 we have 2 /i = 0, (the value of 0 llQ according to the 
ordinary convention), and y' -y 1 =x' l l Q . Thus 


I y'-Vi\<£ if \x'\<e 9 , (4) 

and the condition of continuity is satisfied. 

27. 2. The ‘power x plQ , (p, q positive integers). For this function 
pjq is supposed expressed in its lowest terms and x is positive if q 
is even. Since x p/Q = (x llg ) p , the function is the product of p (equal) 
continuous functions and is therefore continuous for any range if q 
is odd, and for a range in which x is positive if q is even. 

27. 3. The power x~ pfq , (p, q positive integers). This function is 
the reciprocal of x pfQ and is therefore continuous for any range in 
which that function is defined, provided that x PlQ (or x) does not 
vanish in it. 

27. 4. Functions obtained by adding together constant multiples 
of fractional powers of x are continuous for values of x for which 
the continuity of the separate terms has been demonstrated. 

27. 5. In like manner a quotient of two such functions is con- 
tinuous for values of x for which the denominator does not 
vanish. 

27. 6 . Irrational powers of x. The continuity of powers of x with 
irrational indices, {x being now positive), will be assumed at this 
stage ; a formal proof of this property is given in Chap. XXI. The 
statements in the above Sub -articles 4 and 5 are thus valid when 
the word fractional is replaced by irrational , subject to the proviso 
that x is positive. 
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28. Continuity of the Trigonometrical Functions. 

28. 1. Continuity of sin x. Let x 1 be any value of x. Denoting 
the function by y , we have 

y ' - y 1 = sin x' - sin x x 

— 2 cos l(x' -f x x ) sin \{x f -x x ) (1) 

Now | cos \(x ' +x x ) | ^ 1 and | sin \(x’ - x x ) \ < | }>(x’ - xf) \ . x Hence 

|y'-yil<l*'-*il» ( 2 ) 

and the e-condition of continuity is satisfied by taking e as the value 
of h. Therefore sin# is continuous for any value x x and hence in 


any range of x. 

28. 2. Continuity of cos x. Here we have 

y' -y - 2 sin \(x' + aq) sin |(#' - aq), (3) 

leading, as in the preceding Sub -article, to the relation 

\y’ - yA <\ x ' ~ x i\ W 

The continuity of cos x thus follows as for sin x. 


28. 3. Continuity of tana:, cosec a:, sec a:, cot a:. The continuity of 
these functions, apart from isolated values of x , follows from the 
fact that they are either reciprocals or quotients of sin x and cos x. 
In the case of tana:, (i.e. sin a:/cos x), and sec a:, (i.e. 1/cos a:), the 
values of x which make cos x zero must be excluded, that is, the 
functions mentioned are not continuous when x = (n +\)n. For 
cosec a:, cot a: we must exclude the values given by x — nn from the 
ranges of continuity. 

29. Function of a Function. Change of Independent Variable in a 
Function. 

The class of functions which are immediately recognizable as con- 
tinuous can be much extended by the use of the general theory of 
the formation of a function of a function . Simple cases of this 
process have already been used, requiring no special explanation. 

Let y be a single-valued continuous function of a: in a range (a, b) 
and let (a, / J ) be the corresponding range 2 of values of y, the values 
a, /? of y not, in general, occurring at the terminals a, b of the range 
of x. Further, let z be a given single-valued continuous function of 
y in a range which includes the range (a, /?). The function y of x, 

1 The student will recall that the latter result is demonstrated in elementary 
Trigonometry in the form that ‘ the sine of an angle is less than its circular measure.’ 

2 That there is a definite closed range of y is formally demonstrated in Art. 33. 
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being continuous, will take each value between a and (i at least 
once ; it may take one of these values more than once, but the 
value of z is the same for the same value of y, however numerous 
the values of x for which it occurs. 

Since with any value x x of x in the range (a, b) there is 
associated one value only of y , y x say, in the range (a, /J), and with 
the value y x of y there is associated one value only of z, z x say, we 
can define a new single-valued function of x in the range (a, b) by 
associating with x x the value z t of 2 . This process, in which y plays 
the role of an intermediary variable, is said to define z as a function 
of x by treating it as a function of a function, (that is, as a function 
of y which is itself a function of x ), and in doing so, the independent 
variable of the given function z is changed from y to x. If we write 
y=f(x) and z—cp(y ), the relation between z and x obtained by this 
process is symbolized by the equation 

*=?{/<*)} ( 1 ) 

The particular case in which y is constant in the range (a, b) of x requires 
a word of explanation. The range (a, f)) here shrinks to a single value a, and 
z, as a function of x , is also constant in the range (a, b). We suppose in this 
case that z is defined in a range of y which includes the value a, for other- 
wise there is no range of continuity of the function (p{y ). 

The process described above can be extended to cases where a 
further change of independent variable is made. Let the range of 
values of z, as defined by the equation z=cp{f(x)}, be (a', /S'), and 
suppose that w is a single -valued continuous function y)(z) of z in a 
range which includes the range (a', /?'). Then the expression of w 
as a single-valued function of x in the range (a, b) is given by 


w= W [<p{f(x)}l (2) 

or the equivalent form 

* , 

w — ip(z) where z~<p(y) and y~f(x) (3) 


Thus w is expressed as a function of a function of a function of x. 

Ex. 1. Let y—j — - in the range ( - 1, 1] of a;, so that the corresponding 

range of values of y is (0, oo], and write z—»Jy. Then the expression of z 
as a function of x in the range ( - 1 , 1] is 



It is readily shewn that the independent variable y of the function z can 
only be changed to x in the above way when x is confined to the range of 
values indicated. 
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Ex. 2. Let y~sjx in the range (0, 1] of x , so that y has the range (0, 1], 

The former of these relations shews that z has 


1 +y 

and write z = ^ , w = Jz . 

i -y 


the range (1, oo] and the latter that w has the range (1, oo]. The expression 
of w as a function of x in the range (0, 1] is 


/I + s /x\ 1 l 2 
U-N fx) * 


.(5) 


It is readily verified that w is not defined as a function of x in this way for 
values of x outside the range stated. 


30. Continuity of a Function of a Function. 

We now shew that the function of x defined by the equation 
z=cp{f(x)} is continuous in the range (a, b). 

Consider the value x x in (a, b) and let y v z l be the corresponding 
values of y and z. Let x\ y\ z' be another set of corresponding 
values. Because z is a continuous function of y at y l9 corresponding 
to any arbitrarily chosen e we can find a positive number k such that 

I z'-z 1 \<e if \y f -y 1 \<k i (1) 

and because y is a continuous function of x at x X) we can find a 
positive number h such that 

\y'-yi\<k if | x’-x 1 \<h, (2) 

(where k takes the place of the usual symbol e). We thus have 

\z'-z 1 \<e if \x'-x 1 \<h (3) 

Therefore the condition that z may be a continuous function of x 
at x x is satisfied. Since x x is any value in the range (a, 6), z is a 
continuous function of x in that range. 

This investigation requires no modification whon y is constant for the 
range (a, b) of x , provided that, as in the preceding Article, we suppose that 
z is defined in a range of y which includes the value y x . 

By an obvious extension of the above argument, we establish the 
continuity of a function of a function of a function of x , and so on. 


Ex. 1. Shew that ^ 


is continuous in the range 1 [0, 1] of x. 


31. Continuity of Fractional Powers of Polynomials. Ordinary 
Algebraic Functions. 

» 

Let y be a polynomial in x, say y = ^ a r xr > an d therefore continu- 

r=0 

1 For the method of extending the range of continuity to include the lower 
terminal 0, see Art. 32 below. 
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ous in any finite range. Further, let z = y p l q , where p , q are positive 
integers. Then by the theorem just proved, the function z of x 
given by the equation 

2 = ( 1 ) 

r = 0 

is a continuous function of x in any range if q is odd, and in any 
range for which y is positive if q is even. 

n 

We at once infer that the reciprocal function 1 jz, or ( ^ a r x r )~ v(q > is 

r — 0 

continuous in any range in which z is defined and does not vanish. 

It further follows from the general theorems of Art. 24 that all 
functions built up from the variable x and constants by means of 
the fundamental operations, inclusive of fractional radication, are 
continuous, subject to the restrictions already indicated. The func- 
tions obtained in this way are described as ordinary algebraic 
functions and are surd when fractional powers are involved. 

Ex . 1 . The function sj(a 2 -x 2 ). Since a 2 -x 2 is positive when x lies in the 
range [ -a, a], the given function is continuous for such values. The exten- 
sion of the range of continuity to include the terminals - a, a is made in 
Ex. 2 of the following Article. 

Ex. 2. The function (a 2 - x 2 ) 1 / 3 is continuous for all values of x. 

Ex. 3. The function ( a 2 -x 2 ) -1 / 3 is continuous except for the values -a, a 
of x. 

Ex. 4. The function >J(x 2 - a 2 ) is continuous in the ranges [a, oo ], [ - oo , - a]. 

32. One-sided Continuity. Upper and Lower Continuity. 1 

If a function /(a;) is single-valued in a range ( a , 6), (a< 6), and is not 
defined for values of x less than a, the definition of continuity given 
in Art. 22. 3 does not apply at a because the function is not defined in 
any range such as (a - h , a + h ), of which a is the centre. In this 
case we define f(x) to have upper continuity or to be continuous from 
above if the values in the range (a, a + h) y (h> 0), close up to equality 
when h is continually diminished, that is, if we can choose a value 
of h such that 

| f(x') ~f(a) |<e,(£ arbitrary), if 0 <x' -a<h (1) 

If this condition is satisfied the continuity is said to be one-sided . 

In like manner we define lower continuity or continuity from below 
at the value 6 of a range (a, 6), (a<6), when the function is not 
defined for values of x greater than b. 

1 Often the term right-hand ( left-hand ) continuity is used for upper (lower) continuity. 
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Further, we may consider a value x 1 of x within the range of 
definition of f(x) and define in like manner lower and upper con- 
tinuity at the value x x by considering the values of f(x) on the lower 
and upper sides of x v respectively. From the definitions, it is clear 
that if the function has both upper and lower continuity at x x , it is 
continuous in the ordinary sense at that value. 

When a function is said to be continuous in a closed range (a, 6), 
it is implied that the function has ordinary continuity at each point 
within the range and also has upper or lower continuity at the 
respective ends of the range. The function may , of course, be con- 
tinuous beyond the ends of the range, unless the contrary is stated, 
so that there is ordinary continuity at the ends. 

The theorems of Art. 24 concerning the continuity of combinations 
of continuous functions apply equally to one-sided continuity. The 
process of extending the range beyond the terminals, explained in the 
last paragraph of the next Article, can be conveniently used to justify 
this statement. 

Ex. 1. The junction x v ! q , ( q even). This function is not defined for negative 
values of x. We consider the upper continuity at the point x=0 , where, 
according to the usual convention, the function is equal to zero. Denoting 


the function by y f we have, for x'> 0, 

y'=x'*l q 9 (2) 

and so I V' ~ Vi I —x' v l q (3) 

Thus I V ' I < e > ( £ arbitrary), if x' <h"E q l v (4) 

The condition of upper continuity is therefore satisfied. 


In particular, sjx is continuous in the range (0, go]. It follows, by change 
of origin to the point x = - a, that sj(a + x) is continuous in the range ( ~ a, ao ] . 

Ex. 2. The function \/(a 2 -x 2 ), (a> 0). We examine the continuity at the 
ends of the range ( - a, a), outside which the function is not defined. In this 
range, *J(a 2 - x 2 ) =>J(a +x)>J(a - x ). Now >/(a - x ) has ordinary continuity at 
x— -a, (and therefore also upper continuity), while sj(a+x) has upper con- 
tinuity at the same point. Hence the product of these two functions has 
upper continuity at x— ~a. Similarly, the product has lower continuity at 
x —CL. Employing the result of Ex. 1 of the preceding Article, it follows that 
s/(a 2 -x 2 ) is continuous in the range ( - a, a). 

Ex^i The function sj(x 2 - a 2 ), (a >0). Here *J(x 2 - a 2 ) —sj(x -a)sj(x -fa) in 
the ran^e (a, oo] and s/(x~a), sj(x+a) are both upper continuous at x=a. 
TI^Hhe product of these functions is upper continuous at x=a. Similarly, 
the product -x)sl(-a-x) is lower continuous at x = -a. Employing the 
result of Ex. 4 of the preceding Article, it follows that <sj(x 2 - a 2 ) is continuous 
in the ranges (a, oo ], [- oo , - a) of definition. 
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33. Uniform Continuity of a Function in a Range. 

We have called a function of x continuous in a range (a, b) when it 
is continuous for each value of x in the range, 1 that is, when for each 
value such as x x we can find, corresponding to any arbitrary positive 
value of e , a value of h for which 

!/(*') -/(*i)l <£ lf \x' -x x \<h (1) 

The introduction of this definition raises the question whether, 
for any given e, a common value of h , other than zero, can always be 
found to satisfy the condition (1) for all values of x 1 in the range, that 
is, whether we can secure a given degree of closing up to equality of 
the values of the function by an appropriate choice of sub-range 
(x x - h , + -h), of the same magnitude throughout. It is not difficult 
to shew that the answer is in the affirmative, and this we proceed to 
do by proving that a negative answer is erroneous. 

Suppose that for some value of e it is not true that a common 
value of h can be found for the whole range. Employ the method 
of successive decimal subdivisions of the range. The range being at 
first divided into ten equal parts, the assumption requires that in 
one at least of these parts the same failure occurs for that value of 
e. Select the first part, reckoning from the lower terminal, for which 
this occurs. Subdivide this part similarly and make a corresponding 
selection, and so on indefinitely. The aggregate of lower ends of the 
selected parts defines a number, x x say, which lies in each of the 
selected parts. 2 We can therefore find a neighbourhood of x x as 
small as we please in which the same failure must occur. Now since 
the function is continuous at x x , there exists a range, (x x - k , x x + k) 
say, within which the variation 3 of the function is less than e. The 
contradiction is evident and the initial assumption is therefore 
Brroneous. Thus a common value of h can be found for any given e. 

The existence of a common h for each e is described by saying that 
the function is uniformly continuous in the range. We have thus 

1 If the function is not defined beyond the terminals of the range, the correspond- 
ing conditions for one-sided continuity are supposed to apply at the terminals. It is, 
however, convenient to extend the range beyond the terminals in the manner sug- 
gested at the end of the present Article. Special consideration of the ends of the 
original range is thus avoided. 

* The range (x — h, x + h) corresponding to a point x in one of the parts is, of course, 
lot required to lie wholly in it. 

3 By the variation ’ is here meant the magnitude of the difference of the values of 
jhe function at two points of the sub-range. It cannot be greater than twice the 
greatest variation from the value at a fixed point of the sub-range. 
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proved the theorem that a function which is continuous in a closed 
range is also uniformly continuous in that range . 

It follows, as a corollary, that the aggregate of the values of the 
continuous function f(x) in a closed range has upper and lower 
barriers, and hence has definite upper and lower bounds. The 
function is therefore said to have upper and lower bounds in the range. 

In proof, observe that, by the theorem, we can divide the whole 
range into a finite number, n say, of parts in each of which the 
variation of the function is less than an assigned e. The magnitude 
of the difference of the values of the function at any two values of x 
in the range is therefore less than the finite number ns. 

The above theorem applies to a closed range (a, 6). A function continuous 
in the closed range can always be supposed defined (or re-defined) so that 
the continuity extends beyond the range above and below. Thus if a < b, the 
value at a point a - x below a can be taken equal to that at a + x abovo a , and 
similarly for a range going beyond b. The proof of the theorem then applies 
to (a, b), regarded as part of an extended range of continuity. If, however, 
the range {a, b} is unclosed at one end, a say, a range (a, a +Jc), which may 
be arbitrarily small, must bo excluded in the application of the theorem. For 
example, consider the function 1 lx, which is defined in the range [0, 1 ) but 
not in the closed range (0, I). This function is not bounded in the former 
range, for we can take a value of x in that range sufficiently small to 
make 1 jx larger than any assigned number. 

34. Existence of Greatest and Least Values of a Continuous Function. 

We have seen that the aggregate of values of a continuous func- 
tion in a range has definite bounds. We now shew that there is a 
value of x for which the function is equal to the upper bound, 
i? (u > say, and a value for which it is equal to the lower bound, 
say, so that these bounds are actually the greatest and least 
values of the function. 

Consider, at first, the upper bound and subdivide the range into 
ten equal parts. It is clear that the upper bound for the whole 
range can neither be greater nor less than the greatest of the upper 
bounds of the separate parts. It is therefore equal to the upper 
bound of at least one of the parts. Select the first part, counting 
from the lower end of the range, for which this occurs, subdivide it 
and select a part, and so on. The aggregate of the lower ends of 
these parts defines a number, x x say, which lies in them, and the 
process shews that we can choose a part as small as we please such 
that x x lies in it and such that the upper bound of that part is equal 
to the upper bound of the function for the whole range. 
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We now shew that the value f(x x ) of the function for the value x x 
of x is the upper bound of the function for that part, and therefore 
for the whole range. Suppose that the value f(x x ) at x x differs from 
the upper bound On account of the continuity of the function, 

the part can be taken so small that the variation of the function in 
it is less than the difference between f(x x ) and B (u) . But this is 
impossible since it would make all the values of the function in the 
part definitely less than B^ u \ whereas by the nature of a bound we 
must be able to find values as near to 5 (u) as we please. We con- 
clude that f(x x ) = B (u \ and the theorem is demonstrated. 

In the same way we shew that the lower bound B (l) is a value of 
the function at a point of the range. 

The results obtained are commonly expressed by saying that a 
continuous function attains its bounds. 

A discontinuous function may increase or decrease towards a bound 
which it does not attain. A simple example is the function defined 
by y = x 2 when x^£ 0 and y — 1 when x = 0. Here the function de- 
creases towards the bound 0 as | x | decreases but it does not attain 
that value. A continuous function, on the other hand, which is 
defined by y = x 2 when xyL 0 must have the value 0 when # = 0, on 
account of the continuity, and it attains the bound 0. A more 
complicated case is the function (1 - x 2 ) cos ( 1 / x ) in the range (-1,1). 
The formula leaves the function undefined at x = 0 , but whatever 
value lying between - 1 and +1 we assign to it at that point, the 
upper and lower bounds + 1,-1 are not attained since | cos (l/x) | ^ 1 
and 1 - x 2 < 1 when x ^ 0. 

The importance of the demonstrations of this and the preceding 
Articles is obscured by the instinctive appeal to graphical repre- 
sentation. It must be remembered, however, that the definition 
given of a continuous function is an algebraic one and it includes 
functions for which graphical representations displaying their char- 
acters in detail are impossible. The theorems demonstrated shew 
that the algebraic definition involves certain properties which are 
associated with continuous graphs but we must guard against 
assuming that it involves all such properties. The student will 
gradually extend his knowledge of formulae representing functions 
which are not graph-like. 

35. One-way Continuous Functions. 

Let y , or f(x ), be a one-way continuous function of x and let it 
have the values a, at the ends a, b of the range (a, b) of x considered. 

P M.B.M.A, 
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Since the function is continuous, it has any (every) value between a 
and (} for at least one value of x in (a, 6), and since the function is 
one-way it has no value outside the range (a, ft). Further, if the 
function is up-way it has the greater of two values at the greater of 
two values of x. Suppose now that the function is strictly up-way, 
so that it cannot have the same value for two values of x. The 


values of y are then definitely 
y paired off with the values of 

a o— x , or there is a one-one cor- 
V respondence, so that to each 

p <( n. value, x l9 of x there corres- 

ponds only one value, y v of 

y, and to the value y x of y 

On b x there corresponds only the 

fig. 14. fig. 15. value x x of x . In the same 

way it is proved that there 
is a one-one correspondence if y is strictly down -way. Figure 14 
represents a strictly up-way function and Fig. 15 a strictly down- way 
function in the range (a, 6). 

It is easily shewn, conversely, that if y is a continuous function of 
x in the range (a, b) and if there is a one-one correspondence between 
the values of x and y, the function y is strictly one-way in the range. 
For, suppose that the values y u y 2 , y 3 correspond to values x x , x 2 , x 3 
which are in ascending order, so that x x < x 2 < x 3 . Then if y Xi y 2 , y 3 
are not in ascending or descending 
order, suppose that y x < y 2 and that 
y 2 > y 3 , as represented in Fig. 16. If, 
now, we take a number r\ lying 
between y x and y 2 and also between 
y 2 and t/ 3 , there is a value of x between 
x x and x 2 for which y=rj and also one 
between x 2 and x 3 for which y—r\ (by 
the theorem of intermediate values, 

Art. 22. 6). Thus there are two values 
of x corresponding to one value, rj , of y i and the supposed one-one 
correspondence does not exist. 

If V 1 — I /2 or Vi-Vs* there are again two values of x corresponding 
to one value of y and again the one-one correspondence breaks down. 

Thus for any (every) pair of values x x , x 2 of x, if x 2 >x x , then 
either y 2 is always greater than y x or always less than y X) that is, 
the function y is either strictly up- way or strictly down- way. 
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36. Inversion of a Functional Relation. 

We are now prepared to enunciate a simple but fundamental 
theorem concerning the interchange of the roles of the independent 
and dependent variables in a functional relation. 

If y , or f(x), is a strictly one-way continuous function of a; in a 
range (a, b), we can regard a; as a single-valued function of y in the 
range (a, /?), where a, are the values of y at the terminal values 
a , b of x . This statement is justified as a consequence of the one-one 
correspondence of the values of y and x, which associates one value 
of x (and one only) with each value of y in the range (a, /?). The 
function of y so defined is clearly strictly one-way. The process of 
passing from y as a function of x to x as a function of y is called the 
inversion of the functional relation y—f(x ), and the function of y so 
obtained is called the inverse of the function f(x). 

The functional relation in its inverted form is written x~urgf(y), 
where ‘ arg/ 5 is to be treated as a single functional symbol and y is 
the independent variable. The symbol arises from the practice of 
describing the independent variable as the argument of the function 
considered. In the present case x is the argument of the original 
function y, or f(x). 

Having established the existence of the function arg f(y) in the 
range (a, (3), we can, of course, employ any other symbol for the 
independent variable y. If we employ x for it we may use y 
for the original independent variable ; the process of inversion is 
then the passage from the relation x=f(y) to the relation y = arg/(#). 

When the function f(x) can be adequately graphed, it i^plain that 
the same curve represents the re- 
lation y =f(x) and the inverse relation 
x = 8iTgf(y ), for, if in the direct function 
y x is plotted against x l9 in the inverse 
function the value x x is plotted against 
y x . The only change in graphing is 
thus the interchange of the roles of the 
axes Ox , Oy . 

When in the inverse function the 
independent variable is denoted by x 
and we plot the relation y — arg f(x), the 
new graph has the same relation to the 
axes Ox, Cb/as the old graph to the axes 
Oy, Ox, respectively ; in other words, the new graph is the geometrical 
image of the old in the line bisecting the angle xOy ; see Fig. 17. 
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When f(x) is an established function having a special functional 
symbol, that symbol will be used instead of / in the symbol for the 
inverse function. Thus in the case of the Trigonometrical functions, 
the inverse function corresponding to sin# is argsin# (usually 
shortened to arsin#), and so on. 

The relation between a function and its inverse is reciprocal, and 
it depends on the history of the subject which of the two is treated 
as the direct function (with its special symbol). 

In the case of the mutually inverse Exponential and Logarithmic 
functions, and also in the case of the Elliptic functions, when the 
inverses of the original functions were introduced they were assigned 
special symbols, on account of their importance, and the original 
functions have retained their special symbols, so that the usual 
notation for inverse functions is not required. 

In the discussion of this Article we suppose that the function /(#) 
is strictly one-way. The preceding Article shews that this assump- 
tion is a necessary one if there is to be one -one correspondence 
between x and y, that is, if x is to have only a single value correspond- 
ing to each value of y. Thus y , or /(#), must bo a strictly one-way 
function of x in the range considered if it is to invert into a one-way 
function of y in the corresponding range of that variable. 

37. Inversion of Single-Valued Functions which are not One-way. 

If a function y is not strictly one-way throughout the range of x 
considered, its inversion presents no theoretical difficulties so long 

as the range of x can be divided into 
sub -ranges in such a way that the 
function is strictly one-way in each, 
and this can be done in almost all 
practical cases. After such a sub- 
division has been effected, inversion 
for each of the sub-ranges separately 
defines a function x in a range of y 
whose terminal values correspond to 
those of x at the ends of the sub- 
range in question. We then regard 
the set of functions obtained by this 
process as together forming the complete inverse of the original 
function. It is immediately seen that the functions of this set 
will have ranges of definition which more or less overlap, as illustrated 
in Fig. 18, so that the complete inverse function will be multiple- 
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valued in parts, at any rate, of the whole range of y. Tn the 
theoretical discussions of functions, each function of the set would 
be treated separately as a single-valued 
function. 

Ex. 1. The functional relation y—x n y (n an even 
integer). The inversion here leads to the two 1 nth 
roots of y. We have two sub-ranges [ — oo , 0), 

(0, oo ], in each of which x n is strictly one-way, as 
shewn in Fig. 19, which represents the relation 
y=x*. Tn the range (0, oc] of #, the value of x 
associated with a (positive) value of y is denoted 
by y x l n , and in the range [- oo , 0) of x, the value 
of x associated with y is -y lln . 

Ex. 2. The relation y = constant. Suppose that 
y , or /(#), has the constant value c in the range 
(ajj, # 2 ), included in the range (a, b) y but is otherwise strictly up-way in 
(a, b) y (Fig. 20). On proceeding to invert the relation y=f{x) we find that 
corresponding to the value c of y we have a continuous range of values of x 
extending from x x to x 2 , that is, when y is taken as the independent variable, 
there is an indeterminacy in the value of the dependent variable x , of range 
(x ly # 2 ), at the value c of y. 

37.1. Inversion of the trigonometrical functions . (i)y=s\nx. We consider 
a succession of sub-ranges of x in each of which y is strictly one-way. These 
are defined by (2 nn-\n y 2n7i+%7i) and {2nn 4- \n y 2nn+$7i) y where n is 
any integer. In the first set y is strictly up-way, ranging from - 1 to 1, in 
the second strictly down-way, ranging from 1 to - 1. 

According to the usual convention, the inverse function for sin#, which is 
denoted by arsiny, is defined only for the range ( \n) of #. (correspond- 

ing to the value 0 of n for the first set of 
sub -ranges), so that the relation # = arsing 
gives x as an up -way function of y y increasing 
from - \n to as y increases from - 1 to 1. 

Suppose now that y x is any value in the 
range (-1, 1), x x being the corresponding 
value of the function arsing. On inverting 
the relation y= sin# in an up-way sub-range 
of #, for a given value of n, the value of # to be 
associated with y x is x x -f- 2nn y while for inver- 
sion in a down- way sub -range, the value is 
(2 n + 1 )n -# r These are the values of # for which sin# has the same value 
y x . They are included in the formula nn + (-l) n x ly (as is known from 
elementary Trigonometry), and therefore in the general formula 

nn +( - l) n arsing (1) 

This formula represents the ‘ complete inverse function ’ for sin #. The 
fimctions for values of n other than 0 are described as the adjoined functions 

1 That is, the two ‘ real ’ roots. 




y=x*. 
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to arsing. The up-way functions are obtained by taking n even, the down- 
way by taking n odd. 

(ii) y = cos#. This function is strictly down -way in the sub-ranges of # 
defined by (2 nn, 2 nn + n), and strictly up-way in the sub-ranges defined by 
(2 nn + n, 2n7i + 2 n). According to the usual convention, the function arcos y 
is defined only for the down-way sub-range (0, n), (corresponding to n — 0), so 
that the relation x ~ arcos y gives a: as a down-way function of y, decreasing 
from n to 0 as y increases from - 1 to 1 . 

If x l9 y x are corresponding values in these ranges, the inversion of the 
given relation in a down-way sub-range of x, specified by n, leads to 2 nn + x x , 
and in an up-way sub-range to 2 nn —x l9 as the values of x corresponding to 
y v It follows that the 4 complete inverse function ’ for cos# is given by the 
general formula 2n7i±x, that is, by 

2nn ± arcos y, (2) 

which therefore gives the adjoined functions to arcos y. 

(iii) y = tan#. This is strictly up-way in the sub-ranges of x given by 
[nn~in,nn + \ri\. According to the usual convention, the inverse func- 
tion artan y is defined for the sub-range [ -\n, \n] of #, so that the relation 
x — artan y gives x as a strictly up-way function of y , having the above range, 
that of y being [-oo, oo]. The adjoined functions are here easily seen to be 
given by the formula 

nji + artan y (3) 

(iv) y = cosec#, y— sec#, y — cot#. The sub-ranges of # for which the 
inverse functions arcosec y, arsec y, arcot y are defined are respectively the 
same as those for arsiny, arcos y, artan y, and the adjoinod functions are 
given respectively by the formulae 

nn + ( - 1 ) n arcosec y , 2nn ± arsec y, nn + arcot y (4) 

It should be observed that if x x is the value of arcosec y when y —y lt so 
that cosec#j —yi, # x is also the value of arsing when y = llyi, for then 
sin #! = 1 ly v Thus we have the relation 

• 1 

arcosec y =arsm - (5) 

Similarly we conclude that 

arsec y — arcos ~ , arcot y — artan * ( 6 ) 

The inverse function arcosec y is not defined for values of y in the range 
[-1,1]. It is a strictly down-way function, having the ranges [0, -in) 
(in, 0] corresponding to the ranges [-oo,-l), (1, oo] of y. The function 
arsec y is strictly up-way, having the ranges (0, in], [in, n) corresponding 
to the ranges (1, oo], [- oo , - 1) of y . The function arcot y is strictly down- 
way, having the ranges [- in, 0], [0, in) corresponding to the ranges 
[0, - 00 ], [oo, 0) of y. 

Reference to the inversion of the trigonometrical functions is made again 
in Chap. VI, Art. 150, where further properties with the graphs of the inverse 
functions are given. 
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38. Continuity of Inverse Functions. 

We now resume the general discussion of the inversion of a con- 
tinuous function y or f(x) which is strictly one-way in the range of x 
considered, and prove that the inverse function is continuous in the 
corresponding range. 

For definiteness, suppose that y is strictly up-way in the range 
(a, b) of x , so that the inverse function is a strictly up-way function 
of y in the corresponding range (a, /?). Take now a fixed value x x of 
x in (a, b) and let y x be the corresponding value of y. Then if (x\ y') 
is another pair of corresponding values, the difference x ' - x x con- 
tinually increases with y' - y x , Suppose, at first, that x' > x x and 
consequently that y'>y x . Because of the one-one correspondence 
of x and y there corresponds to a positive value h (however small) 
of x' - x x a positive value Jc of y' - y x , and if y' -y x <k then also 
x' - x x < h. In the same way if x' < x x then y' < y x > and corresponding 
to the value h of x x ~x' there is a value k ' o£ yi-y'- Also 
if 2/1-2/ ' <k ', then x x -x'< h. Combining these two results we 
conclude that for a given h, however small, 

| x' - x x | < h provided \y' -y x \<k*, (1) 

where k* is the smaller of lc and k'. The condition for the continuity 
of x as a function of y is therefore satisfied at the value y x , Since y x 
may be any value in the range (a, /?), the inverse function is con- 
tinuous in that range. 

In the same way we can prove the theorem when y is down-way 
in the range (a, b) of x. 

To avoid over-elaboration we have supposed that the condition of 
ordinary continuity applies at the ends of the stated ranges. If it 
does not, one-sided continuity is substituted for it. 

Ex, 1. Because x n is continuous and one-way in the range (0, ool, the 
inverse function x x l n is also continuous in that range. 

Ex, 2, The inverse trigonometrical functions are continuous in their 
respective ranges. 

39. Function Defined by Means of an Intermediary Variable (Para- 
meter). 

If y , z are two functions of x , whether single- or multiple-valued, 
which have a range of definition in common, one or more values of y 
and also one or more values of z will be associated with each value 
of x in that range. Thus the common value of x associates a certain 
number, of values of y with a certain number of values of z, and, in 
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a general sense, this association creates a functional relation between 
y and z. In the following discussion we introduce restrictions which 
enable us to define z , say, as a single-valued function of y in a certain 
range of that variable. 

Suppose that y> z are single-valued, continuous functions of x in 
a certain range (a, 6), and write 

y =/(*), z=cp(x) (i) 

Suppose, further, that f(x) is strictly one-way in the range (a, b) and 
that (a, /?) is the corresponding range of its values. Then the relation 
y=f(x) defines # as a single-valued (one-way) continuous function 
of y in the range (a, /S). Thus z is defined as a single-valued 
function of y in the range (a, /?) by the equations 


*=<p(x), x = &rgf(y), (2) 

which give 

z=(p{nrgf(y)} (3) 


Further, since z is a continuous function of x and x is a continuous 
function of y , it follows from Art. 30 that the relation (3) defines z 
as a continuous function of y in the range (a, /?). 

The variable x , which here plays an intermediary role in deter- 
mining the relation between z and y , is called a parameter , and the 
functional relation between z and y is said to be given parametrically 
by means of the equations (1). 

The above process corresponds, in the theory of single-valued functions, to 
the elimination of a variable (here x) between two equations containing it, as 
given in treatises on Algebra. Algebraic elimination usually leads in such a 
case to a multiple -valued function of y> as it does not introduce any restriction 
of ranges. For example, the algebraic elimination of x between the equations 


y — ax 2 +bx + c, z = ax 2 + fix + y (4) 

leads to the equation 1 

{a(y -z) - a (c - y)} 2 = (o/J - ocb){b (y -z) - p (c -y)} (5) 


This is a quadratic equation for the expression of z in terms of y , so that it 
involves two single-valued functions of y. 

From the geometrical standpoint, if y , z are taken as rectangular 
coordinates in a plane, the equation (3) defines a curve which is said 

1 Thus, multiplying the second equation by a and the first by a and subtracting, 
we get 

x={a(y-z)- a (c -y)}/( a b-afi) ; 

on multiplying the second by b and the first by ($ and subtracting, we get 
x* ~{b (y - z) - (c - y))l(ap - a 6). 
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to be given parametrically by the equations (1). For any value of 
the parameter x in the range (a, 6), the equations (1) give definite 
values of y and z and hence a definite plot-point in the plane. This 
plot-point is usually described as 4 the point x .’ The aggregate of 
such plot-points defines the curve or graph given by equation (3). 
In this connection it is usual to employ another letter, often t, for 
the parameter, so that x , y can be taken as the rectangular coordi- 


nates, and we then write 

*=/(<)» 2 /=<P(t) ( 6 ) 

Ex. 1. The equations x— a cos 6, y—a sin0, (a > 0) (7) 

The letter 6 is here used for the parameter and x, y for rectangular coordi- 
nates. The elimination of 0 leads at once to the relation 

x 2 +y 2 —a 2 , (8) 

and the equations (7) are thus parametric equations of this circle. 


To express y as a single -valued function of x we may proceed as in the 
general case above, noticing that if 6 is restricted to the range (0, n) we have 
Q = arcos (x/a), so that 

y —a sin (arcos (x/a)} =a>J[ 1 - cos 2 {arcos (x/a)}] 

=<W( 1 -x 2 /a 2 ) =V(a 2 -x 2 ), (9) 

y being positive for the given range of 0. The same relation between x and y 
is obtained if 0 is restricted to any of the ranges given by (2 nn, 2nn +n). 

Similarly, if 0 lies in a range given by (2 nn + n, 2nn + 2n). we find 

V= -sj(a 2 -x 2 ) (10) 

40, Functions of Two Independent Variables ; Dimetric Functions. 

For the next step in the theory of functions of one variable it is 
convenient to introduce the language and notation employed for 
functions of two independent variables. The description of such 
functions, to which the term dimetric 1 is applied, is very similar to 
that of functions of one variable, ( monometric functions). 

Let x, y be two variables, each continuous per se . Either of these 
variables, x say, may have any value within a certain range, and for 
any particular value of x, y may have any value within a certain 
range, (which will, in general, depend on the value of x). 

Suppose, now, that with each possible pair of values of x and y 
there is associated a third definite number. The aggregate of such 

1 This term is formed from Greek metron (measure) and the prefix di (two), and 
indicates that the value of the function depends on the measures of two variables. 
Similarly, trimetric indicates dependence on the measures of three variables and 
poly metric on the measures of several. 
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numbers forms a third variable which we denote by z. This depen- 
dent variable z is said to be a single -valued function of x and y, 
which are called the independent variables. 

The general symbol for a function of the two variables x , y is 
f(x , y), where the comma between x and y must be inserted, for 
otherwise the symbol would represent a function of the product xy . 
Other letters may be used instead of /, as in the case of a mono- 
metric function, and special letters are employed for established 
functions. 

The simplest geometrical representation of a dimetric function is 
obtained by means of a spatial (or ‘ solid ’) figure, in which a plot- 
point is defined for each triad of values of the three variables x, y, z. 
Having chosen a plane of representation for the variables x , y and a 
pair of rectangular axes Ox , Oy in it, we can represent any pair of 

values, (x x , y x ) say, by a plot-point N x in 
that plane. We now take a third axis Oz 
perpendicular to the plane of the axes Ox , 
Oy , and therefore perpendicular to each of 
them. Any triad of values {x x , y x , z x ) is 
represented by a plot-point P l9 which is 
defined by (drawing) a line N X P X of length 
| z x | from N x parallel to Oz, and in the same 
or the opposite sense according as z x is 
positive or negative. This mode of repre- 
sentation is illustrated in Fig. 21. 

The point P x is said to have coordinates 
(x x , Vi* z i) relative to the rectangular axes Ox, Oy, Oz, and it is usual 
to refer to the 4 point ’ (x x , y x , z x ) instead of to the triad of values. 
Since, by definition, x x , y x are the algebraic distances of N x from 0 
measured in the directions Ox, Oy, respectively, x x , y x , z x are the 
algebraic distances of P x from 0 measured in the directions Ox, 
Oy, Oz, respectively; thus the representation is symmetrical with 
respect to x, y and z, and the lengths of the perpendiculars P X L X , 
P X M X to the planes yOz, zOx are respectively \x x \, \y x |, P x being 
on the same side of yOz (or zOx) as Ox (or Oy) when x x (or y x ) is 
positive. As in the cases of one and two variables, we assume that 
there is a one -one correspondence between the aggregate of triads 
(x, y, z) and the points of the spatial figure. 

It is sometimes convenient to use oblique instead of rectangular axes. In 
the above description of spatial representation, the plot-point N t has then 
coordinates (x lt y x ) with respect to oblique axes Ox, Oy . The axis Oz is 
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oblique to the plane xOy and the plot -point P t is defined by drawing pi^Pi of 
length | z t | parallel to Oz. The lines PiL u P x M x are now drawn parallel to Ox, 
Oy, respectively. Of course, an angle here described as oblique may be a 
right -angle as a special case. 

If, now, we suppose the value z x of the third variable to be that 
of a single-valued function for the values x l9 y x of the independent 
variables, there is only one point P x corresponding to the plot-point 
N x of the number pair (x x , y x ). We may at this stage drop the 
suffixes of the variables and consider generally the plot-point N, 
( x , y ), and the corresponding plot-point P , (x, y , z). 

For a fixed value of x, the plot-points N lie on a straight line 
parallel to Oy , and as N moves along this line, P remains in a plane 
parallel to yOz and describes a curve (in the most general sense) in 
that plane. The whole set of such curves, corresponding to the set 
of values of x , defines a surface (in 
the most general sense), and this 
surface is a geometrical representa- 
tion of the function z. This repre- 
sentation is illustrated in Fig. 22. 

It is clear that if the surface is 
given and P is taken anywhere on 
it, we have only to draw the per- 
pendicular PN to the plane xOy to 
determine the value of z which is 
associated with the values x and y 
corresponding to the point N. 

The limitation of the ranges of 
the variables x , y will be geometri- 
cally defined by a curve or curves bounding the parts of the plane 
xOy in which the plot-point N can lie. Thus if N is confined to a 
circle of centre 0 and radius r, the values of x , y are subject to the 
inequation 1 x 2 -} -y 2 ^r 2 . The variable x must therefore lie in the 
range ( -r, r), and for a given value of x , say x x , in this range, y has 
the range defined by y 2 ^ r 2 -x x 2 . Similarly, if N is confined to a 

1 An inequation is a symbolic expression of inequality which involves one or more 
variables. It defines, in general, one or more ranges or domains in which the variable 
or set of variables must lie. Thus the inequation h 2 -x 2 > 0 requires that x should 
lie in the range [ - h, A] ; the inequation (x - a) 2 +(y - b) 2 < r 2 requires that the point 
[x, y) should lie inside the circle of radius r around (a, 6) as centre. The term is used 
whether the range or domain is open or closed. Thus h 2 ~x 2 ^ 0 is an inequation 
which requires that x should lie in the closed range ( - h, h). An inequality , in the 
restricted sense, involves constants only. 
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rectangle of sides 2a, 2b parallel respectively to Ox , Oy and having its 
centre at 0, the ranges of x, y are respectively ( - a, a), ( -b, b), each 
being independent of the value of the other variable. 

The parts of the plane in which N can lie are commonly called the 
domain of N and the same word is used for the corresponding 
aggregate of pairs of values of x, y which correspond to N ; thus we 
speak of the domain of the variables x , y , whether it is defined 
geometrically or analytically. 

41. Construction of Spatial Diagrams. 

The diagrams corresponding to the spatial mode of representation aro per- 
spective (projective) figures. In the above Figures the lines labelled Oy, Oz 
may be looked on as the actual axes so named of the spatial figure. The line 
labelled Ox represents the axis Ox which is actually perpendicular to the plane 
of the paper and directed towards the reader. We describe as the standard 
case that in which the line Ox of the diagram is equally inclined to Oy 
and Oz. 

A line in the spatial figure which is parallel to one of the axes is represented 
in the diagram by a line which is parallel to its representation and whose 
length is proportional to the actual line. The scale of representation is taken 
to be the same for lines along Oy and Oz , so that configurations in or parallel 
to the plane yOz are undistorted in the diagram. In the standard case the 
scale along Ox is usually taken as one-half that along Oy and Oz. 

The diagram may be regarded as a perspective view of the spatial figure, 
with the view-point at a great distance from O and the plane of the picture 
parallel to the plane yOz. The standard case, with half-scale along Ox, 
corresponds to taking the line from 0 to the view -point at equal (acute) 
angles with Oy and Oz and at an angle artan (about 27°), with the axis of x. 

It is hardly necessary to say that when letters 
which appear in the diagram are mentioned in 
discussions, the reference is to the corresponding 
points in the spatial figure. 

• Ex. 1. Prove that in the method of projection 
described, the lines of projection make equal 
angles of about 71° 30' with Oy, Oz. 1 

Ex. 2. Shew that if the lines of projection 
make an angle of 45° with Ox, and if yOz is taken 
as the picture -plane, the scales along the axes 
are unchanged. 

Ex. 3. Isometric projection. Here the picture - 
plane is taken perpendicular to the lines of 
projection, which are at equal angles to the coordinate axes. Shew that 
this angle is about 54° 44'. 

1 The results of Examples 1, 3 follow from the known result of Solid Geometry 
that the inclinations a, ft y of a lino OP to the axes Ox, Oy, Oz satisfy the relation 

cos 2 a + cos 2 fi + cos 2 y — 1 . 
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41. 1. Specification of a spatial plot-point by rectangular coordinate? in the 
plane of representation . Let the plane yOz be the plane of representation and 
let P, the plot -point corresponding to the number- triad (x t y> z), have rect- 
angular coordinates (f, rj) relative to axes Of, Oy drawn along Oy, Oz (Fig. 23). 
Then if PN (in space) is perpendicular to the plane xOy , and NM (in space) 
is porpendicular to Ox , the lengths of the lines OM , MN, NP in the plane of 
representation are \x, y , z, respectively, and hence 

f =MN - MR —MN - OM sin \n =y - x/ (2^2), 
t]=NP -NS=z-x/ (2 sJ2). 

In particular, a point whose coordinates in space are in the ratio 


x : y : z = 2^/2 : 1 : 1, (2) 

projects into the origin O. 

Suppose, now, that P moves in space along the curve of intersection of 
the surfaces z ~f(x, y) % z—q)(x, y). Along this curve we have 

f{x,y)=<p{x,y), (3) 

and if wo suppose this equation equivalent to y=ip(x), we get from (1), 

f = V (*) - xl (2 V2), V =/{*, V [x)} - xl (2 ^2) (4) 


Theso equations express the relation between f and p in terms of the inter- 
mediary variable (parameter) x. By moans of them the projection of the 
curve of intersection on the picture -plane is obtained. 



42. Continuity of a Dimetric Function. 

The general notion of continuity of a function of one variable is 
applicable to a function of two variables, but instead of considering 
a range of one variable we have now to consider a domain of the 
two variables. Let z x be the value of the function when x, y have 
the particular values x lf y x . The condition of continuity at (x Xi y x ) 
requires that the values of the function, for values of x,y in a domain 
containing (aq, y x ), should close up to equality as the dimensions of 
the domain are continually diminished, (its shape, for simplicity, 
being supposed unaltered). 

The simplest way to put this condition into strict form is to 
suppose the domain always a circle with the point (aq, yf) as centre. 
Let r be its radius at any stage of diminution. Then corresponding 
to any assigned positive number e, (however small) , we must be able 
to find a value of r (other than zero) such that the magnitude of the 
difference between z x and the value z' of z at any (every) point inside 
the circle is less than e. 

Now the square of the distance of the point (x, y) from the point 
(aq, y x ) is (x -aq) 2 + (y -yf) 2 , and the inequation which expresses 
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that tKp point (x\ y ') lies inside this circle is (x f - x x ) 2 + ( y ' - y x ) 2 < r 2 . 
Hence the symbolic statement of the condition of continuity is 

1 2' -Zj|<« if (x' -xtf + iy' -yi) 2 <r 2 , (1) 

where r is an appropriately chosen number. 

If a square domain of side 2 a and with its centre at (x l9 y x ) is used 
instead of the circle, the condition of continuity takes the form 

I a' ~ 2 i l< e if \x' -«i| <a, | y' -y x \<a (2) 

We often require to consider the continuity of a function f(x , y) 
at a point (x l9 y x ) with respect to the variables x y y separately. 
Suppose that y has the fixed value y 1 ; then there is a range of x 
for each value of which f(x , y x ) has a definite value, that is, f(x , y x ) 
is a function of the single variable x. This function is continuous 
for the value x x of x provided that 

I fix', Vi) -fix 1 , J/i)|<e if \x' -x x \<h, (3) 

where h is a suitably chosen number. 

In the same way we may consider the continuity of the function 
f(x !, y) of the single variable y. It is continuous for the value y x of 
y provided that 

I f(xi,y’) -/(*!, 2/i)|<£ if I y' -Vi\<k, (4) 

where k is suitably chosen. 

Now the condition of continuity for the function f(x , y) of two 
variables expressed in the form (2) shews that the two conditions 
(3), (4) are satisfied provided that (2) is satisfied, that is, the function 
is continuous at (x l9 y x ) with respect to x and y separately if it is 
continuous with respect to both variables considered together. 

It is easily seen that the converse of this result is not true ; the 
conditions (3), (4), in fact, have regard only to the closing up of 
values of z corresponding to curves on the representative surface 
lying in planes through the point (x ly y l9 z x ) and parallel to yOz , zOx . 

A dimetric function is said to be continuous in a domain of (x 9 y) 
if it is continuous for all points (x ly y t ) in the domain. 

The notion of uniform continuity is applicable to dimetric functions, 
and we may state without proof that continuity in a domain implies 
uniform continuity in the domain. 

We have, for simplicity, supposed in these statements that the 
domain considered lies within a larger domain of continuity, so that 
there is no question as to the nature of the continuity at the boun- 
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dary ; this is a matter which we need not discuss at, the present 
stage. 

The continuity of the sum, product or quotient of two continuous 
dimetric functions is proved as in the case of monometric functions, 
with the proviso that the denominator of the quotient does not 
vanish at the point, or in'the region, considered. 

Ex . 1 . Continuity of a polynomial in x and y . It is sufficient to demon- 
strate the continuity at the origin, for if we shift the origin to any other point 
at which the continuity is to be examined, the polynomial transforms to 
another polynomial. 

Consider the typical term Cx v y q of a polynomial. In a square domain of 
side 2h, having its centre at the origin, we have | x v | ^ h v , | y | Q ^ h Q . Thus 

I Cx*y q |< | C | h*+ q 

i 

< e, (e arbitrary), if h<{e/\ C |} P H (5) 

A square domain is therefore found in which the variation of the term con- 
sidered, from its value 0 at the origin, is less than an arbitrarily assigned 
positive number e. This term is therefore continuous at the origin. 

The continuity at the origin of the sum of any number of such terms, that 
is, of a polynomial expression, at once follows. Since the origin can be 
transferred to any other point we conclude that a polynomial function is 
continuous at any (every) point. 

43. Functions of Three or More Variables; Polymetric Functions. 

The definition of a dimetric function can evidently be extended to apply 
to polymetric functions. Consider, for simplicity, the case of three indepen- 
dent variables x, y, z. We can represent each triad of values ( x , y , z) by a 
point P in space having those values as coordinates. The aggregate of points 
P may bo supposed to be those of a spatial domain (volume), for example, a 
cuboid specified by the inequations | x - x 0 | ^ h 9 \ y - y 0 | k 9 \ z - z 0 | ^ l. If, 
now, we introduce a now variable, u say, and associate with each triad or 
point a definite value of u , the aggregate of such values of u is described as a 
(single-valued) trimetric function of the three independent variables (x, y , z) in 
the domain of definition. The functional symbol / is used as before and we 
may write u ~f{x, y, z). 

The definition of a continuous trimetric function corresponds exactly to 
that for a dimetric function, a spatial domain taking the place of a plane 
domain in the latter case. 

The further definitions and results of the previous Article apply equally to 
the case of three variables. 

The language of Geometry is employed also in the case of polymetric 
functions of more than three variables. If there are n variables x 19 x 2 , ..., x n , 
each set of values (x l9 x 2 , ..., x n ) is spoken of as a point in a domain of an 
n-metric space. 

Ex. 1 . Shew that a polynomial in x t y and z is continuous at any (every) 
point. 
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44. Function of a Single Variable defined Implicitly. Implicit Func- 
tions. 

The theory of functions of a single variable which are defined 
implicitly is a generalization of the theory of inversion of functions, 
Art. 36, in which x is defined as a function of y by means of the 
functional relation y=f(x). This relation gives y directly as a 
function of x . In the more general theory we start with a relation 
between x and y which gives neither of the variables directly 
as a function of the other. Such a relation is most conveniently 
described in the language of dimetric functions. 

Let z, or f(x, y), be a single-valued function of x and y in a certain 
domain. If there is an aggregate of pairs of values of x and y for 
which the function f(x , y) has the value 0 , that aggregate is said to 
be defined by the relation f(x, y)~ 0. The aggregate may consist of 
only one pair of values. As illustrative examples, take the three 
cases 

(i )z = x 2 + y 2 , (ii) z = x 2 + y 2 + c 2 , (iii) z — x 2 + y 2 -c 2 , (c>0). 

(i) In the first, when z vanishes, we have the relation x 2 + y 2 = 0, 
which is satisfied only by giving both x and y the value 0. 

(ii) In the second, the corresponding relation is x 2 + y 2 + c 2 — 0, 
and this is purely formal since there is no pair of values of real 
variables x , y which satisfy it. 

(iii) In the third, the corresponding relation is x 2 -f y 2 - c 2 = 0, and it 
is satisfied by the aggregate of pairs of values defined by -c^.x^.c, 

y=±J(c 2 -z 2 )- 

The theory of implicit functions discusses the possibility of 
defining y as a function of x, (or x as a function of y), by means of 
(or in accordance with) the relation f(x , y)~ 0 . In other words, a 
function y(x) of x is to be found, if possible, such that, if in the 
function f(x , y) we give y the value cp(x) for all values of # in a 
certain range, the function f{x, (p{x)} of x has the value zero through- 
out that range. 

Spatial representation of the function z by means of a surface is 
here very useful to prepare the way for the analytical discussion. 
Finding the aggregate of pairs of values ( x , y) for which z vanishes 
corresponds to finding the points P on the representative surface for 
which the ordinates PN vanish, that is, to finding the intersection 
of the surface with the plane xOy. For a continuous surface, the 
intersection, if there is any, will, in general, consist of a curve (or 
curves), but the surface may be such as to cut or touch that plane 
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only in isolated points. The consideration of the curve of inter- 
section, when it exists, at once suggests the possibility of defining 
the ordinate y of the curve as a function of the abscissa x , and this 
corresponds to the possibility of finding a function y=(p{x) to satisfy 
the relation f(x, y) = 0. 

We now proceed to state and prove a simple theorem concerning 
the existence of a single-valued function defined by the relation 
f(x, y)= 0. 

44. 1 . Theorem I. Let the single-valued function z , or f(x , ?/), 
be defined in the {rectangular) domain specified by | x - x 0 1 ^ A, 
where {x 0 , y Q ) is the middle point of the domain and 
(. x , y) is another point of it. Suppose further 

(i) that f{x x ,y) is a strictly up-way continuous function of y in the 
range (y Q - k , y 0 + k) for any {every) fixed value x t of x {including # 0 ) 
in the range {x 0 - h , x 0 -f h) ; 

(ii) that f{x , k) is positive and f{x 9 -k) is negative throughout the 
range (:z 0 -h, x 0 + h) of x. 

Then the relation f{x, y) — 0 defines a single-valued function , cp {x) 
say , of x in the range {x 0 -h, x 0 + h), such that for each value of x in 
this range , cp {x) lies in the range {y 0 -k, y 0 + &) an< ^ f{ x > <P ( x )} — 0- 

To prove this theorem, consider the function f{x lf y) of y. This 
is, by hypothesis, negative when y= -k and positive when y = k. 
Since it is continuous in the range ( - k, k) it must take the value 
0 at least once in that range. Further, since it is strictly up-way 
in the same range it can take the value 0 once only. Thus for 
each value x x of x the relation f{x , y)= 0 defines one and only one 
value of y lying in the range (y 0 - lc , y 0 + k ), that is, it defines a unique 1 
single-valued function y, or cp{x ), of x in the range {x 0 - h> x 0 + h), 
y lying always in the range {y Q -k, y Q -\-k). The theorem is there- 
fore proved. 

The existence of such a function when/(o; 1 , y) is strictly down-way 
and the signs of f{x , k ), f{x , - k ) are interchanged, is proved in the 
same way. 

1 Tho theorem does not exclude the existence of other functions of x defined im- 
plicitly by the relation f(x, y)= 0 in the range (# 0 - h, x 0 +h) of x ; but the values of 
any such functions must lie outside tho range (y 0 - k , y 0 +k). For oxample, if the 
relation is 2 ay -x 2 -y 2 = 0 and we take x Q = y 0 = 0, h<a , k = a, tho function of which 
the theorem proves the existence is simply a -\/{a 2 -x 2 ). There is, in this case, a 
second function defined in the range (~h,h) by the same relation, namely a + *J(a 2 - x 2 ), 
but its values lie outside tho range (-a, a). The graphs of the two functions are 
portions of a circle of radius a, the centre being at the point (0, a). 

E 


M.B.M.A. 
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In the applications of the theorem it is sufficient to suppose that 
{x 0i Vo) is a point at which f{x, y) vanishes so that f{x Qy yf)~ 0 and 
y 0 ~(p(x 0 ), and this we shall do for the remainder of the discussion. 

We proceed to prove a second theorem which concerns the con- 
tinuity of the function <p(x). 

44. 2. Theorem II. If the condition , additional to (i) and (ii) in 
Theorem /, is imposed that for any {every) fixed value y 2 of y in the 
range { y Q -k, y 0 + k) y f(x, y 2 ) is a continuous function of x in the range 
{x Q - h y x Q -f h) y then the function q?(x) is continuous in that range. 

Consider, at first, the continuity of (p{x) at x 0 , where (p{x 0 )=y 0 . 
Since f{x Qy y) is strictly up-way and vanishes when y — y 0i it is 
positive when y = y Q -\-k' and negative when y = y 0 ~k' y where lc' has 
any positive value, however small, less than k. Further, since 
f( x > Vo + k f ) and f(x , y 0 - h') are continuous in the range (x 0 - h y & 0 + h) 
of x , there is a positive number Id such that the former is posi- 
tive and the latter negative in the range (# 0 - h' y x 0 + h'). The 
argument for the existence of the function <p(x) in the case of 
Theorem I can now be applied to the rectangular domain defined by 
I x ~ x o I ^ A', | y ~y 0 | < k f y and it shews that, within this domain, 
rp{x) lies in the range (y 0 ~k' y y 0 + k'). Thus, however small k' may 
be, there is a range {x 0 - h' y x 0 +h') of x such that (p{x) lies in 
the range (y 0 - k ' , y 0 + k'), that is, cp{x) is continuous at the value 
x 0 of x. 

The same argument can be applied for any other point {x l9 yf) 
which is in the original domain and for which f(x l9 y ± ) =0. Thus 
<p(x) is a continuous function in the range (x 0 -h y x 0 + h). 

If/(# I? y) is down-way the same result of course follows. 

We can now deduce from Theorems I and II a third theorem 
which is very convenient of application although it is a little less 
definite in one respect. 

44. 3. Theorem III. If f(x l9 y) is a strictly up-way 9 continuous 
function of y in the range (y 0 - k, y 0 + k) for any {every) fixed value x x 
of x {including xf) in the range (x 0 - h, x 0 + h) 9 and if 9 moreover , 
f( x > Vx) continuous in the range {x 0 -h,x 0 + h) of x for any {every) 
fixed value y x of y in the range { yo-k,y 0 + k ), then the relation 
f{x,y) : =0 defines a continuous function (p{x) of x in a range 
{x 0 - h' y x 0 -f h'), where h'> 0. The condition (ii) of Theorem I is 
here not imposed . 

The theorem follows at once from the fact that if, as we have 
assumed, /(x, Ic) y f{x 9 ~k) are continuous in the range (# 0 -h 9 x 0 + h ), 
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there is a range (# 0 - h f , x 0 + h f ) in which they have the same 
signs as at x Q . Since / ( x 0 , y 0 ) = 0 and the function f(x 0 , y) is 
up- way, these signs are respectively positive and negative. The 
condition (ii) is therefore satisfied for the range (# 0 ~h\ x 0 + A') and 
the theorem follows. The theorem clearly holds also if f(x l9 y) is 
strictly down-way instead of up-way. 

The student will note that in Theorem I we required the strictly- 
one-way condition to prove that the function cp (x) was single-valued . 
Without this condition, the argument shews that one or more values 
of y are determined by the relation f(x t , y) = 0 for each value of x x 
in the range (x 0 - h , £ 0 -b h). The corresponding function tp(x ) may 
thus be multiple-valued. 


44. 4. The 'polynomial relation. An important case of the general theorem, 
Theorem III, is that of the polynomial relation 


f(x,y)= a x x + b x y + a 2 x 2 + b 2 xy + c 2 y 2 + . . . 

+ a n x n +b n x n ~ 1 y + ... +l n y n = 0, (fc^O) (I) 

If we put x — 0 we get 

/( 0 , 2 /)= 6 1 y+c 2 2/ 2 + ... +l n y n , ( 2 ) 


and we know, by Art. 20, that this function of y is, in a range ( - k Q , fc 0 ), say, 
of y, strictly up-way or down-way according as is positive or negative. 
We shall suppose b x positive. If we give x any other value, x x say, we find 


f{% y)=a 1 x 1 + a 2 x x 2 + . . . +a n x 1 n + (b l +b 2 x 1 + ... +b n x l n ~ 1 )y 

+ (c 2 ^c s x 1 -{-... +c n x 1 n ~ 2 )y 2 + ... +l n y n , (3) 

and this function is also up-way in a range ( —k l9 of y provided that 
b x +b 2 x 1 + ... +6 w a; 1 n “ 1 is of the sign of b 19 which we know to be true, Art. 20. 1, 
for a range ( -h f h) of x v We can, for example, take h so that 

| 6 2 *i + ••• +b n x i n ~ 1 1 < i I I (4) 

for all values of x 1 in the range ( -h, h) f and f (x J9 y) is then strictly up-way 
for all such values of x x in a range ( - k 9 k) of y 9 defined by 


. i\h 

+ | 6 , |’ 


(5) 


where M* is an upper barrier to the magnitudes of all the coefficients of the 
powers of y after the first each multiplied by the index of the corresponding 
power, Art. 20. 3. 

Since f(x l9 y) is a polynomial in the variable y it is a continuous function 
of y 9 and similarly, for any fixed value y 2 of y,f(x, y 2 ) is a continuous function 
of x . 

The conditions required by Theorem III are therefore all satisfied and we 
can assert the existence of a unique continuous function defined by the 
polynomial relation (1) in the neighbourhood of the origin. 
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45. Definition of Functions classed as Algebraic. 

The preceding Sub-article serves as an introduction to a general 
definition of algebraic functions. In Art. 31 we have given a 
definition of ordinary algebraic functions. These can be described 
as given explicitly by means of the elementary operations, inclusive 
of rational radication (but exclusive of logarithmation), applied to 
the independent variable. Now if f(x) is a function obtained in 
this way, the relation y=f(x) can be rationalized and leads to a 
polynomial relation of the form Ha rs x r y s — 0, where r, s are positive 
integers. 1 On the other hand, in the preceding Sub-article we 
have started with a polynomial of this kind (subject to a certain 
restriction) and shewn that it defines a function of x. It does not 
follow, and in fact it is not true, that this function can always be 
expressed explicitly as an ordinary algebraic function, but it 
naturally suggests itself that we should put all the functions which 
can be defined by polynomial relations between x and y into a 
single class and call them all algebraic functions. 

The functions which cannot be so defined are classed as tran- 
scendental ; for example, an irrational power of x is transcendental. 
The trigonometrical functions are also transcendental. Other types 
of transcendental functions will be introduced subsequently. 


Ex. 1. The function x m l n , (m, n integers), leads to the polynomial relation 

ytl —X 171 . 

Ex. 2. The function x + >J(x 2 - a 2 ) leads to y 2 - 2 xy +a 2 — 0. 

Ex. 3. Tho function — ~ 2 -~ leads to ary 2 - 2y(2x 2 - a 2 ) + a 2 =0. 

x-^J(x 2 -a i ) u ** v ' 

Ex. 4. The function a 0 -f a^x 1 ! 3 + a 2 x 2 / 3 leads to the polynomial relation 
( a 0 - y) 2 - 3 (a 0 - y) xa l a 2 + xa x 3 + a; 2 a 2 3 = 0. 


46. Dimetric Function defined Implicitly. 

The theorems provod above concerning a function of one variablo defined 
implicitly can bo readily extended to the case of two (or more) variables. 

Let the single-valued function u , or / (x, y, z ), be defined in the (cuboidal) 
domain specified by tho inequations | x - x 0 | ^ h, \y ~y Q | | z - z 0 | ^ l, and 

suppose (i) that w is a strictly up -way continuous function of z in the range 
{Zq- 1, z Q -\-l) for any (every) fixed pair of values (x, y) in tho (rectangular) 
domain specified by (ii) that f{x,y,l) is positive 

and f(x,y,-l) negative throughout the same domain of (x,y). Then the 
arguments used in the proof of Theorem I above suffice to shew that the 
relation /(a?, y, z) — 0 defines z as a single-valued function of (#, y) in the same 

1 See Chrystal, Algebra , Part 1, p. 197. 
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rectangular domain, and this function is unique under the restriction that z 
lies in the range (z 0 - 1 , z 0 +1). 

The extensions of the above Theorems II and III can be made in a similar 
manner and will present no difficulty to the student. 


47. Abridged Aggregates. Focal Bounds of an Abridged Aggregate. 

For our next steps in the study of the elementary properties of 
functions it is convenient to state and prove some further general 
theorems regarding aggregates. These theorems are applied sub- 
sequently to two special forms of aggregates, sequences and function 
aggregates. 

We may illustrate the meaning of the expression 4 an abridged 
aggregate ’ by considering the infinite aggregate of the reciprocals 
of the positive integers, namely 1, J, J, ... , ~ , ... . By abridgment, 
generally, we mean the removal of any number of elements, finite 
or infinite, according to any assigned law. The most important 
process for the particular aggregate considered is that of removing 
elements in succession according to their magnitude. If the above 
aggregate of reciprocals is denoted by R, the successive abridged 
aggregates, which we denote by R l9 R 2 , ... , begin with the elements 
h b ••• j respectively. Thus R n is the aggregate 


nTT ’ » 7 T 2 > • • • > nT P . - . (P a positive integer) (1) 

A second kind of abridgment would be effected by removing the 
even elements in succession. In this case R n would be the aggregate 


1 l 1 _J_ _JL_ _JL 

5 3 5 ’** ’ 2w - 1 5 2w+l ’ 2w+2 ’ 2»+3 


1 

2 n | v ’ 


(2) 


When two or more processes of abridgment of the same aggregate 
are contemplated, they may be distinguished by special symbols, 
such as T 1} T 2 , and so on. The aggregate is then described as sub- 
jected to the processes T 2 , and so on. 

Consider, now, a general infinite aggregate A whose elements are 
barred above and below, so that it has upper and lower bounds J B (m) , 
Suppose that it is continually abridged by some non-terminat- 
ing process T and that any stage of the process is specified by the 
value of a variable v which increases indefinitely, either continuously 
or discontinuously, as the abridgment proceeds. We denote the 
abridged aggregate at stage v by A v . The aggregate A v has an upper 
bound J3* M) , which is plainly not greater than B (ti) nor less than 
The aggregate of the upper bounds i^ w) therefore has a lower bound, 
which we call the focal upper bound of the aggregate A when abridged 
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under process C P, (or when v increases indefinitely), and which we 
denote by B'f*. In the same way it is shewn that there is a focal 
lower bound Bf\ which is plainly not greater than The dif- 

ference J5| u) - B ( f l) is called the focal range of the aggregate A under 
process C P. 

We may illustrate this result by means of the above aggregate R . 
Here we have i? (M > = l, B^ — 0. Under the first process of abridg- 
ment v can be taken as n , and we have 


= £® = 0 . 


(3) 


The lower bound of the aggregate of the upper bounds B ^ is thus 
clearly 0, and this is therefore the value of the focal upper bound 
B/ u) under the process in question. The value of Bj- l) is also plainly 
0, and the focal range therefore vanishes. Under the second process 
of abridgment v can again be taken as n. The bounds of the aggregate 
are now unaltered by the abridgment. The lower bound of the 
aggregate of upper bounds is 1 and the upper bound of the aggregate 
of lower bounds is 0. The focal range is therefore 1 in this case. 


48. Focus or Limit of an Aggregate. 

Suppose now that the two focal bounds of an aggregate A abridged 
under process T are equal, so that the focal range vanishes. The 
aggregate is then said to have a focus under process T, and the 
common value of the focal bounds is denoted by F and called 
the focus of the aggregate. This focus is also called the limit of the 
aggregate as v increases indefinitely, and the appropriate symbol for 
it is then 

lim A v (1) 

v — > QO 

The symbolic statement 

A v -> F as v -> oo (2) 

is also employed in this connection. The aggregate A is said to 
converge to the focus or limit F under the process T, or as v increases 
indefinitely. 

It is easy to find an e-condition for the existence of a focus. 
According to the definition of a bound, all the elements of the 
aggregate of upper bounds B * w) will, for sufficiently large values of 
v, differ from the lower bound B^ u) of this aggregate by less than an 
arbitrary number, taken as small as we please, and similarly for 
the difference between the elements of the aggregate of lower 



ARTS. 47, 48] FOCUS OF AN AGGREGATE 71 

bounds B f and its upper bound Bf. Symbolically, we can express 
this by saying that, corresponding to a positive number e , a positive 
number, N say, can be found such that 

Bf-Bf<e, Bf - Bf <e if v> N (3) 

We thus have 

4 W) - Bf - (5} w) - Bf)< 2e if v > N (4) 

If the focal range vanishes, so that B £ M) = Bf, this gives 

Bf ) -Bf<2e if v>N (5) 

Let now a„, ocl be two elements of the aggregate A v . Since they 
lie in the range (Bf, B^), we have 

| a v -oc„ |< 2e if v > N, (6) 


which is thus a necessary e-condition. This is merely the formal 
statement of the obvious fact that under the supposed conditions 
the elements of the abridged aggregate A v must close up to equality 
as v is indefinitely increased. 

We can now shew, conversely, that if the condition (6) is satisfied, 
the focal bounds must be equal, because we must then have 

Bf - Bf < 2s if v>N (7) 

For if B ( f - Bf were greater than 2e, elements a„, a v of the 
aggregate A v could be found so nearly equal to Bf \ Bf, respectively, 
that the difference | a„ -a^ | would not be less than 2e, contrary to 
the condition (6). Hence we have - Bf ^ 2e. Thus the two 
focal bounds cannot differ by any assignable number and are 
therefore equal. 

It is further clear that the elements a„ close up to the focus F as 
v increases indefinitely. A formal proof is based on the condition 


(7), of which a consequence is 

0<4 u> -«,< 2£ if v>N (8) 

Now since 

0^ Bi u) - Bj u) < 2e if v > N', ( N' appropriate), (9) 

we have 

| Bf |< 2e if v>N*, (10) 


where N* is the greater of the numbers N, N', or, since Bf is now 
the focus F , 

| F -oc y \<2e if v>N*. 

This expresses the property stated. 


( 11 ) 
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Conversely, if by any means a number, G say, is found which 
possesses the property 

\G-a v \ < s (arbitrary) if v> N (appropriate), (12) 


the abridged aggregate has a focus, namely G. This condition is 
described as the second form of condition for a focus, the first form of 
condition being expressed by (6). 

Returning to the aggregate R of the preceding Article, we observe 
that under the first process of abridgment there is a focus, or limit, 
0 to which all the elements of the aggregate n ^ 1 , ••• * > ••• > 

close up as n is indefinitely increased. Thus 

F= lim R n = 0 (13) 

ft— > CO 

Under the second process of abridgment the focal bounds are 
unequal and the focus does not exist. 

The above theory is applied in Art. 54 to aggregates of values of a function 
f(x) in a range of the variable x. The typical cases are the following, (i) The 
aggregate of values of f (x) in a range [x 19 x x +/i), (h > 0). The aggregate is 
here abridged by diminishing h indefinitely, x x being fixed, and we may 
suppose that the variable v of the general theory is equal to 1/A, so that it 
increases indefinitely, (ii) The aggregate of values oi f {pc) in a double range 
(x x - h , xj, [x l9 x x + /i). The aggregate is again abridged by diminishing h, or 
increasing 1/A, indefinitely. 

We now proceed to consider the application of the above theory to sequences. 

49. Sequences. 

We have defined an aggregate as a set of elements regarded as a 
whole, Art. 9, and although the elements of a number-aggregate 
have a natural order, that of their algebraic magnitudes, it does not 
follow that they are to be considered in this or an}^ other particular 
order. When an infinite aggregate of numbers is such that its 
elements can be put into one -one correspondence with the positive 
integers, it is said to be enumerable } If, then, the element which 
corresponds to the integer n is denoted by a n , the aggregate is 
represented by 

a l9 a 2i ..., a „, ..., (1) 

and is said to form an infinite sequence whose nth element is a n . 
The sequence as a whole is usually symbolized by {a n }. 

The following examples illustrate the possibility, or otherwise, of ordering 
an aggregate so as to form a sequence. 

1 The adjective in this connection clearly does not imply that the enumeration 
comes to an end, for the aggregate is infinite. 
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(i) When the elements of the aggregate of reciprocals of the positive in- 
tegers are given their natural order, we obtain the sequence {1/n}. 

(ii) Consider next the aggregate consisting of all the rational fractions in 
the range [0, 1). When the elements are given their natural order there is 
evidently no definite element next before or after a given one, for botween 
any two rational fractions in the range there are others. If, however, we order 
the fractions (supposed in their lowest terms) so that those of lower denomi- 
nator precede those of higher denominator while those of lower numerator 
precede those of higher numerator and the same denominator, then the ele- 
ments form a sequence of which the earlier terms are 1, 1, J, $, J, J, J, g, f, ... . 

(iii) Lot the aggregate consist of all the real numbers in the range (0, 1). 
When the elements are given their natural order there is again no definite 
element next before or after any chosen one. Further, in this case there is 
no means of ordering the elements so as to form a sequence. 

The process of abridgment as applied to sequences is always under- 
stood to be that in which the elements are omitted in order, unless 
the contrary is stated. Let this process be applied to the sequence 
{a n }. The integer n here takes the place of v and the nth abridged 
sequence starts with the element a n+1 , that is, it is 

fl'n+ 1 ) ®'n+ 2 ? ••• j ® n+p > ••• > (2) 

or {«»+*}, (P = 1, 2, ...) (3) 

We suppose that the elements are barred above and below, so that 
there are definite focal bounds of the sequence. When the focal 
bounds are equal, so that there is a focus or limit, the sequence is 
said to converge or to be convergent. If the focal bounds are unequal, 
the sequence is said to be divergent and to have a finite oscillation. 
The sequence is also divergent if one or both focal bounds do not 
exist, that is, if the elements are not barred both above and below. 
The focus or limit of a convergent sequence is the value to which 
the elements of the indefinitely abridged sequence close up, and it is 
usually symbolized by 1 lim a n) or, more concisely, by [ a n ]. The 

w— > oo 

conditions (6) and (11) of Art. 48 for the existence of a focus here 


take the respective forms 

I a n ~a n ' |<e (arbitrary) if n , n'>N (appropriate), ...(4) 
| F -a n |<e (arbitrary) if n>N (appropriate) (5) 


A simple but important case is that of a one-way sequence, that 
is, a sequence whose elements either do not decrease (up-way 
sequence) or do not increase (down-way sequence) as n increases. 

1 The upper and lower focal bounds of a sequence are also called the upper and 
lower limits of the sequence as n increases indefinitely, and are then symbolized 

by lim a n , lim a n . 
n— ► oo n— ► oo 
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An up-way sequence is convergent if its elements are barred above, 
a down-way sequence if they are barred below. To see this, consider 
an up-wav sequence which is barred above, so that it has an upper 
bound which is evidently also the focal upper bound since the 
elements do not decrease as n increases. Since an element, a n say, 
of the sequence exists which differs from by less than any 
assigned e, all the elements following a n possess the same property, 

thatis > \BM-a n+P \<e, (p^O) (6) 

Comparing this condition with (5), we see that i? (M) satisfies the 
condition for the existence of a focus F . 

In the same way, for a down-way sequence the lower bound is the 
limit. 

An important special case is that of a sequence formed by the 
successive decimal approximations to a number. The sequence 
formed is an up-way sequence of which the focus is the number 
defined by the successive approximations. 

50. Divergence of a Sequence to -foo or -oo . 

If the elements of a sequence {a n } have not both an upper and a 
lower barrier, the sequence is said to be unbounded. In this case 
| a n | is greater than an arbitrarily assigned positive number, M say, 
however large, for some value of n , although as n is increased | a n | 
may continue to take values less than a fixed number R. 

Suppose, at first, that the elements of the sequence increase 


systematically with n in the sense that 

a n > M, (M arbitrary), if n> N, (N appropriate) (1) 

Then the sequence is said to diverge to (the limit *) + oo as n -><x> , 
and we write 

[a n ] = + co or «n=+°° (2) 

n->oo 

In the same way, when 

a n < -M, ( M arbitrary), if n>N , (N appropriate), (3) 

the sequence is said to diverge to - oo , and we write 

[a n ] = - oo or lim a n = - oo (4) 

n-> oo 


If the increase is not systematic, the sequence is said to have an 
infinite oscillation as n -> oo . 

We now consider examples of sequences, some of which are of 
frequent application in the sequel. 

1 The common use of the word ‘ limit ’ in this connection involves a rather strained 
application of the moaning of the term. 
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Ex. 1. The sequence U, f, 1J, J-, 1£, }&, 1}?,..., w/ierc a 2n = 2-^i* 

1 z 
a 2 n+i — 1 - gn+i * The sequence is barred above and below, and we have 

B ( u ) = 2, BO) = £. On abridgment the successive upper bounds have the con- 
stant value 2 ; their lower bound (the upper focal bound) is therefore 2, 
thus B Y* = 2. The successive lower bounds form the sequence J, J, ... , 
of which the upper bound is 1, so that Bp = 1. The focal range is therefore 
1 and the sequence is not convergent. 


Ex. 2. The sequence {Jc n }. We shew that this is convergent if k lies in the 
range [-1,1) but is otherwise divergent. We have a n+ ila n =k, and the 
sequence is therefore one-way if k is positive, being up -way if k > 1 and 


down-way if k< 1. 

(i) k > 1. Writing k = 1 +h, (h> 0), we have 

k n — (1 +h) n = 1 -\~nh + ... +/i n > nh, (5) 

and therefore 

k n >My (M arbitrary), if n>M/h (6) 

The sequence is therefore unbounded above and diverges to + oo . Thus 

lim k n = + oo , (k > 1) (7) 

w — >00 

(ii) 0 < k < 1. We now write k = 1/(1 +h ), so that 


*«__! _< 1 

“(1 +/i) n n/T 


( 8 ) 


Hence k n <e, (e arbitrary), if n > 1 j{eh). The sequence thus converges to the 
value 0, and we have 

jF=limfc n =0, (0<fc<l) (9) 

n — >oo 

(hi) -1 < k < 0. The elements are now alternately negative and positive. 
The sequence is barred above and below and there are focal bounds each equal 
to 0, so that again we have F =0. 

(iv) k < - 1. The sequence is now unbounded above and below and has 
an infinite oscillation as n -> go . 


(v) k = 1. The elements are all equal and F— 1. 

(vi) k = - 1. The elements are alternately equal to -l- 1 and - 1 and there 
is a focal range of magnitude 2. 


Ex. 3. The sequence + For any positive integer n, the Binomial 

Theorem gives 


H)"- 


i 1 .»(»-!) 1 n(n-l)(» -2) 1 1 

1 + n . - H ^ 7 — • — , H iri •“* + ••• + 


2 ! 


3! 


-(*- ! V) <>•» 
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( ,+ JTir , = 1 + 1 4( , -siT)4!( 1 -»^)( 1 -STT) + 

+in( 1 -^)( 1 ~s4i) -( 1 -s^i) + 


(n + l) n+1 


....( 11 ) 


1 2 n — 1 1 

Since 1 =- , 1 =• , . . . , 1 are respectively greater than 1 — , 

n + l n + 1 ’ nfl 1 ^ & n 

2 n - 1 

1 - — , 1 , a comparison of the terms in the two expansions having 

the same number of factors of this type shews that 


1 + 


1 \ n+1 

■ + l) 


> 




.( 12 ) 


The sequence is therefore up -way. 

Further, the terms after the first two of the expansion (10) aro respectively 
less than those of tho expression 

111 1 /1Q , 
2 + P + 23 + -" +2^ r i> ( 13 > 


whose sum is 1 1 - an< ^ therefore less than 1 . Hence we have 

(*♦£;<* <»> 

The sequence is therefore barred above and has a focus or limit which is less 
than 3. This limit is actually an irrational number whose value is shewn 
later, Ex. 3, Art. 162, to be 2-7182818, correct to seven places of decimals. 
It is an important number, being the base of natural logarith ms, and is denoted 
by tho letter e. See also Art. 177. 


Ex. 4. The sequence {k n jn v ), (k> 1, p a fixed positive integer). Here we have 
a n4 .i k n+1 n v k 1c 

(n + l) p k” Z 


_n±l- 

a n 




Tp if n>r (15) 


Now +“) > 1 if 1 + < k l l v , that is, if r > 1/ (A: 1 /** - 1). Thus a n+1 /a n > 1 

after a certain value, n x say, of n, and the sequence is then up-way with a 
ratio of two successive terms which is greater than a fixed number M , where 
M > 1. Hence if n > n x , we have a n > a n M n ~ n 1 . Tho elements thus increase 
indefinitely with n and the sequence is not barred above, or is divergent. We 
thus write 

lim k n ln p = +oo (16) 

n->oo 


Ex. 5. The sequence {k 1 / 71 }, (k positive). Here we have 


l n+l 


1 

k n +\ 

i 

k n 


1 


fcn(n+l) 


.( 17 ) 


l -a n 

1 This follows from the result -j — — - 1 =a + a 2 + ... -f a n ~ x on putting a — J. 
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If k > 1 this gives 0 < a n+l /a n < 1, while if Jc < 1, a n+l /a n > 1. The sequence is 
therefore down-way if A* > I and up-way if k < 1. 

Now if k> l, k lln > 1 and we may write k x l n = 1 + h, so that 

k = (l+h) n >\+nh (18) 

Hence we have 

0<h<(k-l)/n (19) 

Since Jc is fixed, ( k - 1)/^ (and hence also h ) converges to zero as n is indefinitely 
increased. We therefore conclude that there is a focus given by 

F — lim k l 'i n — 1 (20) 

n — > oo 


If, next, k < 1, we have k x l n < 1 and wo now write k l l n = l/( 1 + k). Accordingly 


. 1 X 

~ ( 1 4- h) n ^ 1 4 -nh y 

whence we obtain 

0<h< (l~ 1 )/ n 

Proceeding as before, we are again led to the result (20). 


( 21 ) 

(22) 


Ex . 6. The sequence {nV n }. We have 

i 

^n+l _ L n ±i ) n+1 (23) 

«n ~ ‘ i ’ 

n n 

and hence 

fa n+ iY ,(n+1) (n + 1)" ( 1+ n) 3 . „ „ , , 

(X ) = n'H-* = — < n ’ (compar ° Ex ‘ 3 above) ’ 

< 1 if »>3 (24) 

The sequence is therefore down-way. Also we can write n x l n = 1 +h, (where 
h >0), and we have 

n — ( 1 + h) n > 1 + nh + \n (n - 1 )h 2 > \n (n - 1 )Ji 2 > \n 2 Ji 2 when n > 3, . . .(25) 
since then n - 1 > \n, This gives 

0 <h< 2 Isjn, (26) 

so that h converges to zero as n increases indefinitely. It follows that n l / n 
converges to the value 1, and we thus have the result 

F - lim nV n = l (27) 

n— > oo 


51. Difference-Sequence. 

From a sequence {a n } we may form a new sequence {a w -a n _ 1 }, 
whose elements are the differences of consecutive elements of {a n }. 
We denote it by {d n }, where d n =a n -a n -\ and, in particular, d 1 =a 1 . 
The new sequence may be called the (first) difference-sequence derived 
from {a n }. Since 

d x +d 2 + ... + d n —dx + (ct>2 ~ a l) + ... + (&« “ a n- 1) =ct/ m 


(1) 
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the equation a n — ^d r defines the elements of the original sequence 

r— 1 

in terms of those of the difference-sequence, and we have 

r= 1 

The original sequence may be called the sum-sequence derived 
from {d n }. 

So far, these sequences may be convergent or divergent. Suppose, 
now, that the sequence {a w } is convergent. Then the difference- 
sequence is also convergent and its focus or limit is 0, for the con- 
vergence of {a n } requires that we can find N such that 


I a n'~ a n |< £ (arbitrary) if n, ri>N , (2) 

and hence, in particular, such that 

|0»+i“ a »l< fi if n>N (3) 


The latter condition is that for the convergence of the difference- 
sequence {a n -a n _ i} to zero. Thus we can state in symbolic form 
that if [a n \ exists, then [d n ] =0. 

The converse result is not true ; it is a necessary but not a suffi- 
cient condition for the existence of [a n ] that [d n ] = 0. An example is 
given in the next Article. 

52. Sum-Sequence. Infinite Series. 

We now consider the sequences of the last Article in the reverse 
order. Starting with a sequence {a n }, we form a new sequence {«s n } 
whose nth element is the sum of the first n elements of { a n }, so that 

n n 

s n ^^a r and {« n }={2 a r}- The new sequence {<s n } is called, in 

r — 1 r — 1 

accordance with the last Article, the sum-sequence derived from 
{a w }. The latter sequence is plainly the difference-sequence derived 
from {s n }, for s n - s n _ 1 =a n and s 1 =a t . 

We have proved that for the convergence of {<s w }, {a n } must con- 
verge to zero. That this is not a sufficient condition for the con- 
vergence of {$ n } is shewn by an example. Suppose that the sequence 


{a n } is {f}. Then s n = 1 +£ + ... + £, and we have 

S 2n ~ s n —-^+ 1 +^+2 + + 2 n> 2 n~S (*) 

The condition of convergence of {s n }, namely 

I s n'~ s n |< e (arbitrary) if n , n'>N (appropriate), (2) 

is therefore not satisfied, since when n f — 2 n, | s n , - s n \ >\. 
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The sum-sequence {<s n } is also called the infinite series whose terms 
form the sequence {a n }, or more shortly, the infinite series of term- 
sequence {a n }. The element s n is called the wth partial sum of the 
infinite series. When the infinite series {6* n } is convergent, its focus 
or limit [ s n ] is called the sum of the infinite series or the value of the 
series. We denote this sum by S. The condition of convergence of 
{s n } may now be stated in the alternative form, that there exists a 
number S such that, for an arbitrary £, a number N can be found 
for which 


S- 


I < e if n>N. 


.( 3 ) 


The term divergent is applied, as in the case of other sequences, 
to infinite series which are not convergent. 

The above definitions of an infinite series and its sum, when con- 
vergent, are in accord with the modern theory of sequences. Ac- 
cording to an older phraseology, which is that commonly employed, 
the form a x +a 2 + ... +a n +..., where the terms are supposed con- 
tinued indefinitely, is called the infinite series whose nth. term is a n . 
If the sum a x + a 2 + ... +a n has a limit when n increases indefinitely, 

that limit is called the sum of the infinite series and is symbolized 

00 

by The two forms of definition are quite equivalent. 

i 

It should be noticed that if the term-sequence (and hence the 
series) is abridged by the omission of the first M terms, where M is 
any positive integer, the convergence of the series is not affected, 
as the first form of convergence (2) immediately shews. Thus in the 
tests of convergence below we can ignore the elements for which n is 
less than some integer M. 

When a series is convergent, its terms may be looked on as an 
infinite set of 4 corrections 5 which, when added in order, define a 
number by indefinitely close approximation. 

In the Calculus, the terms of the infinite series which occur are 
usually functions of a variable, x say. The previous explanation of 
convergence (or divergence) then applies for any particular value, 
x x say, of x and the series is said to be convergent (or divergent) at x x . 
There is usually a continuous range of values of x for each point of 
which the series is convergent. The series is then said to be con- 
vergent in a range, which may be open or closed and which is 
called a range of convergence. Since in such a range the series has a 
definite sum for each value of x in it, this sum is a function of x in 
the range. The infinite series then defines a function of x in the range. 
For example, the infinite series (geometric progression)* of term- 
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sequence {x n } defines a function of x in the open range [-1, 1] of 
convergence. In this case the function is known to be 1/(1 -x), but 
such a series can also be applied to define new functions. 1 

The important class of series in which the term -sequence is of the 
form {< c n x n }, where the coefficients c n depend on n but not on x , have 
received a special name. They are called power series. Many 
examples of power series will be dealt with in the present Volume 
but their general theory is beyond its scope. 

When either the first or the second form of condition of conver- 
gence is applied to a series for any value x 1 of a; in a range of conver- 
gence, it may or may not be possible to choose the same N for all 
values of x 1 and for the same e , such that 

I V ~ $n | <£ if n , n'>N , or | S -s n \ <s if n>N (4) 

If the same value of N serves for all values of x l9 the series is said to 
be uniformly convergent 2 in the range. Power series are always uni- 
formly convergent within their range of convergence, (Art. 264). 

Many secondary tests of convergence or divergence have been 
devised. These often decide the question of the convergence of a 
particular series very easily without recourse to the general criterion. 
Only the simplest of these tests will be investigated here and the 
application of them will only be incidental. The reason is that any 
series which we shall examine represents a function which is already 
known and from which we start to find the series. In carrying out 
the process, a formula is found for the difference between the value 
of the function and the value of any partial sum, s n say, of the series. 
The proof of convergence of the series then consists in shewing 
directly that this difference converges to zero as n increases inde- 
finitely, so that the value of the function is the sum (or value) of the 
series. 

52. 1. Secondary tests of convergence. It is convenient to consider, 
at first, series whose terms are all positive. Series whose terms are 
all negative do not require separate treatment, as a change in the 
sign of all the terms does not affect the convergence or divergence 
and merely changes the sign of the sum of the series in the case of 
convergence. 

1°. Series of positive terms. We denote the term -sequence by {a n } 
and the sum-sequence, or the series, by {s n }. 

1 Compare the remarks of Arts. 146. 5 and 162. 1 with respect to the definitions of 
the trigonometrical and exponential functions by means of series. 

2 This definition may be compared with that of uniform continuity , Art. 33. 
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(i) Since s n ~ s n _ 1 =a n and a n is positive, {s n } is up-way. The 
necessary and sufficient condition for its convergence is therefore that 
it should be barred above. The upper bound, being its focus or 
limit, is then the sum of the series. 

Corollary. If the term-sequence is expressed in the form 
{b n -b n _ 1 }, the sum-sequence is convergent provided that {b n } is 
barred above. Here {b n } is up-way, since b n -b n _ 1 ~a n . The result 
stated therefore follows. 

Again, s n =b n - b 0 , so that if B is the upper bound of {b n }, s n has 
the upper bound B - b 0 , which is therefore the sum of the series. 

(ii) If the series {s n } is convergent and if the sequence {c n } is barred 
above and below, the series of term-sequence {a n c n } is convergent. 
For if B , B' are the bounds of {c n } and | B \^\ B' j, 

I 0 nl i<Wi +<Vf- 2 Cn+ 2 + ... +a n ,c n , K| B\ .\a n+1 + a n+2 +... +a n . |. ...(5) 

Now since {s n } is convergent we can find N such that 

I Cf'n+i + a n+2 + ••• + «»' |<e/l B |, (e arbitrary), if n’>n>N , ...(6) 

and therefore such that 

| a n+1 c n+1 + a n+2 c n+2 + ... +a n 'C n ' \ <e if n'>n>N (7) 

The condition of convergence is therefore satisfied by the series of 
term -sequence {a n c n }. 

Corollary. It follows that if the terms of a series are positive and 
respectively less than, or equal to, the terms of another series which 
is convergent, then the first series is convergent. Here we take c n 
positive and less than, or equal to, 1 for all values of n. Then {c n } is 
barred above and below and the series of term-sequence {& n c n } is 
convergent. 

(iii) If {b n } is an up-way sequence which is barred above, and if, 
for each value 1 of n , (greater than M), we have a n ^b n ~b n _ l9 the 
series {s n } is convergent. For the series of term-sequence {b n -b n _ J 
is convergent, by the Corollary to paragraph (i) above, and if we take 
the sequence {c n } such that for each value of n, we have 

a n — c n ( b n — 6 n _j) , 

c n is positive and not greater than 1, so that {c n } is barred above and 
below. The series of term -sequence {c n (b n -6 n _ x )}, or {a n }, is there- 
fore convergent, by (ii). 

1 It is explained above that any condition of convergence of this character need 
only be satisfied for values of n greater than some integer M. 

F 


M.B.M.A. 
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Ex. 1. The series of term- sequence {a n } (p>l). Here we can take 

b n = for an appropriate positive value of k. For if wo choose a 

positive integer r such that p> 1 + 1 /r, we have, for n > 1, 




1 + —1 

n 


r - 1 


r - 2 


(■^) 


+ ... + 1 


l In 


r — 1 r-2 


> -j— t if we take k =2 r +2 r + ...-I-1. ...(8) 

rC 


Then 6 n+l -b n = -k {;— - J ,} { ( . I + 'yj" - 1 } ( ^p— :i 


• n+ _ 1 1_L - J /n\ 

n (n + \)v'"(n + 1)» v ' 

Thus 1 /n p < b n - b n _ lt where b n is barred above by 0. The convergence of 
(l /n p } therefore follows. 


Corollary 1. Rummer's Test. If {c n } is a sequence of positive 
elements and if, for each value of n , (greater than M), 

e n _ i a n _ j ja n — c n ^ 1 , 

the series {$ n } is convergent. Here we may put b n — - a n c n , so that 0 
is an upper barrier to b n . For we then have, on multiplying the 
inequality stated by a n , a n ^b n -b n _ x and this makes {b n } up-way. 
It follows that {s n } is convergent. 

Corollary 2. Raabe's Test. If there exists a positive number K 
such that for each value of n, (greater than M), 

(n - 1) {a n _ 1 /a n - \)^K>1, 

the series is convergent. Here we may put b n = -na n /(K- 1), so 
that 0 is an upper barrier to {b n }. For the inequality stated gives 
(n - l)a n _ x ~na n ^(K - \)a n , and hence a n ^b n -b n _ x , so that {b n } is 
up-way. It follows that {s n } is convergent. 

Corollary 3. D' Alembert' s Test. If for all values of n, (greater 
than M), 

{s n } is convergent. Here we may put b n = - ka n /( 1 - 1c), for the stated 
inequality then makes a n ^b n -b n _ x . If for all values of n, (greater 
than M), a n /a n _ x = k< 1, then o n =a 1 fc n "" 1 and the series is a geo- 
metrical progression of common ratio k. The convergence in this 
case is proved in elementary Algebra. 

2°. Series having positive and negative terms . The term-sequence 
is again denoted by {a n } and the sum-sequence by fs n }. 
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(i) If the series of term-sequence {| a n |} is convergent, so is the 
series of term-sequence {a n }. For in 1°, (ii), starting with the former 
sequence, we may take the sequence {c„} to be {(siga n )l}, where 1 
(sig a n ) means the algebraic sign of a n , and the sequence {| a n | c n } is 
then simply {a n }. The stated result then follows. In words, the 
result is that a series is convergent if the series of moduli of its terms 
is convergent. 

When the series of term-sequence {| a n |} is convergent, the series 
of term-sequence {a n } is said to be absolutely convergent. Thus 
absolute convergence is a species of convergence. 

(ii) If the elements of {«„} are alternately positive and negative 
and if, moreover, {| a n |} is one-way and converges to zero, then {s n } 
is convergent. For 

I S n --s n 1=1 a n+1 +a n+2 + ... +<V |<| a n+l |, (10) 

by Ex. 1, Art. 5, and since {| a n |} converges to zero, we can find a 
value of N such that | a n+1 \ <e if ?i>N. The condition of conver- 
gence is therefore satisfied by {s n }. Such a series is described as 
alternating. 

It is convenient to prove here that the error made in stopping such 
a series at any term is less than the magnitude of the next follow- 
ing term. We have shewn in Ex. 1, Art. 5, that s n , or 

K +a 2 + ... +a r _x) +(a r +a r+1 +... +a n ), 

lies between s r and s r+1 for all values of n (greater than r + 1). We 
conclude, on increasing n indefinitely, that the sum S of the infinite 
series {<s n } lies in the range (s r , s r+1 ). Further, the final result in part 

(iii) of the Example referred to shews that S lies between s r and s r+1 , 
for it follows from the inequality | s n - s r |>| a rl l +a r+2 | that the 
difference s n -s r does not converge to zero when n increases inde- 
finitely, and in like manner it follows that the difference s n - s r+1 does 
not converge to zero. 

We thus reach the important result that, in the case of alternating 
series here considered, the difference | S ~s r J between the sum of 
the series and the partial sum to any number r of terms is less than 
I s r + 1 ~ s r l> that is, less than the magnitude of the (r + l)th term of 
the series. This result is of very frequent application. 

53. Discontinuities. Monometric Functions. 

The functions which we have examined in illustrating the con- 
dition of continuity have either been continuous throughout the 

1 The symbol ‘ sig ’ is an abbreviation of signum (or sign). 
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whole or a continuous portion of the range [ - oo , oo] of the indepen- 
dent variable, or have been continuous in two or more ranges 
separated either by isolated values for which the function was not 
continuous or by ranges of the independent variable in which the 
function was not defined. 

Thus, the functions x 2 , x n , (n a positive integer), sin# are continuous in 
the range [-qo,od]; 1 jx is continuous in the ranges [-oo,0], [0, oo]; 

sjx is continuous in tho range (0, oo ] ; sj(a 2 - x 2 ) is continuous in the range 
(-a, a); *J(x 2 -a 2 ) is continuous in the ranges [-oo,-|n|), (|a|, oo]; 
tan# is continuous in the ranges given by [rwi -Kn, nn where n is an 

integer ; and so on. 

In this connection the adjective discontinuous is commonly em- 
ployed in the sense of not-coutinuous. Thus a function is said to be 
discontinuous at a point P if it is not continuous at that point, and 
the function is said to have a discontinuity there. The functions 
subsequently considered have only isolated point-discontinuities . 
When a function of this kind is discontinuous at a point P, it is con- 
tinuous elsewhere in a neighbourhood of P, the neighbourhood being 
two-sided if the function is defined on both sides of P. It is not 
necessary for us to consider in a general manner the possible modes 
of variation of a function in the neighbourhood of a point of dis- 
continuity, but it is essential for the sequel to distinguish the three 
cases of the following Articles 54-56. 

54. Potential Continuity. 

We consider the behaviour of a function f(x) in a neighbourhood 
of the value x 1 of x. The function is supposed to be defined for all 
values of x in the neighbourhood other than x 1 ; it may or may not 
be defined at x v The function is said to be potentially continuous at 
x x if it is possible to define or redefine its value there so that it 
becomes continuous . 1 In other words, the function is potentially 
continuous at x x if we can find a fixed number N such that the dif- 
ference | f(x) - N | can be made less than an arbitrarily chosen 
e by restricting x to a range (x x -A, x x + A), (x 7 ^^), where h is 
an appropriately chosen positive number. We may express this 
condition in the curter form 

\f(x) -N \<e, (e arbitrary) if | x -x 1 | < h, (h appropriate), ...(1) 

where x is different from x v If this condition is satisfied the function 
becomes continuous at x x when we assign it the value N there. 

1 This definition is meant to include functions which are already continuous at x v 
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The condition for potential continuity can be stated without 
introducing the number N. In the first place, the condition (1) 
plainly involves the closing up to equality of the values of the 
function, other than that at x x , in a neighbourhood (x x -h', x x + h') 
of x x when h' is indefinitely diminished, that is, it involves the 
condition 

\f(x) -/(*') I < e' (arbitrary) if j j * [ j < h' (appropriate), ...(2) 

where x, x' are different from x v In the second place, the condition 
(2) involves the condition (1), for it ensures that the abridged 
aggregate of values of f(x) in the neighbourhood defined by h has a 
focus or limit when h converges to zero, and if we denote the valuo 
of this limit by N, the condition (1) is satisfied, by Art. 48. 

A potentially continuous function is said to be completed at x x by 
the introduction of the value N. We denote the completed function 
by f*(x), so that f*{x)—f(x) when x=£x x and f*(x x )=N; this 
function is continuous at x x . The original function /(#), when not 
continuous at x x , is said to have a removable discontinuity at x x . 

As in Art. 22. 3, we conclude that if, in this case, the completing 
value f*(x x ) is different from zero, there is a neighbourhood of x x 
such that for all points in it, except x x , f(x) has the same sign as 

/*(* i)- 

Again, a function which is not potentially continuous at x x in the 
above sense may have one-sided potential continuity, that is, it may 
be possible to assign it a value at x x such that it becomes one-sided 
continuous there. The condition for upper potential continuity, for 
example, at x x is expressed symbolically by 

i/w-zMK.if ;■ (3> 

the values x, x' now lying in the range [x Xi x x 4- h\. 

Finally, a function may be potentially continuous on both sides at 
x x and have different completing values on the two sides. In this 
case the function is said to have a simple unremovable discontinuity 
at x x which is measured by the difference of the completing values 
there. If the two completing values are equal, the function is 
potentially continuous in the original sense. 

An important special case of potentially continuous functions is that of 
barred one-way functions ; it is easy to shew that these are always potentially 
continuous from above and from below at every point within their range of 
definition. At an end of a range they are one-sided potentially continuous. 
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Consider an up- way function /(a;) at a value a^. By assumption, the aggregate 
of values of f(x) in any neighbourhood (x 1 - h, is barred and therefore has 
an upper bound, which is plainly that of the abridged aggregate when h is 
indefinitely diminished, since the function is up-way. Further, h can be 
chosen so that at the value x x - h the function differs from this upper bound 
by less than e, where e is as small as wo please. The difference between any 
value of tho function in the neighbourhood (x i -h,x{\ is then less than e, 
and tho condition for potential continuity from below is satisfied. Other 
cases of one-way functions are dealt with in tho same way. 

The nomenclature which has been commonly employed for com- 
pleting values was suggested by the language of limits. In the 
case of upper (lower) potential continuity the completing value is 
described as the limit of f(x) as x converges to x 1 from above (below). 
This description suggests the corresponding symbols 

limf(x l + h), lim f(x x -h) (4) 

h~> 0 h—> 0 

These symbols are again further abbreviated to f(x x +0 ), f(x x -0). 

In the case of potential continuity in the two-sided sense, the 
completing value is denoted by 

lim / (x) or by /(^±0) (5) 

x—>x x 

We now consider some simple illustrations 1 of the process of completion, 
adducing at first some eases which occur in elementary Algebra and which 
have become so familiar that they easily escape recognition. Take first the 
function defined by the formula x 2 . This formula defines the function for all 
values of x other than 0. Does it define the function at x — 0 ? The answer 
at the present day is in tho affirmative because the convention that 0 2 is 0 
has been long introduced and is familiar. But this is not an arbitrary con- 
vention ; tho value 0 at £—0 is the completing value which makes x 2 con- 
tinuous there. The completed function is defined by tho formula x 2 together 
with the convention 0 2 =0. Similarly, the function defined by the formula *Jx 
is defined for all positive values of x and is also defined at x = 0 when the 
convention V0 =0 is introduced. In this case the completed function is upper 
continuous only at x — 0. A third case is that of the function defined by the 
formula a x , whero a is a positive constant. This case will be considered at 
length in Chap. VII, but it may be noted now that the convention a 0 — 1 of 
elementary Algebra introduces tho value at x = 0 which makes the completed 
function continuous. Again, when the function sin x is defined geometrically, 
its value 0 at x — 0 is assigned by convention to complete the function, for 
there is no right-angled triangle of zero angle by means of which we can 
define sin 0. 

In the cases cited we could not violate the established conventions for any 

1 The remarks concerning 0 2 , >/ 0 and sin 0 have reference to the early history of 
Algebra and Trigonometry, not to modern treatments of these subjects, where the 
postulates and definitions provide for these special values of x 2 , *Jx and sin x. 
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purpose without calling attention to the fact that we were doing so. In 
other cases of quite simple character, there is no corresponding established 
convention. Consider, for oxample, the function defined by the formula x/\x\. 
This function is equal to 1 when x > 0 and equal to - 1 when x < 0. The lower 
and upper completing values at are hero respectively 1 and -I. The 

function is potentially continuous from above and below separately at x=0 
but it is not defined at x — 0. 


X — N /( 1 _a;2) 

Ex. 1. The function y = ^ — . This function is defined for all values 

of x in the range ( - 1, 1) except the value 0. The formula may bo trans- 
formed by writing 

l-'ffl-X 2 ) 1+^(1 -X 2 ) X 2 X . /p . 

y ~ x 1+V(1-**) *{1 + ^(l -*»)} 1 +V(1-* 2 )’ a; ^ 0 (6) 

Now in a small neighbourhood of x =0 wo may take | x | < jj, say, so that 
1 +>/(! -x 2 ) > 1 +\/(l - ./ 5 ) = 5 - Hence we have 


i + ^(l . -x 2 ) < (£ arbitrar y)> if I « I < & v * / 

The function is therefore potentially continuous at x--0 and becomes con- 
tinuous there when wo assign it the value 0. Thus tho completed function 

{ — \ , whose value is 0 when x — 1, is continuous for this value of x. 


54. 1 . Theorems on potentially continuous functions . We now give 
some simple theorems which much facilitate the discussion of 
potentially continuous functions. 

54. 2. Theorem 1. The sum {or difference) and the product of two 
functions which are potentially continuous at a value are also 
potentially continuous functions at x l9 and their completing values are 
respectively the sum {or difference) and the product of those of the two 
functions. 

This follows from the fact that the two functions are continuous 
when completed and therefore also their sum (or difference) and their 
product. The result applies also to two functions which are poten- 
tially continuous from above or from below. 

The theorem can be extended to the quotient of two functions, 
provided that the completing value of the denominator is not zero. 
It can also be generalized to cover the case of an ordinary algebraic 
function of potentially continuous functions, subject to the limita- 
tion stated for a quotient. 

In terms of the language of limits, the simple form of the theorem 
is enunciated by saying that the limit of the sum, difference, or 
product of two functions is equal to the sum, difference or product 
of their limits. The general result is often quoted in the abbreviated 
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form that the limit of an algebraic function is equal to the same 
function of the limits of the separate functions composing it. But 
the necessary limitations must not be overlooked in applying the 
theorem. 

54. 3. Theorem II. Another simple theorem which is of constant 
application is that if an algebraic transformation of a function which 
is valid in its range or ranges of continuity leads to a function which 
is continuous at a terminal x 1 of one of these ranges , then the original 
function is potentially continuous at x 1 arid its completing value is the 
value there of the function to which it is transformed. 

This is evident, since by assumption the function so completed is 
continuous at x 1 . 

We proceed to give some simple examples of the completion of 
potentially continuous functions with the aid of the preceding 
theorems. Subsequently we shall apply the process of completion 
systematically in the discussion of rates. 

Ex. 2. The function - -. This is a rational function of x and, by 

Art. 26, it is continuous for all values except x=0 f where it takes the form 
0/0 and is indeterminate. Apart from this value we have 


(1 +a;) 2 - l _ 2x +a: 2 | ^ 

X X 


(8) 


Now the transform on the right is continuous at x =0, its value there being 
2. The given function is therefore potentially continuous at x—Q and is 
completed by assigning it the value 2 there. We thus have, for all values of x. 


and, in particular, 


f (l+x)°-l p_ lim (l+s)»-l 
1 x In x— H) x 


..(9) 

(10) 


Ex. 3. The function x 2 jx. This is equal to x provided x±0, but if x=0 it 
is undefined. By Theorem II, the function is potentially continuous at x =0, 
and if we assign it the value 0 there it becomes continuous. Hence we have, 


for all values of x , 

(x 2 /x)*=x, (11) 

and, in particular, ( x 2 /x )* -lim (x 2 /x) =0 (12) 

0 x->0 


I — .// j x 2 ) 

Ex. 4. The function ^ — — -. This has already been proved potentially 

continuous when x = 0 by means of the e-condition. We now give an alter- 
native treatment, employing the above theorems. 


The function >/(! - x 2 ) is continuous in the range ( - 1, 1) of x. The given 


function, being the quotient of two functions which are continuous in the 


range ( - 1, 1), is therefore continuous, by Theorem IV, p. 39, except for the 
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value 0 of # where the denominator vanishes. For this value the formula 
leads to the expression 0/0, which is indeterminate. 

As in Ex. 1 above, the transformation 


1 -sj( 1 - X 2 ) X 

X ~ I + >/(l -x 2 ) 


( 13 ) 


is valid if xf= 0 . The transform on the right is, however, continuous at x = 0 , 
its value there being 0 . Therefore the given function is potentially continuous 
at x =0 and is completed when we assign the value 0 to it there. 


J cos X . . 

Ex. 5 . The function — 7 — . This is undefined when x =0 but is otherwise 

sin x 

continuous in the range [- n, n] We have, if #=f 0, 


1 - cos x 
sin# 


2 sin 2 J# 

2 sin £# cos \x 


— tan \x. 


(14) 


Since tan \x is continuous at #=0, we conclude that the given function is 
potentially continuous there, its completing value being 0. 


55. Functions Bounded but not Potentially Continuous at a Point of 
Discontinuity. 

In this case the values of the function do not close up to equality 
as x approaches x l9 and the behaviour of the function may be de- 
scribed by saying that it has finite oscillations however closely we 
approach x v 


Consider, for example, the function sin(l /#). It is undefined at x =0 and 
therefore not continuous there. For other values of x it is continuous, since 
if we write 1 fx—u, wo get the continuous function sin u of u , and u is a con- 
tinuous function of x if x =£ 0 . The value of sin ( 1 /#) oscillates between + 1 and 

2 2 

- 1, and those values occur when x t-t— and x = ~ =■ r-, respectively. 

(\n + \)n ( 4 n+ 3 )?i r J 

Now such values of x occur in any neighbourhood (however small) of the 

value 0 of #, since n can be taken as large as we please. The values of the 

function therefore do not close up to equality as x converges to zero. 

A corresponding statement holds for the function sin 2 (l/#), the oscillation 

being in this case between 0 and + 1. 



Fig. 25. 


. 1 

y—x sin — 
9 x 


Fig. 24. 

. 1 
y— sin — 
9 x 
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On tho other hand, the function x sin ( l lx) is potentially continuous at x = 0. 
For, since | sin(l/;r) |^1, we have 

| x sin ( \/x) | < e (arbitrary) if | x | < e ( 1 ) 


The function therefore becomes continuous when completed by the value 0 
at x =0. 

Characteristic portions of the graphs of the functions sin(l lx), x sin (Ijx) 
are shewn in Figs. 24, 25. 

56. Functions Unbounded at a Discontinuity. 

We now consider a case of discontinuity in which the function /( t) 
is not barred above and below in a neighbourhood of the value x x . 
The function | f(x) | then takes values which exceed any assigned 
value as x approaches x x , and the function f(x) is said to have an 
infinite discontinuity at x x . The simplest case is that in which the 
increase or decrease of f(x) is systematic. Suppose that, given a 
positive number N, however large, a neighbourhood (x 1 - h , x 1 - J r h) 
of x x can be found such that f(x) >N for all values of x other than 
x x in that neighbourhood. Then the function is said to diverge to 
+ go at x x . Similarly if f(x) < -N, (N however large), in a neigh- 
bourhood (x x - h, x x + h) of x l9 the function is said to diverge to - qo . 


The symbolic statements in the two cases are 

f { z i±0)=+gc and f(x x ±0) = - go (1) 

Sometimes the symbolic statements 

lim f(x) = + oo , lim f(x) = - oo (2) 

X~>X\ X->Xi 


are employed ; we have already referred to the fact that a rather 
strained application of the word limit is here involved. 

Exactly similar considerations apply to one-sided neighbourhoods. 
If a neighbourhood [x x ,x x + h) exists in which f(x) >N, (^arbit- 
rarily large), we say that f(x) diverges to + oo from above when 
x approaches x X) and so for other cases. The symbolic statement 


for the particular case mentioned is 

f(x i + 0)= + oo (3) 

If the limit-notation is used, the corresponding statement is 

lim f(x x + h)= +oo (4) 

a-*o 


It is a common occurrence that f(x) diverges to + go from above 
and to - oo from below (or vice versa) at a point of discontinuity. 

Ex. 1. The function l/x. This is not continuous at x = 0. From above the 
function diverges to +oo, since 1 jx>N when 0< x< and in like 

manner, from below it diverges to - oc . 
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Ex. 2. The function 1 t»Jx. 
It is undefined below x =0. 

Ex. 3. The function — ^ 
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This diverges to 4-00 from above at x = 0. 


2 2 t, (a > 0). This is defined only in the range 

y \ CL X ) 

[ -a, a]. It diverges to 4 - 00 from below at x — a and from above at x — -a. 
Fx. 4. The function 1 /sin ( I/a:). This has an unbounded oscillation at a? =0. 


57. Convergence or Divergence of a Function at Infinity. 

When a function is defined in an infinite range it is convenient to 
introduce definitions of convergence and divergence ‘ at infinity ’ 
which correspond to those already given for an isolated point. 

57. 1. Bounded functions. Let the range of definition of f(x) 
extend to -f 00 , so that the function is defined for all values of x 
greater than some positive number M. We suppose that the 
function is bounded, so that | f(x) | < R, say, when x> M. 

(i) Let us first suppose that the values of f(x) close up to equality 
as x is indefinitely increased, so that, corresponding to an arbitrarily 
chosen e, we can find a positive number N such that 

| f(x') -f{x) \<e if x > N, x'> N (1) 

In this case the function is said to converge at x = -f <*> . According 
to the general theorem, Art. 48, this condition of convergence defines 
a fixed number, L say, such that 

1/0*0 -L\ <e\ (s' arbitrary), if x> N\ ( N ' appropriate). ...(2) 

The function is said to converge to the limit L when x increases 
indefinitely (or diverges to + 00 ). The symbolic statement is 


f( + oo)=L or lim f(x)—L (3) 

$->-|-00 

The statements 

/( - 00 ) — L\ lim f(x)=L' (4) 

x —>~ 00 


are interpreted in a similar manner. 

(ii) If the values of the function do not close up to equality as x 
is indefinitely increased (decreased), the function does not converge 
at x — -f qo ( - qo ) but is finitely oscillatory there. 

Ex. 1. The functions 1/x, sin(l lx). These converge to zero both when a: 
diverges to 4- qo and when x diverges to - 00 ; compare Fig. 5, p. 25, and 
Fig. 24, p. 89. 

Ex. 2. The functions sin a?, (sin x) lx. The former function has a finite 
oscillation -1 to 4-1 at a;= 4 -ooor;r=-ao. The latter function, however, 
converges to 0 for these values ; see Fig. 110, p. 321. 

57.2. Unbounded functions. A function f(x) is said to be un- 
bounded at + 00 if | f(x) | is greater than an arbitrarily assigned 
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positive number M for some values of x greater than an arbitrarily 
great number N. In this case the function may, of course, continue 
to take values less than a fixed number E for some values of x 
greater than N . 

Suppose, at first, that the increase of values of the function is 
systematic, so that 

f(x)>M , (M arbitrary), if x>N, (N appropriate) (5) 

The function is then said to diverge to +cc as x diverges to + oo , 
and so in other cases. The symbolic statement in the case men- 
tioned is 

/( -f oo ) = + 00 , Or Hm f (x) — + GO (6) 

z-M-co 

If the increase is not systematic the function is said to have an 
infinite oscillation at -f oo or - go , as the case may be. 

Ex. 3. The function x m , (m a positive integer). This diverges to -f oo when 
x~> + oo , and to -f oo or to - oo when #-> - oo , according as m is even or odd. 

Ex. 4. The functions a; sin#, 1/sin#. These have infinite oscillations from 
- oo to +<x> when # diverges to + qo or to - go . 

Ex. 5. The functions # 2 sin 2 #, 1/sin 2 #. These have infinite oscillations 
from 0 to + oo and from 1 to + qo , respectively, when # diverges to + oo or 
to - oo . 

58. Foci (Limits) of Combinations of Sequences. 

For some purposes it is convenient to associate with a sequence 
{a n } a function f(x) of x which is potentially continuous when the 
sequence is convergent. One way of doing this is to take the value 
of the function to be a n when x lies in the range ; thus 

f(x) = a 1 when x lies in the range (1, J], 
f(x)=a 2 „ „ „ (|, J], 

and so on. The function f(x) is thus defined by means of the sequence 
in the range (1, 0]. 

If the sequence is convergent, so that the elements of the in- 
definitely abridged sequence close up to equality, it is clear that the 
values of the function f(x) in a range [0, h ), (0 < h < 1), close up to 
equality as h is indefinitely diminished. Thus the function f(x) is 
potentially continuous from above at the value 0 of x. 

It is further clear that the foci of sequence and function are equal, 
that is, the completing value of the function at x = 0 is the focus 
(limit) of the sequence as n-> qo . Otherwise said, we can regard the 
focus of the sequence as a completing element of it. 
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It is now plain that we can apply the theorems concerning the 
completing values of combinations of potentially continuous func- 
tions, Art. 54, to the functions associated with sequences in the 
above way, and hence to the sequences themselves. Let {a n }, {6 n } 
be two convergent sequences. Then the sequences {a n +b n }, 
{a n -6 n }, {a n b n }, {b n /a n } are convergent, and their foci (or limits) are 
respectively equal to the sum, difference, product and quotient of 
the foci of the two original sequences, provided only that in the 
case of the quotient the focus of { a n } is not zero. These theorems 
are usually quoted in the short form that the limit of the sum , product 
or quotient of two convergent sequences is equal to the sum , product or 
quotient of their limits. These results can evidently be generalized 
to cover further combinations of two or more sequences, as in the 
case of potentially continuous functions. The student will readily 
devise proofs of these theorems which do not introduce an associated 
function such as is employed here. 

Ex. 1. The sequence | — f ^f 1 - a - 3 |. Here wo have 

a n ~ a i + a 2 /n + a 3 /n 2 ( 1 ) 

Now since lim a 2 /n=0. lim a 3 /n 2 =0, therefore lim a n =oc l9 or, using the 

n— > oo n— +■ ao n->oo 

notation [o n ] for the focus of the sequence, 

Kd=«t (2) 

Ex. 2. The sequence { — n ~' + } - Denoting the typical element by 

h n , wo have b n = l/a n , where a n is given by (1), and hence 



=!/[«»] = 1 /« i 

...(3) 

Ex. 3. The sequence j 

( 1 + - ) |, (k a fixed integer). Here we have 


♦*)?. 

-(4) 

and the focus is given by 



[«»]=[( 

! + J -e fc , (see Ex. 3, p. 75) 

...(5) 

58. 1. Application to infinite series. The above results apply also to infinite 


series, since they are defined as sequences, Art. 52. Thus, if the series {$ n }, 
{s n / }, whose term -sequences are {« a n }, {a n '} 9 are both convergent, then the series 
whose term-sequence is {a n +a n '} is also convergent, and if S, S' are the sums 
of the first two series, the sum of the third is S +S\ 

The convergence of the third series remains and the sum is unaltered if in it 
each term a n +a n ' is replaced by two consecutive terms a n , a n ' ; for corre- 
sponding to any partial sum of the modified series, there is a partial sum of 
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the unmodified one, which differs from it at most by the "additic 
term. Thus 

(a x -fa/) + (a 2 +a 2 ') + ... -f (a n -f a n ') and a x +a/ + a 2 +a 2 ' + ... +a n +a n ' 
are equal partial sums of the two series, while the partial sum 

ct>i -f di + d 2 + d 2 + . . . + d n _ i + d n 

differs from the first of those sums by the term a n \ Since the terms a n , a n ' 
converge to zero when n is increased indefinitely, the corresponding partial 
sums converge to the same limit, and thus tho modified and unmodified series 
have the same sum. 

59. Orders of Magnitude. 

In ordinary language we say that one number (or quantity) is of 
a higher order of magnitude than a second when the ratio of the first 
to the second is a 4 large ’ number, and the second is then of a 
lower order of magnitude than the first. Two numbers (or quantities) 
are of the same order of magnitude when their ratio is neither a large 
number nor a small fraction. The latitude allowed in the magnitude 
of the ratio will depend on the question that is being considered. 

It is often convenient to make a comparison of a number with a 
power of 10. A number is said to be of the order 10 n if its ratio to 
10 n is neither large nor small. If n is large, a ratio of 10 would 
usually not be looked on as large nor ^ as small. 

The usefulness of a consideration of the orders of magnitude of 
quantities, both in practical life and in science as a first guide to 
action, will be familiar to students in various connections and need 
not be insisted on here. 

59. 1. Orders of infinitesimals. In the Calculus, orders of magni- 
tude are most often considered with respect to variables which are 
simultaneously converging to zero, and the notions involved are 
constantly appealed to in the current treatment of rates. Let f(x) 
be a function which converges to zero with x . The order of magni- 
tude of f(x) with respect to x is decided, in the cases with which we 
are concerned, by a comparison of the value of the function with 
that of a power of x. In the simplest cases, positive integral 
powers of x only need be considered, so that the standards of com- 
parison are x, x 2 , ... , x n , — The function f(x) is said to be of the 
order of x n as x converges to zero , or to be of the nth order with respect 
to x , if the ratio f(x) \x n has two focal bounds of the same sign. The 
standards of comparison x , x 2 , ..., x n , ... and the functions of the 
corresponding orders are spoken of as infinitesimals of the first , 
second , ..., nth , ... orders. The usual case is that in which the focal 
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tfMndix^ ^(pc^^mnc so that there is a focus or limit which is 
lioTtyrb . ^ 

The^fio^ttion f(x) — 0(x n ) is sometimes used to express that the 
ftjrfcuon /(#) is of the order of x n 3 that i3, of the nth order, when x 
converges to zero. 

Since the ratio of each power of x to the preceding power con- 
verges to zero with x , an infinitesimal of the nth order is ultimately 
indefinitely small 1 compared with one of the (n - l)th or lower order. 

When there can be no doubt as to the standards of comparison, 
we say simply that f(x) is of the nth (or other) order of smallness. 

It is plain that fractional and negative orders can be introduced 
in the same manner, but an ‘ infinitesimal ’ of negative order is 
actually an ‘ infinital,’ (that is, ultimately infinite). 

If x converges to x x instead of to 0 the powers x - x l9 (x -aq) 2 , ... , 
(x -aq) n , ... , of course take the place of powers of x. 

59. 2. Simple theorems concerning infinitesimals . The following 
results concerning the orders of magnitude of combinations of 
functions are immediate consequences of the definitions. 

I. The order of a sum of two or more functions is that of the function 
(or functions) of least order. Thus the function (or functions) of least 
order need alone be considered in finding the order of the sum. 2 

II. The order of a product of two or more functions is the sum of 
the orders of the separate functions. In particular, the order of the 
mth power of a function of order n is mn. 

III. The order of a quotient of two functions is the difference of the 
orders of the numerator and the denominator . If, however, the two 
functions are of the same order, the quotient is not an infinitesimal ; 
it may be described as of zero order. If the denominator is of higher 
order than the numerator, the quotient is an infinital. 

Ex. 1. The junction a 2 x 2 4- a 3 x z + . . . +a n x n . This is of the second order, if 
a 2 j= 0, for the ratio of it to x 2 is the polynomial a 2 ha 3 x + ... +a n x n ~ 2 , which 
has the focus a 2 as x -> 0. 

Ex. 2. The function (a 2 x 2 + a 3 x z + ... -\-a n x n )(h^x* + b 5 oo 5 + ... +b n x n ). This is 
of the sixth order, if a 2 b A ± 0, for the ratio of it to x 8 is equal to 

(a 2 + a 3 x + . . . +a n x n ~ 2 )(b i +b 5 x + ... +6 n o; n “ 4 ), 
which has the focus a 2 6 4 as x -> 0. 

1 Thus high order connotes smallness in the case of small quantities but largeness in 
the case of large quantities. 

2 It is customary to say in this connection that an infinitesimal can be rejected 
when of a higher order than the ones retained. It is ultimately indefinitely small 
compared with them. 
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Ex. 3. The Junction ^ — 6 ^*-— • \L b n x l . Th is ib*j 
a 2 x 2 4- a^x* 4- ... 4- a n x n ^^k*** 1 * 

for the ratio of it to x 2 is the rational function 


6 4 4- b 5 x 4- 
a 2 4-a 3 rr 4- 

~> 0 . 


. + b n x n ~* 

. 4 - a n x n ~ 2 9 


60. Symbolism for Differences. The A-Notation. 

The discussion of the continuity of a function in this Chapter has 
involved repeated consideration of corresponding increments of the 
independent variable and the function. No special symbolism has 
been introduced for such increments as it was thought desirable to 
avoid distraction of the attention from the fundamental notions by 
the use of an unfamiliar notation. We now proceed to introduce 
the customary increment-notation and explain the elementary 
operations connected with it, in preparation for the following 
Chapters where it will be systematically employed. 

60. 1. The symbol A. If the independent variable changes from 
a value x to another value x', or x -f h, the algebraic increment x' ~x , 
or h , is denoted by 1 A#, (delta x), where A# is a compound symbol 
for the algebraic number h and A is an operative symbol , which for the 
present is not to be separated from the variable operated on. The 
corresponding increment of the function f(x) is denoted by A f(x), 
and we write 

A /(*)=/(*') -f(x)=f(x + h) -/(*)=/(* + A*) -/(*) (1) 

The A-notation may, of course, be used for two or more increments 
of x starting from the same or different values of that variable, 
appropriate affixes being employed to distinguish between them. 
Thus a single increment from x x to any value x , or x x 4- h , may be 
denoted by Ax, (or by Ax x , when attention must be called to the 
starting point x x of the increment). A second increment, from x x 
to another value x', or x x + h', may then be denoted by A'x, (or by 
A'^), and so on. The corresponding increments of f(x) are A f(x), 
A r f(x), {or A/(a: 1 ), A'f(x x ) when the starting point x x is to be indi- 
cated}. If y is used for the dependent variable f(x), these increments 
are denoted by A y, A 'y, (or by A y l9 A f y x ), where y x —f{x x ). We thus 

have ^y=y-Vi, A 'y=y' -y x (2) 

1 A (tho Greek capital D) may be regarded as an abbreviation of difference , the 
equivalent of algebraic increment. The small Greek delta, <5, is also employed in 
place of A to denote differences, but in this Book wo shall only employ 8x to denote 
a email increment of x. 
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The condition fcnfthe continuity of /(x) at any value x can now 
be written in the more compact form 

I A/(ar) | <e, (e arbitrary), for [ Ax | < h, (k appropriate). ...(3) 

If a second function g(x) is considered, Ag(x) will denote its 
increment due to the increment Ax of x, that is, 

Ag(x)=g(x + Ax) -g(x) (4) 

Consider now the increment of the sum f(x)+g(x) of the two 
functions ; we have, by definition, 

A{/(x) + g (x)} = {/(x + Ax) + g (x + Ax)} - {/(x) + g (x)} 

— {/(x + Ax) -/ (x)} + { gr (x + Ax) -fir(x)} 

= A/(x) + Agr(x) (5) 

The increment of the product f(x)g(x) is found from 

Mf( x )g( x )} =/(* + Ax)gr(x + Ax) -f(x)g(x) 

= {/(x) +A/(x)}{gr(x) + Afir(x)} -/(x)gr(x) 

= A/(x) . g(x) +/(x) . Agr(x) + A f(x) . Ag(x) 

= A/(x){gr(x) + A<7(x)} +/(x) . Agr(x) (6) 

The increment of the quotient f(x)/g(x) is found from 

A / iMX = f( x + Ax ) _ /(x)_/(x)+ A/(x) _ /(x) 
l g( x )) g(x + Ax) g(x) g(x) + Ag(x) g(x) 

_ Af(x).g(x) -/(x) . Agr(x) 

9 r (x){fl f (x) + Agr(x)} ' ’ 

Ex. 1. Shew that A{f(x)} 2 =2f(x)Af(x)+{Af(x)} 2 . 

Ex. 2. Shew that A{1 //(»)}= - &f(x)/[f(x){f(x) + A/(*)}]. 

The symbol A here introduced is the characteristic symbol of the 
theory of Finite Differences, which at many points has a close con- 
nection with the Differential Calculus. To realize or adequately to 
utilize the connection requires a consideration of the repetition of 
the operation represented by the symbol A. 

60. 2. Repetition of the operation A. If we suppose A# or h to be 
a fixed constant, we may proceed to find a formula for the increment 
of A f(x), or of f(x + h) -f(x), when x is increased by h. This is 
denoted by A{A f(x)}. We have 

A{A f(x)} = A {f(x + h) - f(x )} = A f(x + h) - A f(x) 

={/(* + 2A) -f(z + h)} ~{f(x + h) -f(x)} 


=f{x + 2 h) - 2 f(x + h) +f(x) (8) 

G M.B.M.A. 
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This difference of a difference is called the second difference of f(x) 
due to the fixed increment h of x. The difference A f(x) is called the 
first difference when necessary to distinguish it. The symbol for the 
second difference is always abbreviated to the form A 2 f(x), where 
A 2 is, of course, not a square in the numerical sense, but represents 
a once -repeated operator. 

The second difference is a function of x and we may take its 
difference due to the same increment h of x, as before. This gives 
the third difference of f(x) } which is denoted by A 3 f(x). We have 

A 3 / (x) - A{ A 2 / (x)} 

= A f(x + 2 h) - 2A f(x + h) + A f(x) 

= {/(* + 3 h) -f(x + 2h)} - 2 {f(x + 2 h) -f(x + h)} +f(x + h) -f(x) 
=f(x + 3h) -3f(x + 2h) + 3f(x + h) -f(x) (9) 

This process may be repeated any number of times. The formulae 
obtained for the second and third differences have the same sets of 
numerical multipliers o{f(x),f(x + h), ... as occur in the expansion of 
(#-l) 2 and (#-l) 3 , respectively, and on trial the corresponding 
statement will be found true for the fourth, fifth, ... differences as 
compared with (z-l) 4 , (x-l) 5 , ... . This suggests the general 
formula 1 

A n /(a:) -f(x + nh) -nf{x + (n -1)A}+^-” ^f{x + (n -2)h} 

+ •••+(- l ) r (r)fi x +(n-r)h} + ... +( -1 ) n f(x), (10) 

the validity of which can be demonstrated by Mathematical Induc- 
tion. If we suppose the formula correct for some particular value of 
n, we deduce from it, 

A n +y(*)=A{A»/(*)} 

= A f(x + nh) - wA f{x + (n - 1 )h) + ^ A/{ x + (n-2)h} 

+ ... + (- l)»A/(«) 

—f{x + (n + l)h} -f(x + nh) -n[f(x + nh) -f{x + (n -l)h}] 

+•••+( - infix + h) ~f( X )} 

=f{x + (» + 1)A} ~{n + 1 )f(x + nh) + ^ + ^ n f{x + (n - 1)A} 

+ ... + (- l) n+1 f(x), (11) 

1 In this formula, (J?) is the symbol, now usually employed, for the Binomial 
Coefficient 

r! 
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where the coefficient of f{x + (n -r)h} is - ( - l) r (") + ( - l) r+1 ( r £ 1 ) 
that is, 


■<_!)' “C* - 1) -;. 1 ” , " 1! + ( - ir &=* ■ -da) 


or 


(- 1 ) 


r ! 

r+ j ( n + l) n(n - 1 ) . .. (n -r +1) 


(r + 1) ! 


(r + 1)! 


.(13) 


that is (~ l ) r+ 1 (r+i) (14) 

The suggested formula therefore reappears for the (n + l)th dif- 
ference. Thus if the formula is correct for one value of n it is correct 
for the next greater value. Since the formula is true for the first, 
second and third differences, Induction shews that it is true gener- 
ally. If the student compares in detail the process of forming the 
successive differences with the process of raising x - 1 to successive 
powers by repeated multiplication by x-1, he will see that the 
powers xP, x 1 , x 2 , ... , x n and their coefficients appear in exactly the 
same way asf(x),f(x + h),f(x + 2k ), ... ,f(x + nh) and their coefficients, 
so that the law of formation of the nth difference is exactly the same 
as that for the nth power of x - 1. 

We now shew how to express f(x +nh) in terms of the successive 
differences of f(x). From (8) and (9) we find, in turn, 


f(x+2h)=f(x) +2A f(x) + A 2 f(x), (15) 

f(x+3h) =f(x) + 3A f(x) +3A 2 f(x) +A *f(x), (16) 

and the form of these results suggests that the general result is 


f(x +nh) =f(x) +n/\f(x) + (*)A 2 f(x) + ... + (*)A r f(x) + ... +A n f(x). (17) 

That this is the correct form is easily verified by the method of In- 
duction. Assuming it to be true for any value of n , we have 


f{x + (n + 1) h} =f(x + nh) + A f(x + nh) 

=/(») +n^{x) + ... + («)A r f(x) + ... +A "/(*) 

+ A/ (x) +n/\ 2 f(x) + ... +( f ” 1 )A r f(x) + ... +A n+1 f(x) 
=/(*) +(n + l)A/(*) +... +{(”) + ( r r 1 )}A r /(x) +... +A n+1 f(x) 
=/(*) +(n + l)Af(x) +... +("+ 1 )A r f(x) +... +A n+1 f(x), (18) 

which is obtainable from (17) by writing n + 1 for n. Since the pro- 
posed formula is true when n has the values 1, 2 and 3, we infer it 
to be true generally. 


61. The Operator E. 

In the theory of Finite Differences a special symbol E is used for the 
operation of changing x into x + Ax, or x +h. We write Ex for x+kx f or 
x +h, and Ef(x) iorf(x + Ax), or f(x+h). 
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It is desirable to deduce a few formulae connecting the two operators A 
and E . The fundamental formulae are 

EJ(x) =f(x +A) =f(x +h) -f(x) +f(x) 

= Af(x) +f(x), (1) 

and A f(x)=Ef(x) -f(x) (2) 

The meaning of the repeated operator is evident. We have 

E(Ex)=E{x+li)=x+2h, (3) 

or, with the same abbreviation of symbolism as in the case of A, E 2 x = x +2 h. 
So E*x —x + 3 h, and generally, 

E n x=x +nh (4) 

Again, E{Ef(x)} =Ef(x +h) =f(x + 2 h) or E 2 f(x) =f(x 4- 2 h), and generally, 

E n f (x) (x + nh) (5) 

Let us apply these formulao to the results of the preceding Sub-article. We 
have 

A *f(x) =f(x + 2h)~2f(x+h) +f(x) = E 2 f(x) - 2 Ef(x) +f(x), (6) 

and generally, 

A"/(a;) — E n f(x) -nE n ~'f(x) E n ~*f(x) + ... 

+ ( -1 ) r (”)E”-'f(x)+... + ( -1 )»/(*) (?) 

Again, on account of (5), equation ( 17) above takes the form 

E n f(x) =A"/(.r) + «A n_1 /(x) + ... + ( * ) A n ~ r f(x) + ... +f(x) (8) 

62. Separation of Operators. 

It is very convenient, in connection with theoroms of the types just in- 
vestigated, to introduce a convention by which the operative symbols can be 
separated from the functions operated on. Beginning with the simplest 
formula A J{x) + f(x), it is written in the form 

(A + l )/(*), (1) 

on the understanding that this form is to be interpreted by the use of the 
distributive rule, that is, each of the terms A, 1 of the sum in the parentheses 
is to be associated with f(x) and the results added. So A 2 f(x) +2A f(x) +f(x) 


is written in the form 

(A 2 +2A 4- l)f(x), (2) 

and A n f(x) +nA n-1 /(x) + — A n ~ 2 f{x) + ... +f(x) in the form 

{A n +nA"- 1 + - (W 2 -~ 1 1 A n ~ J + ... + 1 }/(*) (3) 

In exactly the same way, Ef(x) -f(x) is written in the form 

(E - l)f(x), (4) 

and E n f(x) -nE n ~ 1 f(x) + - n - ^ - — E n ~ 2 f(x) + ...+(- 1 ) n f(x) in the form 

{j g" - nE n ~ 1 + n - ^ - ~ - ) g n ~ 2 + ... +( ~l) n }/(*) (6) 
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The formulae (3), (5) immediately suggest the introduction of the forms 
(A + 1 ) n f(x) and (E - l) n f(x) as equivalents of them, on the understanding 
that (A + l) n and (E - l) n are to be expanded by the Binomial Theorem as if 
A, E were numbers, in order to get back to the forms (3), (5). 

The fundamental results (7), (8) of the preceding Article now take the 
respective forms 

A n f(x)=(E - 1 )“/(*), E n f(x) =(A + l) n f(x) (6) 

Thus, as operators on f(x), A n is equivalent to (E - l) n and E n to (A + l) n . 
This is expressed by writing the operator-equations 

A n =(E - l) n , E n =(A + I) n (7) 

which we look on as derived by repetition from the fundamental equations 

A=E -l, J57 = A + 1 (8) 

The operators E , A can occur together. Thus A v E q f(x) means A p {E q f(x)} f 
or A p f(x+qh), and E q A p f(x) means E q {A p f(x)}, which is again easily seen to 
bo A p f(x +qh). The operative factors A p , E q are therefore commutative. 

In the same way a polynomial operator of the form aA p E q ±bA r E* -f ... , 
(where a, 6, ... are any numbers), when applied to f(x) gives 

aA p f(x + qh) +bA r f(x +sh) + (9) 

It is readily shewn that the effect of any polynomial operator on f(x) is not 
altered by the substitution of E - 1 for A or of A + 1 for E , so that we can 
write 

A V E« = A P (A + l) s = A pt ' 3 +<j'A I ’ H,_1 + A p+Q ~ 2 + . . . + A p , (10) 

and 

A p £« =(E - 1) P U« -pB p +9-i + Pi^T_y + ... +( _i)J >£«. ...(li) 

63. The Binomial Difference Theorem. 

The Binomial Theorem for the expansion of (1 -t-x) n can bo written 1 in 
the ‘ Remainder form ’ 

(1 +#) n = l +nx ■ * - x 2 + ... +( n r )x r 

+ i(l.2.3...»-(l + x) n ~ T ~ x + 2.3.4...(r + l)(l +x) n ~ r -* + ... 

+ (n-r)(n-r + 1) ... (n - l)}*™, (r<n) (1) 

According to the preceding Article, we can replace x by A, that is, we can 
write 

(l+A) n = l+nA+^^ 1 - ) A 2 + ...+(») A r 

+ i(l.2.3...r(l + A) n-r-1 +2.3.4... (r + l)(l + A) B-r- * + ... 

+ (n -r)(n -r + 1) ... (n - 1)) A r+1 (2) 

1 This is quite an old form of the theorem. It is readily proved by Induction. 
See Notea on the Mathematical Syllabus of the Schools Boards Melbourne University 
Press (1925), p. 18. 
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and further, wo can replace 1 -f A by E. Let us apply each of the equivalent 
operators on the two sides of the equation (2) to f(x). Then, since 

(1+A ) n f(x)=E”f(x)=f(x+nh), (3) 

(1 +A) n - r ~ 1 A r + l f(x)=:E n - r - 1 A r + 1 f(x) = A r ^f{x + (n -r - I )h} 9 (4) 

and so on, we get the equation 

/(* +nh) =f(x) +n\f(x) A*/(*) + •••+(") A r /(x) 

+ j^l . 2. 3 ...rA r+1 f{x+(n -r- 1)7j} + 2 . 3. 4 ... (r + l)A r+1 /{a; + (ra-r- 2)/t} + ... 

+ (n -r)(n -r + 1 )...(n - l)A r+1 /(#)J . ...(5) 

This is the expression of the Binomial Difference Theorem (with Remainder) 
of the theory of Finite Differences ; the theorem in its various forms is of 
fundamental importance in that subject. 

64. Miscellaneous Notes. 

64. 1. Note on the nature of a proof ami on necessary and sufficient conditions . 
In ordinary language, the word proof (or prove) is sometimes employed in the 
broad sense of the word test , as, for oxample, in the saying that ‘ the exception 
proves the rule.’ In mathematics, the moaning of proof is that of conclusive 
test. A proof of a theorem (if satisfactory) shews that the theorem is a logical 
consequence of the axioms of the subject. A theorem in mathematics is, 
generally speaking, stated or proved to be true only subject to certain 
restrictions or conditions being imposed on the elements, or relations between 
the elements, with which it is concerned. A set of conditions is necessary 
when the theorem is not true unless those conditions are satisfied. A set of 
conditions is sufficient whon the theorem is true if those conditions are satisfied. 
A set of conditions is necessary and sufficient when the theorem is true if those 
conditions are satisfied and otherwise is not true. 

A necessary set of conditions may not be sufficient, that is, other conditions 
may also be necessary. A sufficient set of conditions may not be necessary, 
that is, the theorem may be true under conditions which are less restrictive 
or which are incompatible with the first. 

Conditions which are sufficient but not necessary are often introduced to 
facilitate the proof of a theorem. The treatment of a theorem cannot be 
regarded as final unless the conditions imposed aro both necessary and 
sufficient. 

64. 2. Note on dimensions and homogeneity. The language of dimensions is 
used in Analysis for the characterization of certain types of formulae. Sup- 
pose that F{x, y,z, ...) is a formula involving the literal numbers x, y t z, ... 
(and possibly others with which we are not here concerned). We consider the 
effect on the formula of replacing x, y, z, ... by multiples of these numbers, 
of which wo will in the sequel write three only. If the same multiple, k say, 
is taken for all of them, so that they are replaced by kx , ky , kz, we say that they 
are treated as of the same dimensions. 1 If x, y , z are replaced by k m x 9 k n y> k r z , 

1 The language here corresponds to that employed in Physics. If x is the measure 
of a physical quantity X and the unit of measurement for it is changed to 1 jk of 
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where m, n, r are not necessarily integers, they are said to be treated as of 
m, n, r dimensions, respectively. One of the indices, m say, can always bo 
taken to bo 1, and y y z are then said to be treated as of dimensions n, r relative 
to x, which is of one dimension. 

The type of formula with which we are here concerned in that in which the 
effect of the replacement indicated, for suitable values of m, n, r, is to multiply 
the formula by a power of k ; that is, taking m — 1 , we are to have 

F(kx, k n y y k r z) =k p F(x , y, z) (1) 

The formula is then said to be homogeneous and of dimensions p in x , y y z 
(jointly) when these are treated as of 1 , n, r dimensions, respectively. 1 Unless 
the contrary is stated, x , y y z are always supposed treated as of the same 
dimensions, so that n—r — 1. 

If p= 0, the formula is said to bo of zero dimensions or of no dimensions. 

If we put ^ x n for y and — x r for z, the formula F(x y y y z) can be treated 

as one in x y yjx n y zjx r y say G(x y y\x n y zjx T ). Now here y/x n y z/x r are unaltered 
when the replacements of x y y y z are made, so that the condition of homo- 


geneity can be expressed by 

G(kx y y I x n y z/x r ) = k p G(x y ylx n y zlx r ) y (2) 

and thus G(kx, y/x n , z/x r ) = ^ G(x, y/x n , z!x r ) (3) 


Since k can be given any value, it appears that the right-hand side of this 
equation involves x only in the ratios y\x n y zlx r and the formula F(x y y y z) can 
be put into the form x v H (y/x n y zjx r ) y or x p H(ylx y z/x) y if n—r — 1. 

It is plain that the homogeneity and dimensions of the formula F (x y y y z) 
are not affected by any algebraic operations which morely alter its form. 
This property is regularly employed in (partially) checking the correctness of 
algebraic operations, as exemplified below. 

Ex. 1. The formula x x V fi z v is homogeneous and of dimensions, if 

x y y y z are one-dimensional. It is of dimensions k+yn + vr if x y y, z are of 
dimensions 1, n, r, respectively. 

Ex. 2. The polynomial 'LA^ v x x y* l z v is homogeneous and of dimensions 
A + y + v if that sum is the same for all the terms, (x, y y z being supposed one- 
dimensional). 

Ex. 3. The sum of two homogeneous expressions of the same dimensions is 
homogeneous and of the same dimensions. 

itself, the measure x is changed to kx. If y y z are measures of quantities Y y Z of the 
same kind as X y they are also changed in the same ratio and become ky y kz. The 
quantities are here said to bo all of one dimension in the unit. If the units of Y, Z 
are changed to 1 jk n y \jk r of themselves when the unit of X is changed to 1 /k of itself, 
the measures y y z are multiplied by k n , k r y respectively. The quantities Y, Z are then 
said to be of n, r dimensions, respectively, in the unit of X. 

1 If the condition of homogeneity is satisfied, we can regard the formula as the 
measure of a physical quantity of dimensions p with respect to the unit of the quan- 
tity X of which x is the measure. 
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Ex. 4. The product of two homogeneous expressions of dimensions p, q is 
of dimensions p + q. The quotient of the first expression by the second is 
homogeneous and of dimensions p - q. 

Ex. 5. In the expansion of (a + x) m , (m a positive integer), each term must 
be of dimensions m in a, x jointly. 

Ex. 6. Shew from considerations of dimensions that the equation 

1 1 h h 2 1 . . 

— —r = — d + “5 i — n~ 18 incorrect. 
x +h x x 2 x 2 1 -\-h/x 

Ex. 7. If the variables x , y are treated as one -dimensional, Ay /Ax is of zero 
dimensions, A 2 y/(Ax) 2 of dimensions - 1, and generally, A n y/(Ax) n of dimen- 
sions -(n- 1). 

Here we may write Ax — # 2 -x l9 Ay — y 2 ~y x and x l9 # 2 are to be changed to 
kx lf Jcx 2 and y l9 y 2 to ky x , ky 2 . Thus Ax changes to k(x 2 ~x x ) or kAx , and Ay to 
k(y 2 ~y x ) nr kAy. Therefore Ay /Ax is unaltered and hence is of zero dimen- 
sions. 

Similarly A 2 y can be written (y 2 -y 2 ) -( y 2 -y x ) and changes to kA 2 y while 

(Ax) 2 changes to k 2 (Ax) 2 . Thus A 2 yl(Ax) 2 changes to ^A 2 y /(Ax) 2 and is of 
dimensions -1. 

Ex. 8. If the variables x, y are treated as of dimensions 1, m, respectively, 
Ay /Ax is of dimensions m - I, A 2 y/( Ax) 2 of dimensions m - 2 and A n y/(Ax) n of 
dimensions m - n. 


EXAMPLES I 

SIMPLE GKAPHS 1 


1. Sketch characteristic portions of the graphs of the following functions : 
x 3 , sjx y # 3 / 2 , -1/#, 1 — f- 1 /#, 2-fl/# 2 , 2-1/# 2 , 1 / sj x , sj ( - x ) , \x\ 9 
l/\x\, # + |#|, 1/(1 -ha?), l/(x-l) 2 , 2x -fa? 2 , x + l/x, x-l/x, x 2 -l/x , 
# 3 +2#, # 3 -l/(# + l), s /(2 - x 2 ), 1M1 -x 2 ), l/(# 2 + l), l/(# 2 - 1), 


>/(* + !)’ 

**-* 2 . Jrj’ (^t) 2> *-*(*), (* 2 -« 2 ) 1/s - 


x 8 - 3# 2 + 2#, 


2. Sketch characteristic portions of the graphs of the following functions: 
sin 2x t | sin x |, sin 2 #, cos 2 #, 2 sin # + 3 cos #, § sin # + £ cos #, cot #+ tan#, 
sec # -f tan#, sin# + £sin2#, sin 2 # cos#, tan 2 #, sec 2 #, sin(# 2 ), cos V#, 
cosec (1/#), sin(l/# 2 ), #+sin#, sin|#|, cos#~£#, tan#-#, tan# + l/#, 
tan#-2sin#, #sin#, # 2 sin(l/#), (l/#)sin (1/#). 

1 The details of any but the simplest graphs are more easily determined with the 

aid of the Calculus ; see Chapter IV. 
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3. Sketch the curves whose coordinates are expressed parametrically by 
the equations : 

/•x o, , o o.o /»v & \ -t 2 ..... 1 -t 2 t(l-t 2 ) 

(i) x=2t + 3,y=3t-2; ( 11 )*=^-^, y=Y+t* ; ( tu ) x = ^ V +i* ’ 

t 4- £ 3 t — t 2 

(iv) x =i^ji>y=YTT A; ( v ) x=i ~ t3 ’ 2/= 1 “^ 4 ; (vi) X- a cos 3 0, y -a sin 3 0. 

4. Sketch the curves given by the following equations : 

y 2 = l/x, y 2 =x 2 /(2 -x), y 2 ~=x 3 , y 2 ~(x - l)(x 2 + 1), y 2 =(x - l)x(x + 1), 
(x 2 +y 2 )x -y 2 ~ 0, y 2 ~x 2 (2 + x)/( 1 -a;). 


EXAMPLES II 

ELEMENTARY PROPERTIES OF FUNCTIONS 

1. Investigate tho ranges in which the following functions are one-way : 
1c 2 /x 9 cosx, tan x> *J(a 2 -x 2 ), x 2 -x , 1 +x 2 , a+a 2 /x, 1/(1+ cr 2 ). 

2. State which of the following functions are even and which are odd : 

1/(1 + x 2 ), xj( 1 -fx 2 ), x/(l +x), (sinx)/x, (1 -cosx)/x, ^(1 - cosx)/x 2 , 
sin x cos 2 x, sin 2 x cos x. 

[A function f(x) is even in a range ( - a, a) if, in this range, /( - x) =/(x), 
and odd if /( -x) = --/(**’)•] 

3. Prove that any function /(x) which is defined in a range ( - a, a) can bo 
expressed as the sum of an even and an odd function in tho range. 

[Employ the identity f(x) =\ {f(x) +/( -x)} + 4{/(x) -/( -x)}.] 

4. Find the homogeneous linear relation between the distances x - a, x - b, 
x -c of the variable point P, (x), from the fixed points A , (a), B> (b), C, (c), 
on Ox. 

Find also the linear relation between the squares of the same distances. 

5. Find the constants a , 6, c of the function ax 2 -\-bx + c so that its graph 

may pass through tho points ( - 1, 4), (0, 1), (1, 2). Find the nearest point of 
the graph to Ox. [2, - 1, 1 ; (J, £).] 

6. A cable hangs between two points which are 100 feet apart horizontally 
and at heights 20, 25 feet above tho ground. Assuming that the form of the 
cable is a parabola with vortical axis and that tho minimum height of tho 
cable between the supports is 18 feet, find where this occurs and also the 
height midway between tho supports. 

[34*84 feet horizontally from the lower support ; 18*38 feet.] 

7. Find the shortest distance of the point (0, c) from the parabola y ~x 2 . 

Me - 1), i 9 or c according as c >, =, or < £.] 

8. Prove that the expression ( a + c)(ax 2 +2 bx +c) +2(6 2 -ac)(x 2 + 1) has the 
same sign for all values of x provided b 2 >ac. 

9. Establish the identities 

x + ~=(^-j c y±2a,(x>0), *+^=-{v(-*)T ; ^ ) } 2 T2a ) (*<0). 

Deduce rules for the determination of the extreme values of the functions 
x + a 2 /x, (ax 2 + 6x +c)/x. 
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10. Find the order in magnitude of the numbers ^/lO, 3, ^ 8 , ty 7 , 

[Compare the squares of the numbers.] 

11. Establish the identity ( 2 a r & r ^ = £ a r 2 2 &s 2 ~ 2 2 ( a r^s ~ a s^r) 2 - 

V r =l J f = i «=i r=l« = l 


12. A polynomial of the fourth degree in x has the values 47, 8, 1, 2, 11 
when x has the respective values -2, -1,0, 1,2. Find its value when 

* = *• Hi-] 

13. Prove by the method of Mathematical Induction that 

» (x - 2r)x(x - 1) ... (x - r + \)_x(x - 1) ... (x - n) ^ 

2 _ _ ~ 35 • 

14. Shew that if w r =(r +o)(r + 1 +a) ... (r -f m - 1 -fa), 


n 


2 u r^ 

r= 1 


(n -f a)(n -f 1 -fa) ... (n + m -fa) 
m + 1 


+ C, 


and find the constant C by considering the case of n = 1 . 


1 5. Shew that if u r — 1 /{(r -f a) (r + 1 + a) . . . (r + m - 1 -f a)}, 
n 

S - 1 /{(rw. - l)(n -f 1 +a)(n + 2+a)...(n fm-1 -f a)} -f ( 7 , 
r=l 

and find the constant C by considering the case of n — 1 . 


EXAMPLES III 

CONTINUITY OF MONOMETRIC FUNCTIONS 


1 . Prove that if m is a positive integer, 

(# +h) m -x m — h{(x +h) m ~ 1 +x(x + h) m ~ 2 + ... +x w ~ 1 } 

= mhx m ~ l + h 2 {(x + h) m ~ 2 + 2x(x+ h ) m ~ 3 + . 
Taking m— 4, shew that if ] h | < | x |, 

| (x +h) 1 -x* |< e if | h\< e/(15 1 x| 3 ), 


. + (m - l)x m ~ 2 }. 


(x +h ) 4 - x x 


4x z 


<e if 0<| ft|< e/(ll |x| 2 ). 


2. Establish the identities 

sj(x +h) - sjx = 


h 


sjx. {1 + s/(l +hlx)} 


L 


h h 2 

~~ 2 ojx 8x 3/2 Vl + V(1 +h/x) 

Hence shew that 

| s/(x +h) - sjx 
| sj(x + h) - ^x 1 

h 2 sjx 


}* 


< e if | h | < e*Jx> 

< e if 0 < | h | < 2 ex 3 ! 2 . 


3. Prove directly that the e-condition for the continuity of x 2 at x x is 
satisfied by taking | h | < - | x x | -f *J(x x 2 + e). 

4. Investigate the continuity of the functions sj(a-x), directly by 
means of the e-condition. 
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5. Examine the ranges in which the following functions are continuous : 

(i) s/{(x -a)(b-x)}; (ii) ( 1 - x) m ( 1 + x) n ; (iii) V( 1 + 2 sin x) ; 

(iv) 1/V(2 + sin#) ; (v) 1 /(a cos 2 x -f- b sin 2 x) ; (vi) sin(7itan#) ; 

, ... sinrc# . .... sec# .. . . ... . 

( vu ) xfl -X) (vm) ~x~ ; (1X) Sln ^ (1 ~ X) ' 

Sketch the graphs of the functions. 

6. Shew that the function /(#)=/(#) + Vf# - /(#)} is continuous for all 
values of x, and that f(x) ^ x + J. 

7. Find the most general continuous function /(#) which satisfies the 
relation f(x 1 +x 2 )=f(x 1 ) +f(x 2 ), where x v x 2 are any two values of the vari- 
able. 

[Prove in turn that f{nx) = nf(x), (n a positive integer), and =amln , 

where a =f( 1), (m, n integers). The condition of continuity is now employed 
to prove that /(a) =aa, (a any real number), and the required function is thus 
given by f(x) — ax.] 

8. Shew that V(1 -x 2 ) is uniformly continuous in the range ( -1, 1) by 
finding a common value of h corresponding to the given value 10“ m of e, (m a 
positive integer). 


9. Prove directly from the definitions that if the function f(x) is such that, 
\f(x + h) -f(x) I 


in a range (a, b). 




; K, (K a fixed positive number, p positive), 


for all starting points x and increments h , the function is uniformly con- 
tinuous in the range. 

Apply this to shew that the functions sin#, \/(a 2 +# 2 ), x/(x 2 + 1), V(# 2 - a 2 ), 
# n , (x 2 - a 2 ) 1 / 3 4 are uniformly continuous within their ranges of definition. 


EXAMPLES IV 

SPATIAL DIAGRAMS. CONTINUITY OF DIMETRIC FUNCTIONS 

1. Find the inclination (in space) to Oy of the line joining the origin 0 

to the point P, (1, 2, 3). [Project OP on Oy.] 

2. In the standard method of projection, Art. 41, draw the representations 
of (i) a unit radius OP which is inclined at 45° to Oz and makes equal angles 
with Ox , Oy ; (ii) the perpendicular from P on the axis Oz. 

3. Shew that the equation ax + by +cz represents a plane making 
intercepts 1/a, 1/6, 1/c on the axes Ox, Oy, Oz, respectively. 

[Shew that if P, Q are any two points on the surface, any point R on their 
join also lies on the surface.] 

4. Sketch, with the use of representative sections, the forms of the follow- 
ing surfaces : 

(i) x 2 +y 2 —r 2 ; (ii) x 2 \a 2 +y 2 /6 2 = 1 ; (iii)y 2 =2a#; 

(iv) x 2 /a 2 +y 2 /b 2 +z 2 /c 2 = 1 ; (v) x 2 +y 2 =2z; (vi) x 2 - y 2 =2z. 



108 


MATHEMATICAL ANALYSIS 


|CH. 


5. Shew that, in the standard representation, the plot of the curve of 
intersection of the sphere x 2 +y 2 +z 2 —£a 2 and the circular cylinder 
(x - a) 2 + y 2 —a 2 is given by 


$ = a sin 6 


a (l -f cos 0) 
272 ’ 


rj = ±2a sin 1 0 


a(l + cos 0) 

“"272 


6. Find the equations of the plots of the curves of intersection of the plane 
lx +my +nz— 0 with the cylinders x 2 +y 2 =r 2 , x 2 /a 2 4 y 2 jb 2 — 1. 

7. Prove that if the functions f(x , y) 9 <p(x f y) are continuous in a certain 
domain, so is their product f(x 9 y)<p(x 9 y). 


8. Shew that it is sufficient for the uniform continuity of a dimetric 
function f(x , y) in a domain that | /(# + K | and 

- ~ | ^ A, (/£ a fixed positive number, p positive), for all 
pairs of points such as (x +A, y), ( x 9 y) and (x 9 y + k) 9 (x 9 y) in the domain. 


9. Prove that the functions \j(x 2 +n 2 y 2 +nxy + 1), sin x sin y 9 sin(ma; + ny) 
are uniformly continuous in any finite domain. 

10. Shew that the fimction 1 lsj(a 2 -x 2 -y 2 ) is uniformly continuous in a 
domain defined by x 2 +y 2 < a 2 . 

11. Shew that the conditions of Theorem I, Art. 44. 1, are satisfied by the 
function f(x 9 y) =4x 2 + Sxy + 6y 2 - 2x - 5y when the origin is taken as the 
point ( x 09 y 0 ) 9 and verify that the equation f(x 9 y) — 0 leads, in this case, to 
two single-valued functions of x provided that x lies in the range 

(-i-W#. -I+W¥). 


EXAMPLES V 


SEQUENCES 


1. Shew that the sequence J, 1|, J, 1J, J, If, ..., where a 2n = 1 + l/2 n , 
a 2n+1 = l - 1/2 W+1 , converges to the focus 1. 

2. If P(n) is a polynomial in n of degree r at most, shew that the sequence 
{P(n)/n r } is convergent and that its focus is that of the sequence {a/n r ~ s }, 
where an s is the term of highest degree in P(?i). 

State the corresponding result when P(n) is of degree higher than r. 


3. Investigate the convergence of the sequences whose general elements 
are the following : 

(i) ( - l) n ; (ii)n/(n + l); (Hi) ( - l) n n/(n + 1) ; (iv) n/(n* 4-1); 

(v) ( - l) n /n ; (vi) n+( - 1 ) n n ; (vii) n v {k n 9 ( p a positive integer, k >1) ; 


(viii) 


n 2 4- 1 


(ix) 


apt 2 +a 2 n 4 -a 3 


(x) 


m(m - 1) ... (m -n 4 1) 


2n 2 4-3* n+b 

(xi) 1 + k + k 2 4- ... -\-k n ~ x ; (xii) n k 9 (k> 0) ; (xiii) s/(n + l)~s/n; 
(xiv) n\/n n ; (xv) n 1 ^ 71 ; (xvi) n 1 ^ n2 ; (xvii) (1 4-l/n 2 ) w ; 

(xviii) sj(n+a)sj(n+b) -n ; (xix) 1 >(&>-!)> 


k n 9 (\k\<l); 
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(xx) (a+b^J +(° 2 + 6 ^) +••• + ( a ” +6 ir) » (0<a< 1) ; 

(xxi) sin (Tt/n) ; (xxii) sin \nn ; (xxiii) sin nkn, (k any real number) ; 
(xxiv) (sin n)/n; (xxv) nsin(&/n) ; (xxvi) (sin tym)l»Jn. 

4. Employ the results of Art. 58 to establish the following results : 
-n+1-1 , r n rn + l“|_ 1” n 2 4- 1 "1 _ . ra x n 2 +a 2 n 4-a 3 “l_a 1 

. n ; U + 1J ; Ln* + lJ ’ L2n 2 4-3.1 L^n 2 +& 2 n +b 3 J“ b , ' 


5. If m, n aro positive integers, m and nh (—k) being fixed, shew that when 
n increases indefinitely, n(n - 1) ... (n -?n)h m+1 converges to k m+1 . 

Shew also that under the same conditions the expression 

(l.2...m + 2.3...(m + l) + ...+(n-m)(n-m + l)...(n-l)) h m+1 
converges to k m /(m + 1). 

[According to Ex. 14, Set II, the sum of the co-factor of h m+1 is equal to 
(n -m)(n -m 4- 1) ... (n - 1 )n/(m + 1).] 


6. Shew that the sequence {a n } defined by 


(\ 1 

. —x[ -4-- i 
1 \n n+x 


1 1 > 

n + 2x '** n+nx) 


is convergent provided that x 4- 1 is positive. 

[Shew that the condition | a n+1 -a n \< e if n >N is satisfied. The limit 
defines the logarithmic function log e (l 4-#), Chap. YU.] 


7. Shew that the sequence { a n } defined by a n — 


n \ n x ~ x 

x(x 4-1) ... (x 4 -n - 1) 


is 


convergent provided that x is not a negative integer. 

[Use the result of Art. 348. The limit defines the Camma-function r(:r), 
Chap. X k ] 


8. Shew that the sequenco { a n } dofined by 

-. 4 .) 

is convergent. 

[Use the result of the preceding Example. The limit defines the function 
sin#.] 


9. If a n ~a n _ 1 + a n _ 2 and cq=0, a 2 = 1, shew that 

and find the focus of the sequence {a nV1 la n }. 

[The first result follows at once by Induction. The focus is given by the 
limiting form of the equation a n ja n _ 2 = 1 4- a n _ 2 fa n _ r ] 

10. Prove that if a v b x are positive and a n+1 = %(a n +b n ), b n+1 = *J(a H b n ), 
the sequences {a n }, {b n } are one-way and have a common focus. 

[The focus is called the arithmo-geometric mean of a v 6 r ] 

1 1 . Shew that if the sequence {a n } is convergent, [a n ] = [s n /n], where 

s n ~ a l a 2 a n % 

J^Let [a n ] =L and write a n =L + a n , sjn - L =ajn . If | <x n | < e for n > ?n, 

shew that 1-^gJ < + e(l - — ) •"] 
n n \ nj J 
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3 a ~ 2 

12. A sequence {a n } is defined by a n = — I . Prove that if a x > 2, [a n ] = 2. 

a n - 1 

Discuss the convergence in other cases. 

13. Shew that if the function f(x) is such that — 1^1 <k< 1 for 

any (every) increment h, the sequence {a n } for which a n+1 =/(a n ), (a ± assigned), 
is convergent and that its focus is the only real root of the equation x =f(x). 
Interpret this result graphically. 

[Shew that | a n+l -a n \<k\a n - a n _ x |.] 

14. Shew that the function %cosx satisfies the condition for f(x) in the 
preceding Example, and find to six decimal places the root of the equation 
x — \ cos x by employing the sequence defined by a n+1 = \ cos a n , taking 
a x = 0-45. 

[x = 0*450184. The value 0*45 of a x is found to be near the root by comparing 
the values of x and ^cosa; in a table of cos a;. See, for example, the tables 
mentioned on p. 344.] 

15. Shew that the positive root of the equation x=2sinx is 1*89549, 
correct to five places of decimals. 

[Plainly the root is converged to if the condition of Ex. 13 is satisfied in a 
neighbourhood of the root, the first approximation a x being taken to lie 
within it.] 

16. Shew that the positive root of the equation x*=x+k, (k> 0), is the 
focus of the sequence {a n } for which a n+1 = sj(a n + k), where a x is positive. 
Illustrate the convergence graphically. 

17. Employing the results 

■.(wi -V c^y-) } , ™,W) , 

shew that [cos(&/2 n )] =1, [sin(&/2 n )] =0. 

18. Employing the result 

cos (*/2») =^{ l + CO - { 2 kl - 2n ~ l] ) >V{cos(fc/2"- 1 )}, 

shew that 2^k > sin(fc/2n) > • 

EXAMPLES VI 

INFINITE SERIES 

1. Examine the convergence of the series whose term -sequences are the 
following : 

W {irT-l} ; (ll) {(2n + l ) 2 } ; (m) {(2n, + l)f} ; (lv) (l + ^n} ; 

(V) W} : (vi) (vii) {(nTop) ; 

(viii) WW & } ; (ix) (X) H iWn lF - )' 



I] 


EXAMPLES V, VI 


111 


2. Shew that the series of term sequence 1 is divergent. 

[Here the condition a n -> 0 as n->oo is not satisfied.] 


3. Shew that the series 1 - £+ $- ...+( -1 ) n+1 ~ + . . . is convergent. 

[Shew that |s n+J) -s n |<£ if n + l^l/e, or treat as an alternating series. 
The sum is log e 2, Chap. VII.] 


4. Shew that the series of term -sequence 
the sum 1. 


{n(n + 1)} 


is convergent and has 


[Write 


— - = r and sum from 1 to n.l 

i(n + 1) n n - f 1 J 


n 


5. Shew that the series of term -sequence ^ 

^ l(n + l)(n+2) 

that of term-sequence |( - 1 ) n+1 ^ + T)(n + 2) } * s conver 8 en ^* 


-J is divergent but 


6 . Shew that if the series of term -sequences {< a n }, { 6 n }, ( a n9 b n >0), are both 
convergent, so is the series of term-sequence {V(a n & n )}* 

Hence prove that if the series of term -sequence {a n } is convergent, so is that 
of term -sequence {sj(a n a n + x )}. 

[For the first part use the result s/(a n b n )< i(a n +b n ).] 


7. If the sequence {< a n } is one-way, shew that the series whose term-sequence 
is {a n } is convergent if the series whose term-sequence is W( 0 n a 7 H i)} con " 
vergent. 

8. If the series of term-sequence {a n 2 } is convergent, shew that the series of 
term -sequence {ajn} is also convergent. 

[The series of term-sequence {1/n 2 } is convergent and therefore also that of 
term-sequence W(a n 2 /n 2 )}.] 

9. Shew t^fifo4he sum of the series of term-sequence {; i 2 + 2 n) IS 


10. Prove that the series of term-sequence { a n }, (a n >0), is convergent 
(divergent) if the upper focal bound of the sequence {(a^) 1 /*} is less (greater) 
than 1. 

[Use the D’Alembert test. The criterion is known as the Cauchy test.] 


/ 11. Shew that the series 1 + a + P 2 + a 3 + fl l + ... + a 2 ”^ 1 +/9 2n + ... is con- 
vergent if0<a</?<l. 

[Compare with the geometric series 1 + ft + ft 2 + ... + fi 2n 4- ... . What in- 
formation is obtained from the application of the Cauchy and D’Alembert 
tests ?] 


12. Investigate the ranges of convergence of the series whose term-sequences 
are the following : 

(i) {x n /n\} ; (ii) {( - l) n x 2n ~ 1 l(2n - 1) !} ; (iii) {( - l) n x 2n /(2n) !} ; 

(iv)«-l )-*./„); (V) {(-D"|^} ; I Vi) 

(vii) Ism (»/«)); (viii) {s-jrbJi 
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«(« + !). ..(g+tt — 1) /?(/? + 1) ...(/? -t n - 1) 


y(y + 1) ••• (y+n-l) 

r n + 1 


}» (a, ft 


y not zero nor a 


(ix) { 

'S ( rp“n -\- 1 -v \./ /" /*} f \ 2-yW -V 

negative integer) ; (x) {nV~ 1 }; (xi) { n( -— ] - ) } ; (xii) { ■ (2w) , ) ; 
y (xiii) { nx n ’}; (xiv) {x n /n n }; (xv) {( ~ I )”~ 1 2w (2w - 1) } * ( xvi ^ ^ nx ^ ; 

(xvii) {( 1 . 3 (2?f - l ; (xviii) { 3 4^ 


/ 3-5 

... (2n + 1) 

7l n \ 

l 2. 

4 ... 2ti 

3 +2n/ 

b Y a n = 

■K)( 

4 # 2 \ 

1 +Y*)- 


is convergent. 

[The sequence {(1 +kln) n }, (k> 0), is proved to have an upper barrier in a 
manner similar to that employed for the sequence {(1 + l/n) n }, Art. 50, Ex. 3. 
In the present case we thus have 


l+- 2 < 

n 2 


(, x 2 \n* x 2 Vi 4 /n 2 

(^ + ^« J = V 1+ nV < K > ( K constant), 


and therefore a n < K Sn , where s n = 1 + ... +-j . Since {s M } converges, (o n ) 

' b * 71* 

is barred above and therefore converges. The focus defines the function 
(sinh nx)j(nx), Chap. VII.] 


^ 14. If {a n } is a sequence of positive terms and {p n }, {q n } are sequences 
defined by 

Pn ~ a nPn-l ~^Pn-2> Qn ~~ ^nQn— 1 ^Qn- 2> 

shew that the sequence {p n lq n } converges if the series of term-sequence {a n } 
diverges. 

[Shew that p n q n ^ -p n ^q n = - (P n -iQn- 2 -Pn-iQn-x) = ( “ ] ) n ^ an <* 

hence that — — (-l) w — — — . Also { — - — \ is down-way and con- 
Qn Qn - 1 QnQn-l ^Qn-lQj 

verges to zero.] 

' 15. Shew that the series of term-sequence A is 

\7l X t i ( 7V — x ) X t 1 J 

convergent for any value of x but not uniformly convergent in the neigh- 
bourhood of x ~ 0. 

[However large n may be, there is always a value of x which makes 
Tix -f Ifinx) =2, namely x = l/7i. Thus it is impossible to find n such that 
nxl(n 2 x 2 + 1)< e for the same n.] 


16. Prove that the series of term-sequence {f n {x)} is absolutely and uni- 
formly convergent in a range (a, b) of x if, for each value of x in it, 
| f n (x) | ^ M n y a constant, and the series of term-sequence {M n } is convergent. 

n-fp [ n+p 

[The result follows by comparing 2 f r ( x )\ with 2 M r . The .criterion 
is known as Weierstrass’s test.] r=n * r==n 

{ sun Tix\ 

n p - j f (P>1)> i g uniformly 

convergent in any range of x. 
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EXAMPLES VII 

APPROXIMATIONS. ORDERS OF MAGNITUDE 

1 . Prove that the fractional error made in writing (a + x) 2 —a 1 + 2ax is of 
the second order in x. If \xja\< 1/10™, (m a positive integer), shew that the 
fractional error is less than 1/(8 x 10 2m-1 ) whether x is positive or negative. 
Hence shew that (3*004) 2 =9*024 with a fractional error less than 1*8 x 10~ 6 . 

2. If x, y are of the same order of magnitude shew that the fractional 
error made in writing (a + x)(b +y) =ab( 1 + x\a +yjb) is of the second order 
of smallness. Shew that if | xja | < | l/10 m , | y/b | < l/10 n , (m, n positive 
integers), the fractional error is less than 1/(8 x 10 m+n_1 ) whether x, y are 
positive or negative. Verify that the fractional error made in writing 
3 004 x 4 005 = 12 031 is loss than 1-7 x 10“*. 


1 1 / x\ 1 1 x 2 

3. Establish the identity = -( 1 - - _ 7 — and hence prove 

J a+x a\ a) al+x/aa 2 


1 


that the fractional error made in writing = - ( 1 — ^ is of the second 

. . a + x a\ aj 

order in x. 

If \xja\< 1/10™ shew that the absolute error is less than l /(a x 9 x 10 2 ™" 1 ) 
whether x/a is positive or negative. 

Prove that, in the same case, the fractional error made in writing 
x/(a + x) ---xja is less than 1/10™. Hence shew that the fractional error made 
in writing 0 02/5*02 =0*004 is less than 4 x 10~ 3 . 


. m i i t a+x a f . x y 

4. Shew that j = rllH t — 

b + y 6 l a b 


xy 1 +x/a fy 
fib 1 + y/b 


«)’>• 


Investigate barriers to the absolute and fractional errors made in writing 

— = rfl+--Tr’) when \x/a\< 1/10™, |y/6|<l/10 n . Employ the approxi- 
b + y b\ a o / 

mation to calculate 7*03/5*02 and estimate barriers to the errors. 

5. Employ the identities in Ex. 2, Set III, to determine barriers to the 
absolute and fractional errors made in writing *J(a +x) = \Z°(1 +i x l a ) when 
\x/a\< 1/10™. Evaluate s/8-987 by this means and estimate barriers to the 
errors. 

1 i / ££\ 

6. Shew that the fractional error made in writing -77 ; = — — ( 1 -4- ) 

• , & v (a+x) >Ja\ 

is of the second order in x. 

[In the expression for the error rationalize the numerator.] 


7. Shew that if p, q are positive integers, (a +x) q is equal to 
J . „ 2 J- a P(y , “ 2 +2^ -3 + ... +q- 1) -q(y p ~* + 2y +p - 1) 

aq + q Xa9 ~ xa + ) a 

where y — ( 1 4 -x/a) 1 ^. 

Hence find upper barriers to the absolute and fractional errors made in 
v V p_ y 

writing (a +x) q —a q +~xa q when \xja |< 1/10™, (m a positive integer). 


W.b,m.a, 
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EXAMPLES VIII 

LIMITING VALUES OF FUNCTIONS 

1. Shew that the following functions are potentially continuous at the 
values indicated, and find the completing value in each case : 


(« ^.±£>,,* = 0); 


(ii) j-y 


... x 2 -a 2 . 

(m) -■ — (*=«); 


.. . x>-2x* + 2x-l ... . . (* 3 -l)(x‘-l) . , .. 

( 1V ) .v.3 i b » (* ^) > ( V ) //» _ 1 2 n’t* i ^) > 


(Vi) 


a; 3 - 3a; + 2 
V(1 + a?) - v/(l -«) 


(a; - l)(a; 2 - 1) 

,0»=O); (vn) - ' ----- , (a: =0) ; 


<»“> ■«•-»)' »** 


(X) 


1 


sin 2 a; 1 - cos a; 


— ,(a;=0); (xi) seea; + tana;, (x — %ji). 


/ / l | 2 \ 

2. Shew that the function — — - is upper potentially continuous 

X\JX 

at a;— 0, the completing value being 

1 _ „/M -x n ) 

3. Shew that if n>m>0, the function j — ^ is upper potentially 
continuous at x =0. In what case is the potential continuity there ordinary ? 
/ 4. Investigate the behaviour of the following functions as a?->0 : 

(i) x~ m ,(m> 0) ; (ii) 1/a; 2 ; (iii) l/sjx; (iv) coseca;; (v) -sin^. 


5. Investigate the behaviour of the functions — ^ 


1 


1 

as 


, , , x^a x - a x-\-ax-a 

x converges to the values -a, a. 

y^/6. Investigate the behaviour of the following functions as x^oo : 

(i) *Jx{sj(x +a) - ^/a;} ; (ii) acos 2 'a; + 6 sin 2 a; ; (iii) x-I(x); 

. 0 „ . „ .,,,.1 ... x - sin a; 

(iv) x cos 2 x 4- x 2 sin 2 x ; (v) x 2 sin- ; (vi) : — . 

v 7 v 7 x x + sin x 


EXAMPLES IX 

DIFFERENCES 

1. Demonstrate the following difference formulae, whore on the left-hand 
sides the increment is due to an increment Aa?, or h, of x : 

(i) a 1 - * 

' cx+d~~ (cx +d)(cx +d +ckx)' 

^ ^ ax+b_ (ad -be) Ax 

' 7 cx + d~ (cx +d)(cx +d + cAa;) ’ 

(iii) Aa; m — h a; m_1 + x m ~ 2 h + . . . + , (m a positive integer) ; 

(iv) A sin a; =2 cos (a; + JAa;) sin(£Aa;) ; 
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sin A# 


(v) Atan# = 7 — -- 7 — 7 , 

cos x cos (x + Ax) 

(vi) A{x(x -h)(x -2 h) ...(x-mh + h)}~mhx(x-h)(x-2h) ... (x - m/H- 2h ) ; 

1 mh 


(vii) A 


x(x +h)(x +2h) ... (x +mh -h) x(x +h)(x +2h ) ... (x -\-mh) ' 


2. Prove that if y = \ (a +#) - *J(ax), where 0< a< x, Ay /Ax - 1{1 - *J(a/x)} 
is positive when Ax >0, and hence that y is strictly up- way. 

3. If P n (x) =a 0 +a x x + ... +a n x n , prove that A n P n (x) —a n h n n\. 

4. Establish the results : 

yyi ! 

A n {x(x- h)(x- 2h ) ... ( x-mh + h )} ^ , h n x(x- h)...(x-mh + nh + h), 

fan \ 

x(x -\-h)(x +2h) ...(x -\~mh - A) 

= < -l\n(™± n - l ) l h n 1 

' ' (m - 1 ) ! x(x + li) . . . (x + mh + nh - h) ' 

5. Shew that A n sina; = 2 n sin(u; + hnh + ^H7i)sin w \h, and deduce the value 
of A n cos x. 


6 . If f(r) and Ar = l, shew that 


A n f(r)=f(r. 


(q-/?)(«-/8-l)...(g-/?-» + 1) 


0 ? +r + l)(/?+r +2) ... (p + r + n) 

7. Prove that if {w n } is a sequence such that u n+1 - au n =0, (a constant), then 

n - 1 

u n =a n u 0 , and that if u n , x -au n =f(n), then u n =a n u 0 -f 2 a n-r_1 /(r). 

r — 0 

If f(n) =k n f shew that u n is equal to a n u 0 + (a n -k n )/(a -k) if k=^a f and to 
a n u 0 +na n ~ l if k — a. 


8. If {u n } is a sequence such that u n+1 u n +au n + 6 =0, (a, b constants), verify 
that 


, f la , _„ >0 


{l) u 0 (A" -/ 1 ") -V(A" -1 


where A, ^ are the roots of the equation x 2 + ax +b — 0 ; 

r> w 0 sin(n -f l)a> -Rsinncp 

(11) w n =.R - Q - rr* lf l a -b< 0 , 

w t^ 0 sin n(p - R sin ( n - 1 ) (p 

where R — */&, ^6 cos cp — - \a, >Jb sin (p — *J(b - Ja 2 ) ; 

, (n + l)u 0 -\-\na . c , „ , _ 

(m) «.= - K^ + ^n-Da ^^ ~ 6=0 - 


9. Shew that the equation u n+1 u n -f au n+1 + 6w n + c = 0 is reduced to the 
form v n+1 v n + fiv n + y — 0 by putting u n + a — v n , where /9=6-a, y—c-ab. 
Hence solve the equation in one of the forms given in the preceding Example. 


10. If w n+a +au n + x +bu n = 0, verify that 

(i) (A - y)u n =u 1 (P l - y n ) ~y n ~ l ) if \a 2 - b >0 ; 

(ii) u n sin (p =R n ~ 1 {u 1 sin n<p -u 0 R sin (n -l)q)} if \a 2 -b< 0 ; 

(iii) u n ={nwj-f \(n - 1 )au 0 }( - ja)”' 1 if \a 2 -6=0; 

where A, y, R, (p are as given in Ex. 8. 
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II. If 6w nf2 - 5u n+1 + u n —0 and u 0 = 1, u 1 = J, prove that u n — ~ + 3 n • 

Hence shew that the sum-sequence {s n } has the focus 1. 

[Employing the notation of Art. 61, the equation can be written 
(6E 2 - 5E + l)u n — 0, or (3E - 1) (2E - l)u n =0. On putting (2E - l)u n —v n , 
so that (SE ~l)v n =0, we get v n =v 0 (l) n , and hence 2u n+1 -u n =v 0 ($) n , 
Similarly, putting (3E - \)u n — w n , we get 3 u n+1 -u n =w 0 (%) n . Hence 
u nn =:W (i(l) n ~ v o(i) n ’ An d v o> w o are determined from the fact that u Q — 1. 


12. If U nl 2 +au n _ l J + bu„ =/(»), verify that 

(i) (A - ti)u n =Ak n + B/i n + ”i 2 (A"- 1 - 1 - n n ~ r ~ 1 )f(r) if i«=-6>0; 

r — 0 

n-2 

(ii) u n sin <p —R n (A cos yup + B sin n(p) -f 2 B n ~ r ~ 2 sin (n -r - l)(p .f(r) if 

|<l 2 — 6< 0 ; r=0 

^ 2 

(iii) u n =(A +nB)b n l-+ 2 (n -r - 1) ( - la) n - r ~ 2 f(r) if {a* -b =--<) ; 

r = 0 

and determine, in each case, the constants A, B in terms of u 0 , u v 

13. If u n - 4M n-1 4- 5u n _ z - 2u n _ z =0 and w 0 = l, u 1 - 0, u 2 — -5, prove that 
u n - 3(n 4- 1) 4-2 -2 W + 2 . 

14. If w n+2 -f 2^ n4 . A +w n =0, (A: 2 < 1), and w 0 =0, provo that 

IWTl 

u n =A sin , whero r is a positive integer, n lies between 0 and wt, and A 
is a constant. 

[We find that k— - cos rnjm).] 

15. At a regularly recurring market two firms purchase each other’s goods. 
I’ho value of the goods purchased by each is proportional to the value of the 
goods sold to the other at tho preceding market. Investigate formulae for 
the values of the goods bought by each firm at any market. 

Consider also the case whero tho value of the goods purchased by one firm 
is proportional to the average value of the goods sold by that firm at the two 
preceding markets. 


16. The position of each of n blocks which are at equal distances a apart 
along a straight line is elastically controlled so that a force kx is required to 
displace a block any distance x along the line. Each adjacent pair of blocks is 
now connected by a link of length a, the tension required to extend a link by x 
being Kx. If a force F is applied to one end block in tho line of the 
blocks, shew that the consequent displacement of the other end block is 
F X - 1/A 
k X n - l/X n 

Obtain an expression for the displacement of the first block. 


”i7i" • where A = 1 + A + V(l + A) • 
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CHAPTER II 

DIFFERENTIATION OF FUNCTIONS OF A SINGLE VARI- 
ABLE. APPLICATION TO ALGEBRAIC FUNCTIONS 

65. Introductory Remarks. 

The primary concern of the Differential Calculus is, as we have 
already remarked, the investigation of the instantaneous rate of 
variation of one quantity with respect to another. Throughout the 
earlier part of this Book we shall be concerned chiefly with functions 
of a single variable (monometric functions), and in the present 
Chapter we investigate conditions for the existence, and rules for the 
formation, of the instantaneous rate of variation of such a function 
with respect to its argument. Much of the matter here given is of 
a general analytical nature and the results established apply to a 
large class of functions. The theorems demonstrated are illustrated 
by means of ordinary algebraic functions, with the general character 
of which the student is supposed acquainted. The fundamental 
transcendental (non-algebraic) functions receive separate treatment 
in Chaps. VI, VII, where they are defined and have their principal 
properties investigated. Simple geometrical applications of the 
Calculus are introduced in the present Chapter and are illustrated 
by means of graphs of algebraic functions. 

66. Average and Instantaneous Rates. 

As explained in the introduction to Chap. I, the instantaneous 
rate of increase of one quantity with respect to a second quantity at 
a particular value of the latter is defined by means of a consideration 
of the average rates of increase of the first quantity for incre- 
ments of the second quantity which start at the particular value 
of that quantity. In order that the instantaneous rate may exist, 
it is necessary that the values of the average rates should close up 
to equality when the increments of the second quantity which are 
considered are continually and indefinitely diminished. The value 
to which the average rates close up is then defined to be the instan- 
taneous rate in question. We proceed to introduce the recognized 
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symbolism for the process described and thereby to remove any 
doubt as to the meaning of the language employed. 

The two quantities considered are represented by two mathe- 
matical variables y, x, the second, x , being the independent variable 
or argument with respect to which the instantaneous rate of increase 
of the first, the dependent variable or function , y, is to be defined. 
Let x x be the particular value of x for which the rate is considered, 
and let y x be the corresponding value of y. The increment x - x x of 
the independent variable from x x to a typical value x (greater or 
less than x x ) is denoted by Ax, and the corresponding increment, 
y-y x , of y by A?/, as in Art. 60. 1. If we introduce the functional 
symbol f(x) for y, we have 

A y=y-yi=f(x) -fix,) =f(x 1 + /±x) -fix,), (l) 

and the corresponding average rate is then represented by any one 
of the forms 


A y y-y, fjx) - fix ,) fjx, + Ax) -fix,) 
Ax 5 x - x x 9 x - x x 5 Ax 


To express the condition of the closing up to equality of the 
average rates, we introduce another pair of increments x ' - x x , or 
A'x , and y f - y x , or A'y , of the two variables, the corresponding 
average rate being A'y / A'x. We consider the difference 


Ay _ A'y 
Ax A'x 


( 3 ) 


of any (every) such pair of average rates, with the proviso that the 
magnitudes of Ax , A'x are less than a certain positive number h . 
If, now, we choose a positive number e, as small as we please, the 
condition in question requires that for some positive value of h 
(depending on e) the magnitude 


Ay _ A 9 y 

Ax A'x 


( 4 ) 


of the difference of the two rates should be less than e for any (every) 
such pair. Symbolically, the condition is expressed by 

— - ^ 7 “ I < e (arbitrary) if | A x\<h, | A'x J < h (appropriate). (5) 


/\?y fix') fix ) 

Now (i), or ,/ -A-a — l AM. is a function of x which is defined in the 

l\X x — x x 

range of definition of f(x) except for the value x x which makes the 
denominator vanish ; (ii), the condition of closing up just given is 
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as in Art. 54, the condition that the function Ay/Ax should be 
potentially continuous at the value x x of x\ (iii), the value defined 
as the instantaneous rate is the completing value at x x of this 
potentially continuous function. For, if we denote this value by 
we have, as in the Article referred to, 


Ay 

Ax 


~N i 


<e (arbitrary) if J Ax\ <h' (appropriate), 


( 6 ) 


so that N x is the value to which the average rates close up. 

Thus we can state that the existence of an instantaneous rate at x x 
requires that the average rates with starting value x x should be a f unction 
which is potentially continuous at x v and the value of the instantaneous 
rate is then the completing value at x 1 of that function . 

With the symbolism of Art. 54, the completed function is denoted 

by and the completing value at x x by (^) > bid the symbol 


for the instantaneous rate which is actually adopted is much neater. 
It is given a little later. 

If, instead of the language of potential continuity, the language 
of limits is employed, the symbol for the instantaneous rate as a 
completing value is replaced by the limit-symbol 


lim 

X-+X\ 


Ay 

Ax' 


or 


lim 

Ax— >0 


Ax ' 


(?) 


It should be carefully observed that these definitions require the 
consideration of both positive and negative values of Ax, the typical 
value x lying in a two-sided neighbourhood of x v Instantaneous 
rates defined by the consideration of a one-sided neighbourhood are 
dealt with in Art. 76. 

In the case of ordinary algebraic functions, with which we are at 
present concerned, algebraic transformations, valid provided Ax=f0, 
of the quotient AyjAx often lead very simply to a function of x 
which is actually continuous at x x , and the value there of the con- 
tinuous function formed is the completing value of this quotient, 
that is, is the instantaneous rate sought. In the case of the trans- 
cendental functions, which we consider in Chaps. VI, VII, special 
investigations are required to establish the potential continuity of 
AyjAx and to find its completing value. 

We may observe here that the condition of potential continuity 
of AyjAx requires that y should be a continuous function of x at x x , 
for otherwise there would be some number, e f say, for which 
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I Ay | ^ e for a value of | Ax | however small, and hence | AyjAx | 
would take indefinitely large values. 

It must also be pointed out that the condition of continuity of 
the function y or f(x) at x x is not of itself sufficient to ensure the 
potential continuity of the function Ay/Ax there. It is, in fact, 
possible to define functions which, while being continuous in a range, 
do not possess the above property at any point of the range. 1 

We now proceed to consider some elementary examples of the 
determination of instantaneous rates. The first two of these are, in 
substance, trivial but are inserted to illustrate the mode of argument 
in the simplest symbolic cases. 


Ex. 1. The function y —c (constant). Here 

V ~Vi —c -c =0 (8) 

and therefore ^=0 (9) 


The right-hand side of the last equation is a continuous function of x and 
has the value 0 at x v which is therefore the instantaneous rate there. 


Ex. 2. The function y =x. Here 

y ~Vi= x -x 19 ( 10 ) 

and therefore X^“l ( 1 1 ) 


The right-hand side of the last equation is a continuous function of x and 
has the value 1 at x v which is therefore the instantaneous rate thore. 


Ex. 3. The function y=x 2 . Here 

y -y x =x 2 -x 1 2 =(x-x 1 )(x+x 1 ), (12) 

A y 

and therefore = . x + x x (13) 


The right-hand side of the last equation is a continuous function of x and 
has the value 2x 1 at x lf which is therefore the instantaneous rate there. 

The student should shew directly that the e-condition for the existence of 
the completing value is satisfied in this and the next Example. 


Ex. 4. The function y—x z . Here 

y -y x =x z -x x 3 =(x -x x )(x 2 + xx x + x x 2 ), (14) 

A y 

and therefore = x 2 + xx x + x x 2 (15) 


The right-hand side of the last equation is a continuous function of x and 
has the value Zx x 2 at x l9 which is therefore the instantaneous rate at x x . 

Ex. 5. Shew that for the functions x A , x 6 the instantaneous rates at x x are 
4aq 3 , 5aq 4 , respectively. 

1 See, for example, Pierpont, Functions of a Real Variable , Vol. II, p. 498. 
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67. Introduction of Standard Notation for Instantaneous Rates. 

In the preceding discussion the starting point x x was any point 
within the range of continuity of the function y or f(x). We now 
discontinue the practice of using a suffixed letter for such a point 
and employ instead the letter x. The increment of the argument 
will be from x to x ', say, the corresponding increment of the function 
being from y to y\ These are denoted, as before, by Ax, A y. The 
instantaneous rate of change of y with respect to x at the typical 
point x will now be symbolized by 



A y 


ox lim ' . , 

X -+X 


or 


lim 

Ax — ► 0 


A y 

Ax* 


(i) 


In the Differential Calculus, the process of finding the instantan- 
eous rate for a given function y is described as finding the derivative 
of the function y or differentiating the f unction y for the chosen value 
of x. The instantaneous rate is called the derivative or the differential 
coefficient of the function y with respect to x at the chosen value. 
The regular symbol employed for the derivative is the modification 

of arrived at by changing A (the Greek D) into d, that is, it is ^ . 

This change is to be regarded as indicating that a limit-process has 
Ay 

been applied to ^ in which the increments are indefinitely dimin- 
ished. In symbols, 


dy 

dx 


./A y\* _ 
"\A x) x 


Ay 


lim . . 

Ax— >0 AX 


•( 2 ) 


It must be emphasized that, on account of the way in which 

is introduced, no meaning is here attached to the separate symbols 

dy, dx. The symbol for the derivative 1 is also written in the 
‘ solidus 5 form dyjdx. 

The symbolism here described is called the Leibniz notation for 
the derivative. If y is replaced by its functional symbol f(x), we 
df(x) d 

have the form > which is often changed to ^f(x), the correspond- 
ing ‘ solidus ’ form being df(x)/dx. Other notations for the derivative 
are introduced in Chap. Ill, Art. 86. The most important of these 
is the modification f(x) of the symbol f(x). This is freely used at a 
later stage. 

1 The symbol is read ‘ dy by dx> not ‘ dy divided by dx' 
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The value of the derivative at any special value of x , say x l9 may 
be indicated by the addition of a suffix to the general derivative 

symbol. Thus we write for it , or simply 


\dx' 


The 


notation /'(a^) is also employed for the same purpose. 




Ex. 1. Prove that if y is a differentiable function of x, then 

d( -y )_ dy 

dx dx 


(3) 


If a function has a definite derivative at each point of a range, it 
is said to be differentiable in the range . The functions considered 
above, namely c, x , x 2 , x 3 , x 4 , x 5 , are differentiable functions in any 
range of x, and we have the following summary : 

Function c x x 2 x 3 xt x 5 

Derivative 0 1 2x 3x 2 ix 3 5x* 


The notion of the dimensions of formulae, explained in Art. 64. 2, is appli- 
cable to the derivative dyfdx. We have seen in that Sub-article that if y is 
of n dimensions relative to x, A?/ /Arc is of n - 1 dimensions, that is, Ay /Ax is 
multiplied by k n ~ l when x is replaced by kx for all relevant values of x. There- 
fore the limit of Ay I Ax when Arc->0 is multiplied by k n ~ x when x is replaced 
by kx. Thus the derivative dyfdx is of dimensions n - 1 relative to x. In 
particular, if x, y are of the same dimensions, dyfdx is of zero dimensions. 


68. Illustrations from Mechanics and Physics. 

We now introduce the Leibniz notation for certain of the instan- 
taneous rates employed as illustrations in Art. 1, Chap. I. Thus the 
velocity of a particle moving along a straight line is defined as the 
instantaneous time-rate of increase of displacement of the particle. 
Let x denote the algebraic distance of the particle from an origin 0 
on the line at the (instant of) time t. Then dx/dt is the symbol for 
the rate of increase of x with respect to t at any instant, and this 
therefore symbolizes the velocity, v say, of the particle, so that 


v — 


dx 
dt * 


(i) 


In the same way, dvjdt is the symbol for the time-rate of increase 
of the velocity, that is, it is the symbol for the acceleration, a say, 
so that 


a 


dv 
dt * 


( 2 ) 


Again, if w is the work done by the propelling force on a particle 
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from some fixed instant up to the instant t , dwjdt is the time-rate 
of work or power, p say, at that instant, so that 


P = 


dw 

dt 


.(3) 


In the same way, the force exerted, F say, is given by 

dw 


F = 


dx’ 


•( 4 ) 


when the work is specified in terms of the position x reached by the 
particle. 


69. Geometrical Interpretation of the Derivative. 

Let AB (Fig. 26) be the graph of the function y in a certain range 
of x relative to given rectangular axes Ox, Oy, the scales along 
these axes being the same. 

Let P x , (x x ,y x ), be a chosen 
point and P , (x, y), any 
neighbouring point on the 
curve (on either side of 
P x ). Also let the secant 
through P x , P cut Ox in 
R, and denote the angle 
xRP , that is, the slope of 
the chord P X P to Ox, by 
cp, as shewn. Drawing 
P X M X , PM perpendicular 
to Ox and P X L parallel to 
Ox to meet MP in L, 
clearly LLP x P=cp. Also P x L = OM ~~0M X , LP — MP - M X P X , so 
that, in terms of the unit of scale, 


P x L = x-x x = Ax, LP = y -y x =Ay, (1) 

and hence 

= jr£ = tan l LP X P = tan <p (2) 


The closing up to equality of the values of Ay/Ax as x -> is thus 
geometrically equivalent to the closing up to equality of the values 
of the trigonometrical tangents of the slopes of the chords such as 
P t P as P moves up to P x from either side. The slopes of the chords 
will then also close up to equality, and this is equivalent to the state- 
ment that there is a definite tangent line P 1 T 1 at P x and that its 
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slope is the common value to which the others converge. If this 
slope is denoted by ip l5 we thus have the relation 

<3) 

The quantity tan ip ± is called the gradient of the tangent line at P l9 
or simply the gradient of the curve at P x , relative to Ox. 1 Dropping 
the suffix, we have, for any typical point on the curve AB, 

~ tan f, (4) 


where the axes of reference are rectangular and the scales along 
them the same. 


70. Convention for the Measurement of the Slope ip. 

In arriving at the above result (4), the slope ip of the tangent to 
the curve at the point considered was taken to be an acute angle. 
We now introduce a convention for the measurement of ip under 
which the result is always true (for rectangular axes). The slope ip 
of the tangent line at any point , relative to Ox, is defined as the 
smallest angle of counter-clockwise rotation required to bring this axis 
into parallelism with the tangent line. 2 The 
angle ip therefore lies in the range (0, n). 

For the case illustrated in Fig. 26, y 
increases with x in the neighbourhood of 
Pi, (dyjdx) Xx is positive and so also is tan ip x . 

A second case is illustrated in Fig. 27. 

Here y decreases in the neighbourhood of 
P x as x increases, (dy/dx) Xl is negative and 
so also is tan ip x . 



The letter g is frequently employed as the symbol for the gradient 
at any point, and the functional form g (x) is used when it is desired 
to indicate its dependence on the value of the abscissa x. Thus we 
write 3 


dy 

dx 


= tan ip=g=g(x). 


(1) 


1 The slope and gradient of a curve relative to Oy are defined in Art. 78. Without 
specification, the slope and gradient are always to bo taken as referring to Ox. 

2 This convention introduces only the orientation of the tangent relative to Ox. 
Subsequently we shall introduce a more general convention for the measurement of 
xp in which a direction (or sense) is assigned to the tangent ; see Chap. XII, Art. 280. 
The above result (4) is, however, unaffected. 

8 The symbol g , or g(x), is often employed below simply as a substitute for dy/dx , 
even when there is no reference to a graph. 
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The value of the gradient at a special value x l9 say, may now be 
denoted either by g x or by g(x j). 

The sine and cosine of the slope ip follow at once from (1). Thus, 
employing the symbol (sig g) to denote the algebraic sign of g , as 
in Art. 52. 1, 

sin w= |tan,w| - Igl -(«j 0a ) 9 ( 2 \ 

f J(l + tan 2 yj) +g 2 )~ ( ' gg) J(1 +g 2 ) ’ (2) 

this sine being always positive, and 


sinw , . . 

: i^£=( sl g o) 


VU +<f) 


If the gradient vanishes at a point on a curve, this point is referred 
to as a point of zero gradient on the curve, and the curve is said to 
have zero gradient there. Since tan xp now vanishes, the slope ip is 
equal either to 0 or to -n and the tangent is parallel to Ox. It is then 
often described as ‘horizontal’. At a point of zero gradient the 
relation dy/dx = 0 holds, according to (1). 

A second special case is that in which the tangent at P 2 is parallel 
to Oy , or is ‘ vertical,’ as represented in Figs. 28, 29. In Fig. 28, 
the slope ip at any neigh- 


bouring point P is less 

y- 

\ 

p ^b y\ 



than , and there is a de- 






finite positive gradient 



/ 

A 


(or derivative) at each 






such point. As P moves 


PA 

\ 


i 

up to jP 1? the corres- 


J 



lA 

ponding values of the 


/J 


2 U 

ivy - 

slope converge to \n and 

0 

npM 

x 0 

Ty 

> * 

those of the gradient (or 


Fig. 

28. 

Fig. 

29. 


derivative) , while re- 
maining positive, increase indefinitely. We thus adopt the conven- 
tion that, at P l9 tant/q=-f-Go, and write (dy/dx) Xl = -f go . If we 
consider the ratios of increments with P 1 as starting point, these 
results correspond to the fact that all the values of Ay/Arr can be 
made to exceed any number, however large, by taking the range 
of values of | Ax | sufficiently small. 

For the case illustrated in Fig. 29 there is a definite negative 
gradient (or derivative) at any point P in the neighbourhood of P lf 
and as P moves up to P x the corresponding values of the gradient 
(or derivative) diverge to — go . By convention we say that in this 
case tan ip x — - <*> , and we write (dyjdx) Xl = - oo . 
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In the above cases the increase (decrease) of Ay/ Ax is systematic 
as | A# | -> 0, and we express the results dyjdx — -f oo , dy/dx = - oo 
in words by saying that at P 1 the function has a positive infinite 
derivative or a negative infinite derivative, as the case may be. 
The general term definite-infinite is employed to describe such a 
derivative. 

If the curve is as shewn in Fig. 30, the ordinate y is not a single- 
valued function of x in the neighbourhood of P v Such cases do not 
fall within the range of the present discussion, 
and are postponed until Art. 76. 

Ex. 1. The functions x 2 , x 3 , x 4 , x 5 . When x = 0 the 
gradients of the graphs of these functions are all zero 
and the tangents therefore horizontal. This follows 
from the fact that in each case dyjdx =0 when x =0. 

Ex. 2. Find the gradient and slope of the curve 
y—x 2 at each of the points whose abscissae are 
-3, -1, 1, 3. 

Since dyjdx = 2x, we have tan \p—2x, and hence Fig. 30 . 

the respective gradients sought are -6, -2, 2, 6. 

The corresponding slopos are, in radians, 1-73595, 2-03444, 1-10715, 1-40565, 
or, in degree measure, 99° 27' 44", 116° 33' 54", 63° 26' 6", 80° 32' 16". 

Ex. 3. Find the angles at which the curves y =x 2 , y —x z intersect. 

The abscissae of the points of intersection are 0, 1. For the quadratic 
parabola y =x 2 , we have dyjdx =2x, and for the cubic parabola y=x z , 
dyjdx = 3x 2 . When x=0 the derivatives vanish, and when x = l they have 
the respective values 2, 3. 

Let 0 V 6 2 be the corresponding acute angles of intersection of the (tangents 
to the) curves. Then evidently 0 1 = 0. Also, if yq, y> 2 are the slopes of the 
respective curves when x = 1, we have tan yq =2, tan y> 2 =3. The tables now 
give yq = 1-10715, tp 2 = 1-24905, and hence 

0 2 = yq - yq =0-14190^8° 8' (4) 

This procedure for the evaluation of 0 2 requires two references to the 
tables. One reference only is required if we employ the formula 



which in this case gives 


tan 0 2 = 


tan y> 2 - tan yq 
1 -f tan yq tan xp 2 


tan 0 2 = 


3-2 
1 +6 


1 

7 * 


(5) 

( 6 ) 


71. Fundamental Theorems for the Differentiation of Functions built 
up of Elementary Functions. 

The definition of the derivative of a function y for the value x x of 
the argument as the completing value there of the potentially con- 
tinuous function Ay /Ax, enables us to establish in a simple manner a 
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system of rules for the differentiation of sums, products and quotients 
of differentiable functions by applying the general theorems of Art. 
24, dealing with the continuity of combinations of continuous 
functions. 


71.1. Theorem I. Derivative of a sum . Let u y v be two functions 1 
of x each possessing a definite derivative at the point x v Denote 
their sum by y, so that y = u + v. If Aw, Av, A y are the respective 
increments in u, v , y corresponding to an increment A# from x x as 
starting point, we have 

Ay = Aw + Av, (1) 

and hence, provided Ax=f0, 

Ay bu^kv m 

Ax~ Ax Ax K 1 


Now the function on the right-hand side of (2) is the sum of two 
functions each of which is potentially continuous at x 1} since u , v 
each have a definite derivative there. It is therefore potentially 
continuous there and its completing value is the sum of the com- 
pleting values of the two terms, namely, (^j£) + (^) • Hence the 

function Ay/Aa; is potentially continuous at x x and its completing 
value there is this sum. It follows that there is a definite derivative 
of the function y at x 1 and that its value is given by 


\dx' 


0 + 0 ,. < 3 > 


Dropping the suffix, we have, for any typical point x f 

d{u + v) __du dv 
dx ~ dx dx’ 


•(*) 


which is the symbolic statement of the theorem to be demonstrated. 
Thus the sum of two differentiable functions is itself a differentiable 
function and its derivative is the sum of the separate derivatives. 

In the same way, if we start with y — u-v , we find 

d(u~v)__du dv . . 

dx ~ dx dx ’ ' 


a result which also follows by writing y = u+ (-v) and using the 
result of Ex. 1, Art. 67, which makes d( -v)ldx= - dvjdx . 

1 The argument x can be indicated in the symbols for the functions, if desired, 
by writing them as u ( x ), v (#). 
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71. 2. Theorem II. Derivative of a product . Consider next the 
product uv , which we denote by y. With the above meanings for 
A u, Av, Ay, we have 

Ay = ( u x + A u) (v x + Av) - u 1 v 1 

= A u .v + u x . Av (6) 

Therefore, provided Axf^O, 


Ay _ An 


Ax Ax 


-r— V 4" u i 


Av 
Ax ‘ 


(?) 


Now the function on the right-hand side of (7) is potentially con- 
tinuous at x lf being the sum of two functions which are potentially 
continuous there. This follows from the fact that AujAx , Avj Ax are 
potentially continuous at x lf while v is continuous and u ± constant 
(and therefore continuous) . The completing value of the right-hand 


side is therefore 


fdiC' 

\ ( ( 

\dx' 

X, 


dv\ 

dxK 


which is also the completing 


value of the potentially continuous function AyjAx at x v There is 
thus a definite derivative at x x given by 



v 1 + u 1 



Dropping the suffix, we have, for any typical point x , 


( 8 ) 


d(uv) du dv 

dx dx V dx’ 


( 9 ) 


which is the symbolic statement of the theorem to be demonstrated. 
Thus the product of two differentiable functions is itself a differ- 
entiable function and its derivative is formed by differentiating 
each factor in turn, keeping the other factor unchanged, and then 
adding the two results so obtained. 


71.3. Theorem III. Derivative of a reciprocal. Consider next the 
function l/v and suppose that at the point x x considered, v does not 
vanish. We then have 


1.11 Av 

Vi=^> &y=; T-.r=-: 


V v x 


vv. 


.( 10 ) 


and hence, provided Ax=^0, 

m) 

Ax vv x Ax } 

The function on the right-hand side of (11) is potentially con- 
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tinuous at x l9 its completing value being , and, as before, 

v i *\ax' Xx 

there is a definite derivative of y at x x given by 

O, r -*(*).■ (,2) 

Dropping the suffix, we have, for any typical value x , 
d( l/v)_ 1 dv 

dx ~ v*dx’ v ' 


provided that v does not vanish. This is the symbolic statement of 
the theorem in question. Thus the reciprocal of a differentiable 
function is itself a differentiable function, provided that the original 
function does not vanish at the point concerned. 

71.4. Theorem IV. Derivative of a quotient. We now consider the 
quotient y — ujv , (vf=^0). This is brought back to the product of two 
differentiable functions by writing it in the form 

y= u \ ( 14 ) 

We now have 

n>. 

+ (V Theorem IH), 

__du 1 u dv , . wv 

~~dxv~tfdx' ( } 


which is a symbolic statement of the theorem in question. 
The result is often written in the symmetrical form 



du dv 
V Tx~ U dx 

: 


(16) 


which is, perhaps, rather easier to memorize. It is, however, not 
always so convenient as (15), and the student should practise dif- 
ferentiating quotients as often by the direct application of the rule 
for a product as by employing the above rule (16). 

71.5. Generalizations of the above theorems, (i) Consider the sum 
y = u~\-v-\-w, where u , v> w are differentiable functions of x. Writing 


y=z J \ r w > where z=u + v, (17) 

I M.B.M.A. 
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(18) 


The generalization of this result to the case of any finite number 
of differentiable functions is immediate, and we conclude that the 
derivative of the sum of any finite number of such functions is the 
sum of the separate derivatives. 

(ii) Consider next the product y~uvw. Writing 

y — zw , where z—uv , (19) 

we have, by Theorem II, 


dy dz dw __d(uv) 
dx dx WJrZ dx dx 


dw 

w + uv 7 = 


dx \dx 


du dx A 

v+u dj 


w + 


uv 


dw 

dx 


du 

dx 


dv 

VW + U-J- w -f uv 
dx 


dw 
dx * 


( 20 ) 


The generalization of this result to any finite number of differ- 
entiable functions is also immediate. We conclude that the deri- 
vative of the product of any finite number of such functions is 
found by differentiating each factor in turn, leaving the other 
factors unchanged, and forming the sum of all the results so obtained. 
Thus we have 


d(uvw ...) du 
dx ~ dx 


vw 


dv 

tWi w ... + uv 
dx 



(21) 


.( 22 ) 


This result may also be written in the more compact form 

1 dy __ 1 du l dv 1 dw 
y dx u dx v dx w dx ’ 

obtained by dividing throughout by the product uvw... , assumed 
not zero, and writing y in place of it on the left-hand side. 

71. 6. Special cases of the general theorems, (i) The function u + c , 
(c constant). We have, by Theorem I, 


d(u-\-c)_du dc 


dx 


dx dx’ 


.(23) 


and since dc/dx = 0 , as in Ex. 1 , Art. 66 , this becomes 

d(u+c) du (9A ^ 

dx dx ^ 


The geometrical interpretation of this result is that if the corre- 
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sponding ordinates of two curves differ throughout by a constant, 
the corresponding gradients are equal. 

(ii) The function cu, (c consta?it ) . Theorem II now gives 


d (cu) dc du 

\ -= T tt+C r : 

dx ax dx 


since dc/dx vanishes. Hence the derivative of a constant multiple 
of a differentiable function is the product of the constant multiplier 
and the derivative of the function. 

Interpreted geometrically, this means that if all the ordinates of 
a curve are changed in a given ratio, the gradient is changed in the 
same ratio. 


Ex. 1. The Junction au +b, ( a , h constants). Here wo have 

d (au + b) _d (au) t db ^du 

dx ~~ dx dx~ dx 


In particular, if u—x, so that dujdx = dx/dx = 1, wo have 

d (ax + b) _ 


Ex. 2. The function a 0 -fcq# +a 2 x 2 + a 3 x z ) (a 0 , a l9 a 2 , a 3 constants). Here 

dd 0 \ 

dx 9 dx 1 dx 19 


Henco 


diawx 2 ) dx 2 d(a r v 3 ) dx 3 „ 

- * — a* ~,-- — 2a 2 x, --= a, - I - = 3« v r 2 

dx 2 dx 1 dx 3 dx 3 


d(a 0 + a^x -\-a 2 x 2 + a 3 x 2 ) _da {) d(a A x) d(a z x?) d(a 3 x 2 ) 
dx dx dx dx dx 


-a 1 + 2a 2 x + 3a 3 x 2 . 


Ex. 3. The function (1 + x + x 2 )(l -x). By the product rule, Theorem II, 
wo have 

d(l + x + x 2 )(\ -x) d(l +x + x 2 ) 9 ,d(l-a;) 

dx = dx (1 -*) + (!+* + **) -T5- 

= ( 1 + 2x) ( 1 -x) + (1 + X + * 2 ) ( - 1)= -3x 2 (30) 

The function is actually equal to 1 - x 3 , and the result obtained follows at 
once by differentiating this expression. 

Ex. 4. The function 1/(1 -\-x), (xi= -1). Write 

y = T ±- = l (31) 

J 1 H- a? u v 

where u = l+x, so that dujdx = 1. Then, by Theorem III, we have 

dy 1 du — 1 

dx~ u 2 dx~~ u 2 9 


(32) 
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” *(rb)—(TTi>> < 33 > 

In a similar way we find 

<«' 

Ex. 5. The function (1 -x)l(l + x), (x=J= -1). Write this in the form 
y =u/v, where u — l-x, v — l +x, so that dujdx — -1, dvjdx = 1. Then, by 
the rule (16) for the derivative of a quotient, we have 


dy ( 1 dx K 1 dx (l+a:).(-l)-(l-a;).l 

dx (1 +W (1 +a - ) 2 


2 

(1 + «)" 2 ’ 


(35) 


Again, treating y as the product of (1 - a;) by 1/(1 + x), we have, by Theorem 

II, 


dy_ djl -x) 1 ,, . d_ 

dx dx 1 + x K dx 
which leads to tho same result. 
We may also write 




-1 

( 1 +*) 2 ’ 


- 


1 +x~ 2 
1 +x 


= -l + 


2 

i +x 9 


...(36) 


(37) 


and the derivative follows at once from Ex. 4 above. 


Ex. 6. Find the angles of intersection of the graph of the function 

y — (x - l) (x - 2) (x - 3) (38) 

with Ox, and the abscissae of the points of zero gradient. 

By the generalization of the rule for the derivative of a product, as 
expressed by (20) above, we have 

= (x - 2) (x - 3) + (x - 1) (x - 3) + (x - 1 ).(x - 2) = 3x 2 - 12* + 1 1 (39) 

The curve cuts Ox when x = 1, 2, 3, and for these values we have, in turn, 
dyjdx= 2, -1,2. The corresponding slopes are therefore 1-10715, J?r, 
1-10715 radians, or 63° 26', 135°, 63° 26'. 

The abscissae of the points of zero gradient are given by 

3a; 2 - 12# + 11 =0, (40) 

and are therefore x—2 x =2 +is/3, that is, x = 1-423 and x =2-577, 

approximately. 

Ex. 7. Find the values of the constants a, b, c of the function y —ax 2 +bx +c 
in order that its graph may pass through the points (1, 2), (3, 1), and, in 


addition, have zero gradient where x =§ . 

Since the points (1, 2), (3, 1) are on the curve, we have 

2 + 6 + c, (41) 

l=9a + 36+c (42) 

Also dyjdx =2 ax + b, and this vanishes when x = g, so that 

0 = 3a + 6 (43) 
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From (41), (42), (43) we find a — -1, b — 'i, c — 1, and the equation of the 
curve is thus y = - Lr 2 + \x + 1 . 

Ex . 8. From a point P, ( x, y), on a curve y—f(x) the perpendicular PN 
is drawn to the tangent to the curve through a fixed point P l9 (&q, y x ), on it. 
It is required to find the rate of 
increase of the distance P X N with 
respect to x as P moves along the 
curve. 1 

Let AB (Fig. 31) be the graph of 
the function f(x) and suppose that 
at P 1 the gradient tan yq is positive, 
so that yq lies in the range (0, 

Let the positive sense for the 
measurement of P X N be taken 
towards the right, as indicated, 
and denote the variable distance 
P X N by x\ Drawing P X L parallel 
to Ox, we observe that the sum of 
the projections of P X L and LP on P X N reproduces P X N, and therefore 

x' — (x - aq) cos yq + (V ~ Vi) sin Vh (44) 

This expresses x ' as the sum of two differentiable functions of x , and since 
aq, y v Yq are fixed, we have 

^ — cos ip 1 + sin = cos vq + tan y) sin yq = cos ( y) - y^i) y), (45) 

where tan is the gradient at P. 

We shall require the value of this derivative at P x , which is obtained by 
putting y) — y ) x , and is therefore given by 

(Sir 860 Vi (46) 

Employing the result (3) of Art. 70, noticing that here g x is positive, we can 
write this result in the form 

(17) 

The student should verify that if g x is negative, the positive sense for the 
measurement of x' being again towards the right, the result obtained is 

(£)*,= -s ec ¥’ 1 =s/ (1 +<7i 2) (48) 

72. Differentiation of Powers of a Differentiable Function; Integral 
Indices. Derivative of x m , (m an integer). 

With the aid of the preceding theorems we are able to write down 
the derivative of a power of a differentiable function, u say, of x, 

1 The results of this Example are employed in Chap. V, Art. 133, in the investiga- 
tion of a formula for the curvature of a curve. 
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when the index is an integer, positive or negative, the derivative 
dujdx being supposed known. 

72. 1. Positive integral index. We consider first the function u m , 
where m is a positive integer. Denoting this by y, we may write 


y — it .u.u..., 


(m factors) 


(i) 


Hence, by the generalized rule for the derivative of a product, we 
have 

dy du du du . 

y ~ .u ... + (2) 

dx dx dx dx 7 


In the expression on the right-hand side of (2) there are m terms 
each equal to the product of dujdx by u m ~ l . Hence 


du 

dx 


-mu" 


L du 
dx' 


(3) 


As a particular case, take u — x so that dujdx — dxjdx —\. 


we have 


dx m 

dx 


= rnx m ~ 1 . 


Then 

....(4) 


We may express this result in words by saying that the derivative 
of a power of x in which the index is a positive integer is obtained 
by reducing the index by 1 and multiplying the power so obtained 
by the original index. This result is known as the index rule for the 
derivative of a power of x. It is here proved only when the index 
is a positive integer, but we shall shew subsequently that it applies 
generally for any power of x. 

72. 2. Negative integral index. Consider next the function u~ m , 
(u 0, m a positive integer), which we write in the form 


l /iy n 



d(i/u) 


du 

If in (3) we replace u by 1 ju and accordingly ? by 
1 du 
u 2 dx 


dx 


, that is, 


by - A , we get the result 


dur m 

dx 



fly 1 - 1 

f 1 du\ 

\u) 

|N 

1 53 

1 

1 

1 du 


* u 2 dx 


™ i du 
— - mu~ m ~ 1 -r - , 
dx 


which follows the same rule as (3) with -m written in place of m. 


(6) 
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In particular, we have 


dx~ m 

dx 


-mx-™- 1 , 


(xf=- 0 ) 


(?) 


This proves the ‘ index rule ’ for the derivative of a power of x with 
a negative integral index. 

72. 3. Alternative method for obtaining the derivative of x m when m is a 
positive integer. The derivative of x m in this case may be found in a variety 
of ways. One of these is now investigated. 

For a starting point x x wo have 

Ay ~x m -x™^(x -xJix™- 1 ^x m ~ 2 x t \-x m ~ 3 x t 2 + ... +a? i w - 1 ), (8) 

and hence 


Ay _ Ax(x m ~ l + x m ~ 2 x l + 
Ax ~~ Ax 


+ x x n 




■ + x m -*x x -f ... 


(») 


provided Ax =£0. Now tho polynomial +x ,m ~ 2 x 1 + ... + Xi m ~ l is continuous 
at x l9 and, sinco it contains m terms, its value there is 7nx l m ~ 1 . This is there- 
fore the completing value of the potentially continuous function Ay I Ax at x x . 
We conclude that 


(dy 

\dx 


= mrr 1 w_1 . 


( 10 ) 


73. Derivative of a Polynomial. 

Let 

y — a 0 x m -f a ^™- 1 + . . . + a m _ x x + a m , 

where the «’s are constants and m is a positive integer. Then 


da Q x m 

ddiX ™- 1 


+ da m-i 

X 

rid/ ^ 

dx 

dx 

-f .. 

dx 

+ 

dx 

dx m 

dx m ~ 

i 


dx 

+ 0 

II 

a 

o 

** 

4- 

— h . 

.. +a m -i 

dx 

— a 0 mx m 

_1 +a 1 (m 

-i) 

£ 771—1 — 1 + 

... 


~ ma 0 x m 

~ 1 + (m - 

i)«i 

x™- 2 + .., 

, -f- d m _ x . 


(i) 


(2) 


74. Derivative of a Rational Algebraic Function. 

Expressing the function as the quotient of two polynomials, we 
have 

_a 0 x m a 1 x m ~ 1 + . .. + a m m 

y ~ 6o*» +&,*>-! +:..+b n ’ 1 ; 

where the a' s and V s are constants and m, n are positive integers. 
The derivatives of the numerator and denominator are obtained as 
in the preceding Article, and the required derivative follows at once 



136 


MATHEMATICAL ANALYSIS 


[OH. II 

by employing the rule for the derivative of a quotient. Thus, 
excluding the values of x, if any, for which the denominator vanishes, 
we have 

( ty __ fi ~ f 2 ^ 

dx (b 0 x n + ... d-/; w ) 2 ’ v 

where 

f 1 ^(b 0 x tl + ... +b n ){ma 0 x m - 1 + (m-l)a 1 x m ~ 2 + ... +a w _x}, (3) 

f 2 ^(a 0 x m + ... +a m ){nb Q x n ~ l + (n - l)^"" 2 + ... + b n _x} (4) 

The theory of elementary (partial) fractions may be employed to 
simplify the form of the function y and hence of the derivative dy/dx, 
but as this theory is not required for the purpose of finding the 
derivative, it is unnecessary to give here the details of the process. 
This theory is referred to again when dealing with the subject of 
Successive Derivatives in Chap. Ill, and is fully expounded in Chap. 
X, Art. 241, when dealing with the problem of Systematic Integration , 
for which purpose it is essential . The relevant portions of that Article 
can be read in the present connection. 


Ex. 1. The functions x 4 , a; 5 , a; 9 , iVa 10 , 1/a, 1/a; 2 , -l/(2a 2 ), 1/a; 3 , 1/a; 8 , l/(9a 9 ). 

The derivatives, obtained by applying the ‘ index rule,’ are, in succession, 
4a; 3 , 5a 4 , 9a 8 , a 9 , -1/a 2 , ~2/a 3 , 1/a 3 , -3/a 4 , -8/a 9 , -1/a 10 , tho value a=0 
being oxcluded from the ranges of the functions after the fourth one written. 

Ex. 2. The function (a- a) 2 . Writing y —u 2 , where u=-a-x, so that 
du/dx = - 1, we have 

tx =2u ^ =2(a ~ x){ ~ l) = " 2(a_a:) ( 5 ) 

Ex. 3. The function ( ax 2 +bx+c ) m , (m an integer). Writing y=u m , where 
u — ax 2 +bx -f-c, so that du/dx —2ax +6, we have 

^l—rmi m ~ l( ~=m(ax 2 -f bx +c) w_1 (2aa +6) (6) 


Ex. 4. The function u m v n , (u, v differentiable functions of a, and m, n in- 
tegers). If m (or n) is negative, we must exclude those values of a, if any, for 
which u (or v) vanishes. The product rule here gives 


dy _du m 
dx~ dx 


V n + U m 


dv n 

dx 


= mu m ~ 1 


dU „ /Wl 1 dV mt t 1 

— v n .{ -nu m v n ~ l — =u m ~ 1 v n ~ i 
dx dx 


( du 

\ dx V + nU 



Ex. 5. The function (1 -a) w (l+a) n , (m, n integers). We must exclude the 
value x = 1 if m is negative and x = - 1 if n is negative. We find 

d f x =m(\ . ( - 1) . (1 +x) n +(1 -x) m .n( 1 +x ) n ~ 1 . 1 

= {(n -m) - (n +m)x} ( 1 - a) w_1 ( 1 +a) n_1 . 


.(8) 
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Ex. 6. The function 1 j(x+^J 
u =x + l/x, so that dujdx = 1 - 1/a; 2 , we have 

2 


(#=£0). Writing y — llu 2 —u~ 2 , where 




dx 


dx 


i x+ l ) 


1\ 3 ( 1 X *) 


2x(x 2 - 1) 
(x 2 4- 1) 3 * 


.(9) 


Ex. 7. Find the coordinates of the points on the curve y=xl( 1 - a; 2 ) at 
which the gradients are oqual to 1. 

We here illustrate the intuitive method of obtaining the elementary 
(partial) fractions for y by starting with the obvious identity 


(1 + a;) - (1 - a;) = 2x. 
Division by 2(1— a; 2 ) now gives 


.( 10 ) 


1 


1 


x 

L~ a? ’ 


2(1 - a ) 2(1 +*) 

which is the required expression. We thus have 

1 1 1+x 2 

(1 - x 2 ) 2 ' 


.( 11 ) 


dy 

dx' 


,\2 h f 


.( 12 ) 


2 ( 1 - ; r ) 2 ' 2 (1 - fa ;) 2 

Equating this to 1, we obtain the equation a; 4 - 3a; 2 = 0, so that the abscissae 
of the required points aro - n/ 3, 0, The corresponding values of y 

are J^/3, 0, - JV3. 

oo and dyjdx -> oo . 


We observe tliat as \x\-> 1, | y 
function is most easily constructed 
by adding the corresponding ordi- 
nates of tlio graphs of the compo- 

nent functions j ^ 1 — -^TTFy 

each of which is a roctangular 
hyperbola. Portions of these 
graphs and of the compounded 
graph are shown in Fig. 32. 


The graph of the 



75. Differentiation of Powers of 
x with Fractional Indices. 

We have up to this stage 
developed a system of rules for 
the differentiation of a power 
of a differentiable function in 
which the index is an integer, 
and for the combination, by 
addition, subtraction, multiplication and division, of any finite 
number of such powers. We now proceed to obtain the generaliza- 
tion of these rules when the index is not restricted to have integral 
values but may be any rational number. In this investigation 


Fig. 32. 
y=xl(l - x 2 ). 
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the starting point is the differentiation of a power of the variable 
x in which the index is the reciprocal of a positive integer. 

75. 1. Differentiation of x lfq y ( q a positive integer)} Suppose, at 
first, that x is positive. As explained in Art. 27. 1, the function 
x l/q is positive, that is, we are dealing with the positive gth root. 
For a starting point x v we have 

r 1/Q 

Ay =*»/«- x t »/« = xQjQ ^ (x - *0 


x-x 1 

~ x (Q-l)fQ + xte-VlQx^lQ + ~]~~+~x llQ X 1 < q - 2) l q + X 1 ( Q - 1 ') /Q 
Ax 

~ 4-~. . . -f- x l ( < q ~ 1)jq ' 

so that, provided Ax=/=0, 


(i) 


— (%\ 

Ax x^ q ~ 1),q + . . . + xf q ~ x ^ q v ' 

Now the function on the right-hand side of (2) is continuous at 
x l9 being the reciprocal of the sum of q non-vanishing functions, each 
of which is continuous at x l9 by Art. 27. 2. The function Ay/Ax is 
therefore potentially continuous at x l9 and its completing value is 
the value of the above continuous function there. There is therefore 
a definite derivative of y at x l9 given by 


(dy\ = 1 = L__ 

\dx) Xl x^ q ~ X)!q -f x^ q ~^ q x^ q + x^ q ~ x ^ q qxf q ~ x ^ q ' 
Dropping the suffix, this gives, for any positive value of x, 


dx q 1 1 --1 

— — _ nr ( l 

dx qx( q ~ 1)lq q 


( 4 ) 


This result again follows the c index rule ’ (Art. 72) for the differ- 
entiation of x m , where now l/q is written for m, q being a positive 
integer. 

The restriction of x to non-negative values is necessary if q is 
even. If q is odd , x llq is continuous for all values of x, and it then 
possesses a finite derivative, given by (4), for all values of x except 0. 

1 i 

With x~0 as starting point we have Ay/Ax — x Q Jx=x Q , and since 
q is odd, it follows that, if #>1, all the values of Ay /Ax can be 
made to exceed any number, however large, by taking the range 
of values of | Ax | sufficiently small. With the convention of Art. 


1 A simpler but less direct method is given in Art. 81, Ex. 2. 
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70, we write (dy/dx) 0 = + oo and say that the function has a positive 
infinite derivative for the value 0 of x . 

The geometrical interpretation of this result is that the gradient 
is infinite at 0 and the tangent is perpendicular to Ox , that is, it 
coincides with Oy. These remarks 
are illustrated in Fig. 33, where 
portions of the graphs of the func- 
tions y=x x ^ 9 y=x 115 are drawn. 

The question of a derivative at 
a; = 0 of x llQ when q is even is dis- 
cussed in the next Article. 

75. 2. Differentiation of x p/q , (p, q 
positive integers ). We next consider 
the power x pfq 9 in which the index 
p/q is positive, rational and expressed in its lowest terms. When 
q is even, the function is continuous for non-negative values of x , 
and when q is odd, for all values of x. 

We shall suppose, at first, that x is positive. Writing 

y—X plq = (x llq ) p = U p , (5) 

where u—x llq , we bring the discussion back to the case of a power 
of a differentiable function in which the index is a positive integer. 
Employing the result (3) of Art. 72. 1 and the above result (4), we 
get 



dy .du ( -V l dx q 

-/ — p U P-l— - =p\ X Q) -- 

ax ax 1 ax 



i i-i 

= px * • - X 9 

q 

(6) 

or 

p 

dx q p --i 

Y = x q 

dx q 

(7) 


The derivative is again formed according to the ‘ index rule ’ for 
powers of x, with pjq now written in place of m. 


75. 3. Differentiation of x~ pfq , (p, q positive integers ). Considering 
next the case of a negative rational index, we have the function 

y- --x~ plq , (x supposed positive), (8) 

which we write in the form 

1 _1 

y~ x piq~ u > 



where u=x vlQ . 


(9) 
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Employing the rule for the derivative of a reciprocal and the above 
result (7), we find 

dy _ 1 du_ 1 dx p l q 

dx~ u 2 dx~ (x p,Q ) 2 dx 

1 p p -i 

= --*>■ q* V 
x a 



( 10 ) 


which follows the same rule as (7) with - p/q written in place 
Of p/q. 


75. 4. We have thus proved that for a power of the variable x , 
(x positive), in which the index is any rational number , m say, the 
derivative is formed according to the ‘ index rule ’ 

dx™ m 1 /I IX 

— T— : =mx m ~ l (II) 


The same rule can be shewn to hold for the derivative of a power 
of x in which the index is irrational by the use of the method of 
sequences, on which the rigorous treatment of irrationals is based. 
A proof of this is given in Chap. XXI, Art. 398. We here assume 
this extension of the rule, and write, for example, 

/7<v»\/2 

(i2) 

where now x must be positive, (Art. 27. 6). 

75. 5. Derivative of x m ; extension of range of x. Write m—pjq , 
where p, q are integers and q is positive. 

(i) Derivative for #<0. {a) q even . In this case the function x PlQ 

is not defined and there is no question of a derivative. 

(6) q odd. Here x plq is defined and the derivative is given by (11) 
for negative as well as positive values of x. 

(ii) Derivative at x — 0. (a) q even. In this case the function is 

defined on one side only of the starting point and therefore an 
ordinary derivative does not exist. The discussion is resumed in the 
next Article. 

(b) q odd, p positive. Here x vlq is continuous at # = 0 and 

p -i 

Ay/Ax — x q . If p/q> 1 , the last function is continuous at x — 0 and 
has the value zero there. Thus {dyjdx) Q — 0. 
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If p/?< 1 , the function x q is not continuous at # = 0 and there is 
no finite derivative there. If, however, p is odd, the function is 
definite-infinite and we can write (dy/dx) 0 = + oo . If p is even, the 
same function is not definite -infinite and there is not a definite- 
infinite derivative ; the discussion of this case is resumed in the next 
Article. 

(c) q odd , p negative . Here x p!q is undefined at x = 0 and therefore 
an ordinary derivative does not exist for this value. The student 
should observe that this statement is not inconsistent with the 
existence of infinite limits of dy\dx when x approaches the value 0 
from above or below. 

Some of the results obtained above are illustrated in Fig. 34, 



which shews portions of the graphs of the function x plq for the 
values 3 , f, 1 , §, § of the index. We have the following 

results : 


y x 1/3 , x 2lz , x, x 4/3 , x 5lz , x ~ 1/3 , 

dyjdx ix~ 2 ( 3 , 1 , f# 2/3 , 


Ex. 1. The function sjx , (x > 0). The index rule here gives 

_JL_ 

“ dx ~~2s/x 


dtjx _ 
dx 


X-2/3' 

-fa;- 5 / 3 . 

(13) 
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It is instructive to establish this result directly. For a starting point x 19 
we find, without any trouble, 

(14) 

so that, if Ax±0, 

A ^ = (15) 

Ax hJx + sjx i 

The function on the right-hand side of (15) is continuous at x 19 its value 
there being \j(2»Jx l ). This, therefore, is the completing value of the poten- 
tially continuous function Ay /Ax and is the required value of the derivative. 


Ex. 2. The function 1 j*Jx 9 (x >0). Here we have 

d 1 _dx~ 1 l 2 _ _ 1 3 y 2 _ 1 

dx *jx ~ dx ~ “ ~ 2 Xsjx * 


.(16) 


Ex. 3. The function . Wo write y ~x i x~ 1 l 5 ~x 19 l b , and the index rule 
gives 


= (17) 


dx 

1 — tJx 

Ex. 4. The function p + ^.» (x>0). We write y—u\ v, where u = 1 -sjx 9 
v = l+*Jx 9 so that dujdx — -1/(2*/#), dvjdx = lj(2>Jx). Then 


du dv 
dy dx U dx 
dx ~~ v 1 ** 


(1 ( - 2^) ~ 




( 1 +V *) 2 


1 

sjx .( 1 + sjx) 2 


(18) 


Ex. 5. The function (asjx+b) 2 , (#>0). To find the derivative wo may 
either square out and differentiate the expression obtained, or we may 
proceed by writing y—u 2 , where u —a^Jx + b, and employing the rule 
dyjdx =2u dujdx. Since dujdx = d(a*Jx)jdx = aj (2 */#), this gives 


dy 

dx 


= 2(a^x+b)~^= a ' i + 


ab 

sJX ’ 


,(19) 


76. Upper and Lower Derivatives. 

The definition of a derivative given above involves a consideration 
of the values of the ratio Ay/Ax for both positive and negative 
values of Ax. In geometrical language, the behaviour of AyjAx is to 
be discussed in a neighbourhood extending on both sides of the 
starting point x v In some cases it is, however, necessary or desir- 
able to restrict the neighbourhood to one side of the point x v An 
obvious case is that in which the range of the function terminates 
at the point. For example, the function x 3/2 is not defined for 
negative values of x , so that a neighbourhood of x = 0 must be 
confined to positive values. 

When a neighbourhood is restricted in this way, we call the 
derivative obtained from a consideration of the values of AyjAx an 
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upper derivative or a lower derivative 1 according as Ax is confined 
to positive or negative values. Except for the restriction of one- 
sidedness of the neighbourhood, the criteria for the existence of an 
upper or a lower derivative are exactly the same as those already 
discussed, and the language of potential continuity is equally appli- 
cable. Thus, if Ay l Ax has upper (lower) potential continuity at x x , 
its completing value there is the upper (lower) derivative of y at x x . 
When necessary, an upper, or lower, derivative will be indicated by 
affixing ( u ), or (l), to the symbol dyjdx or f'(x). 

If the function is defined both above and below x l9 there may, of 
course, be both an upper and a lower derivative there. If these are 
unequal, a geometrical representation would shew a sudden change of 
direction (gradient) in the graph. 2 If both derivatives exist and are 
equal, an ordinary derivative exists at the point, for the conditions 


P-N 

Ax 


< e if 0 < x -,x x < h , and 


A y 

Ax 


■N 


<e if 0 <x x -x<h\ (1) 


where e is arbitrary and h , h ! are appropriately chosen, involve the 
condition I \ v 

%L-N <eii\x-x x \<K", (2) 


where h" is less than or equal to the smaller of the numbers h, h'. 

The term differentiable in a range is extended to apply to functions 
which possess one-sided derivatives at the ends and ordinary 
derivatives at all other points. 

As an example, let us consider the function x 3/2 , mentioned above. 
It is not defined for negative values of x, so that only an upper 
derivative can be considered at # = 0. Now, with # — 0 as starting 
point, we have Ay/Ax~x 3l2 /x — x 112 . The last function has upper 
continuity at x — 0, its value there being 0, and therefore AyjAx has 
upper potential continuity at x = 0 and the upper derivative exists 
there and is equal to 0. We therefore write 

(%-), •• < 3 > 


1 It is sometimes convenient to use the terms right-hand and left-hand instead of 
upper and lower. The terms upper right-hand derivative , etc., used in more advanced 
theory, are concerned with focal bounds of average rates. 

2 Thus one-sided derivatives correspond to one-sided tangents at a point P of a 
curve y =f(x), that is, to tangents which are defined by means of chords drawn from 
P to points of the curve on one side only of that point. We have often to consider a 
curve or a branch of a curve which terminates at a point P. Tho one-sided tangont 
in such a case is called an end-tangent at P to the curve or branch. The gradient of 
tho one-sided or end- tangent is always equal to the corresponding upper or lower 
derivative dyjdx. 
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More generally, if y=x plq , the cases requiring consideration, when 
x — 0 is the starting point, are : 

P-i 

(i) q even , p positive, (a) If p>q , x q has upper continuity at 
# = 0, its value there being 0. There is therefore an upper derivative, 
namely 0, at this value, and we write 

/dx plq \< M > 


V dx / 0 




(b) If p<q, x q is definite-infinite for x— +0, and we write 

fdx^ q \< M >_ 

V dx / 0 


4- oo . 


•( 4 ) 


.(5) 


(ii) q odd , p even and 0 <p<q. Here x q changes sign with x, 
so that we have a positive infinite upper derivative and a negative 
infinite lower derivative at x — 0 . Thus 


fdz»l *' \< M > _ 
\ dx / 0 


fdx ptq \^ 

+ ”• \~d %~ / 0 = “ 00 


•( 0 ) 


As a further example of one-sided derivatives, we take the case of 
a curve with a vertical tangent at P 1 (Fig. 35), postponed from 
Art. 70. We shall have to consider two 
single-valued functions, one corresponding to 
the upper and one to the lower part of the 
curve. At P 1 we may consider two upper 
derivatives, one for each of the two functions. 
For the upper part of the curve, AyjAx, or the 
tangent of the slope of the chord P X P, is posi- 
tive and is greater than any assigned number 
if the magnitude of Ax is less than a certain 
value. The corresponding upper derivative is 
therefore said to be equal to + oo . In the same way, for the lower 
part of the curve, AyjAx is negative and the upper derivative is - oo . 

Ex. 1. The function s/x. With x —0 as starting point we have AyjAx —x~~ 1 ! 2 9 
and hence Ay I Ax is positive and greater that any assigned number M, say, 
if x< 1/M 2 . We conclude that 



(%?)l )==+ °° 

This is in agreement with the general result (5) above. 

Ex. 2. The function | x |. With »=0 as starting point we here have 
AyjAx = ±xjx = ±1, 


•(7) 


(8) 
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the upper (lower) sign being taken if x is positive (negative). Therefore 

(^r- <»> 


The ordinary derivative is not defined at x=0, for we cannot make the 

difference | less than any assigned 

positive number for all values of Ax, A'x which 
lie in any neighbourhood including x~0. 

Portion of the graph of tho function is shown 
in Fig. 36. 



77. Change of Independent Variable in a 
Derivative. 

The process of changing the independent ?/ = M • 

variable of a function has already been 

explained and illustrated in Art. 29. Thus, if f(u) is a given 
function of a variable u , and if u is expressed as a function cp(x), 
say, of a variable x, the independent variable u of the given function 
is changed to x when u is replaced by <p(x). If we denote the given 
function by y , we have the equations y=f(u), u—cp{x), and the 
symbolic expression for y as a function of the final variable x is 


y=f{cp(x)} (1) 

The variable u then takes the role of intermediary variable, and we 
say that y is given as a function of a function of x. 

We now investigate a theorem for the derivative of such a func- 
tion y, when the independent variable is changed from u to x , in 
terms of the derivative of y with respect to u and that of u with 
respect to x. The result established leads to a rule for the derivative 
of a function of a function which is constantly applied throughout 
the Calculus. As a particular case, we shew below how the rule 
supplies the final step in the generalization of the rule for the 
derivative of a power of a differentiable function when the index is 
any real number. 

Since y, u are supposed differentiable functions of their respective 
arguments u , x, they are continuous functions of these arguments, 
and hence, by Art. 30, y is a continuous function of x when expressed 
in the form (1). We now shew that y is a differentiable function of 
x and that its derivative with respect to x is given by 

dy_dy^du , 

dx du dx ' ' 


Let y l9 u x be the values of y , u corresponding to the value x L of 
x , and let Ay, A u, Ax be corresponding increments from these values. 

K M.B.M.A. 
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Then the functions Ay/Au, Au/Ax, Ay/Ax are continuous functions 
of u, x, x, respectively, in neighbourhoods of the respective values 
u l9 x lf x l9 but at these points they are undefined. 

Now, provided x=j=x l9 u=f=u l9 that is, Ax=^0, Au^ 0 , we have, by 
Algebra, 

Ay_A|/Aw 

Ax~ Am Ax '' 1 


Since y has a definite derivative with respect to u at u l9 Ay/Au is a 
potentially continuous function of u at u x , and hence of x at x x . 
For a similar reason, the function Au/Ax is a potentially continuous 
function of x at x x , and if we denote the completed functions by 
(Ay/Au)*, (Au/Ax)*, which are such that (Ay/Au)*^ — (dy/du) , and 
(Au/Ax)* = (du/dx) , we may write, in place of (3), 


Ay _ (Ay\*/Au\* 
Ax~~\A U' vA#/ ’ 


( 4 ) 


where, as before, Aw=/=0, Ax 4-0. 

This result is also true if A u (and therefore also Ay) is zero, pro- 
vided that Ax is not zero, for we then have (Au/Ax)* — 0, and both 
sides of the equation (4) vanish. 1 

Now the function on the right-hand side of (4) is continuous at 
x L and hence the function Ay/ Ax is potentially continuous there, its 
completing value being that of the right-hand side at x v There is 
thus a derivative of y with respect to x at x x given by 


dy\ =( <h A ( du ) 

dx' Xl \du/ x \dx/. 


Dropping the suffix, we can thus assert that if the relation between 
y and x is expressed in the form y~f{y(x)}, or in the equivalent 
form y=f(u) where u—(p(x), the derivative of y with respect to x at 
any point of the range is given by the equation 


dy dy du 
dx du dx' 


(6) 


If we denote f{(p (#)} by % (x) , (6) can be written in the form 

X'(x) =f'{u)cp'{x), (7) 

where the accents denote differentiations with respect to the argu- 
ments indicated. 


1 The possible occurrence of A u =0 when Aa? =£0 is the critical point in a rigorous 
proof. Although u is a continuous function of x , the algebraic definition of con- 
tinuity allows u to be equal to u l9 not only at x l9 but at x x +A&, where Az is as 
small as we please ; see Ex. 3 below. 
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The theorem may be conveniently stated in the form of a rule. 

Rule for the derivative of a function of a function. If a f unction y 
is expressed as a function f(u) of a function u of x, and if the derivative 
of each of these functions with respect to its argument is known , then 
the derivative of y with respect to x is known , being the product of the 
derivatives of the two functions. 

The result (6) can evidently be extended to cases where a further 
change of independent variable is made, that is, where y is expressed 
as a function of a function of a function of x. The symbolic expres- 
sion of y is then of the form 

y^flcplf(x)}\, (8) 

or its equivalent 


and we have 


y ~f(ic ) where u—cp{v) and v — y(x). 


(») 


dy dy du dv 
dx du dv dx 


(10) 


There are corresponding results when more than three functions 
are involved. 

77. 1. If we start with a given function, F(x) say, of x, which is 
denoted by y , the restrictions under which we can introduce 

(i) a single intermediary variable u , given by u=<p(x), and write 
y =/(«), or 

(ii) two intermediary variables u, v, given by u-~(p(v), v = ip(x), 
and write y~ f{(p(v)}, or y~f(u), and so on, 

are of a very general kind. They are discussed in the theory of 
inversion of functions. Such considerations, however, do not arise 
at this stage, the practical application of the rule being here to cases 
where, as in the Examples below, a suitable form of expression for y 
is found at once by inspection. The student should follow out and 
compare the different suitable forms which suggest themselves. 

77. 2. Application to the differentiation of u m . We suppose that 
m is any real number and that u is a positive differentiable function 
of x. According to the ‘ index rule ’ of Art. 75. 4, we have 

du m , . , , , 

du~ mum ( 11 ) 


The rule for the derivative of a function of a function now gives 


du m du m du i 

t — j - ] ~=mu ni ~ 1 
dx du dx 


du 

dx' 


( 12 ) 
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This is the generalization of the results (3), (6) of Art. 72 to the 
case in which m is any real number. 

In the case of rational indices of odd denominator, u may take 
negative values and its derivative is then given by (12). There may 
also be either ordinary or one-sided derivatives when u = 0 ; compare 
Arts. 75. 5, 76. 


Ex. 1. Let y = sju where u—ax +6. The expression for y as a function of 


x is 

y=>J(ax+b) y (13) 

provided ax +6^0. If w >0, we have 

dyldu — \j(2^u)y dujdx^a, (14) 

and the rule (6) gives 

dy_dydu_ 1 a__ nr v 


dx dudx 2 s/u a 2sJ(ax+b) 


When x = -bja the function (13) has a positive infinite upper derivative if 
a is positive and a negative infinite lower derivative if a is negative. 

The following particular cases of the above should be noted : 


ds/(l +x)_ _1 ds/( 1 -x ) = 1 

dx “2^/(1 + x)’ dx ~ 2^/(1 -x)' 


(16) 


Ex. 2. Lot y —h J u where u = ax 2 + bx + c. Here we have 

y = h J(ax 2 +bx -fc), (17) 

provided ax 2 -\-bx +c^0. Since du/dx ~2ax +b, tho rule (6) now gives 


dy _dy du_ 1 , 2 2a x+b 

dx du dx 2 s/u ' ’ 2 sj (ax 2 + bx + c) ’ 

An important particular case is that in which u~a 2 - x 2 , so that 


(18) 



y->J(a 2 -x 2 ) f (19) 


where | x | ^ | a |. We now have 

dy _ x _ x 

dx~ sj(a 2 -x 2 )~ y' 


( 20 ) 


Interpreted geometrically, this gives the 
gradient at any point on the part of the 
circle x 2 +y 2 —a 2 for which y is positive. 
If P (Fig. 37) is the point ( x , y), tp the 
gradient at P and 0 the angle MOP , we 
have 


tany>=: ~x\y— -cot0= -ta n(\n-0), (21) 

so that tp - 6 = as is evident from the Figure. 

The student should verify that the formula dyjdx = -x/y is also applicable 
to any point on the lower half of the circle, for which y= - (a 2 -x 2 ). 

For the ellipse x 2 /a 2 +y 2 /b 2 = 1, the ordinate y is given by 

y=±^(a 2 -x 2 ), 


( 22 ) 
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dy__ 

dx~ 


b 2 x 


a 2 y m 


.(23) 


Ex. 3. Let y=f(u ) and suppose that u is a function of x which has a 
constant value, c say, for some range of x. Then if f(u) is defined for the 
value c of u, y becomes a (constant) function of x in the range indicated and 
is expressed by 

y — /( c ) — C, say (24) 

Since du/dx= 0 in this range and dyjdu is finite, by assumption, the rule (6) 
gives 

dy _dydu_dy ft _ ft 
dx dudx du' 


.(25) 


This result, of course, follows from (24) by differentiation. The Example 
is introduced merely to illustrate some of the remarks on p. 146. 


Ex. 4. Let y—sju where u — 


1 +v 
1 -v 


and v—sjx. As in Ex. 2, p. 44, the 


expression for y as a function of x is 

y 


=V(!4S> 

provided x lies in the range (0, 1]. Wo have 
dy __ 1 du 2 


.(26) 


and (10) here gives 


dv 1 

du~2 s /u* dv~(\-v) 2 ' dx~~2sjx * 


1 


.(27) 


dy_dydudv_ 1 2 1 

dx~dudv dx~~2>Ju{ 1 - v ) 2 2sjx~~2*jx . (1 + s /x) 1 l z ( 1 -*Jx) 2 i 2 ' 


(28) 


Ex. 6. Let y = n/| x |, so that y = sjx when x > 0 and y~sj( -x) when x < 0. 
We have 


dsjx__ 1 dsj( -x)_~dsj{ -x) d( -x)_ 1 

dx ~ 2 s/x 9 dx ~ d( -x) dx ~2^( -x) 


(- 1 ), 


.(29) 


so that 


d*J | x | _ 


dx 


= ±c 


1 


.(30) 


-2VM’ 

the positive (negative) sign being taken 
if x is positive (negative). The derivative 
is discontinuous when x—0. There is a 
positive infinite upper derivative and a 
negative infinite lower derivative there. 
This is illustrated in Fig. 38, which shews 
portion of the graph of the function. 



2/=VM 


Ex. 6. Let y = {1 + s/(l +X 2 )} 1 / 2 . Introducing two intermediary variables 
u , v, let y = s/u , u = 1 + s/v, v = 1 +x 2 . The rule (10) now leads to the derivative 

dy ® ^21 ^ 

dx~ 2{1 + V(1 +^ a )} 1 /V( 1 + * 2 ) ' 
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Ex. 7. Let ?/-- — —yr — - . nationalizing the denominator by multiplying 
v^' + s/\X + 1 ) 

numerator and denominator by the non-zero term *Jx - sj(x + 1), we get the 
transform 

2/ = s/(x + l) - six, (32) 

the derivative of which can bo written down, namely 

dy i i / o o \ 

dx~~2s/(x + 1 ) 2 sfx 

Ex. 8. One side of a triangle is increasing at a uniform rate v units of 
length per unit time. Find the rate of increase of the area of the triangle at 
any instant. 

Denote the lengths of the sides at any instant by a , b, c , and take a as the 
variable. The formula 


8 ~ sj{s (s -a)(s -b) (s -c)} = \sj(2b 2 c 2 +2 c 2 a 2 +2 a 2 6 2 -a 4 -6 4 -c 4 ), ...(34) 

where s — \ (a + b -f c), gives the area in terms of tho sides. The rate of varia- 
tion of S with respect to the time t is given by the rule (6), which here becomes 
dS _ dS da 
di~ da dt' 

Writing (34) in the form N — J^/a, we have 


d* 1 (4c ^. | . 4a6 ,_4 a j )== « . (6» +c =_a 2 ) (35) 

da dec da 8s/oc '88 

Now 8 = \bc sin ^4 and 6 2 +c 2 ~ a 2 — 26c cos A , (36) 

whore A is the angle opposite the side a. Therefore dS jda = la cot A, and, 
writing v for dafdt, we have 

— i va cot A (37) 


78. Differentiation of Inverse Functions. Rule for the Interchange of 
Dependent and Independent Variables in a Derivative. 

The question of the inversion of a functional relation of the form 

y =/(*)> (!) 

expressing y as a continuous function of x, to define x as a function of 
y , has already been discussed in Arts. 36, 37. It is there shewn that 
by suitable restrictions as to range, so that y is a strictly one-way 
function of x, the inverse function a; is a continuous, single-valued, 
strictly one-way function of y. We now shew that if y is a differ- 
entiable function of x , the inverse function x is a differentiable 
function of y , the derivatives being connected by the relation 

dx__ 1 

dy dy/dx ' 

Suppose that x x is a point in a range within which the inversion 
has been made, so that, by assumption, there is a definite neighbour- 
hood of x x within which y is strictly one-way. Then if x x + A# is in 
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this neighbourhood, the corresponding increment A y of y is different 
from zero, and we have, by Algebra, 

— — _ -1 _ 

Ay ~ Ay I Ax 

Now Ax/A y is a continuous function of y in the neighbourhood 
referred to, but at the point y x it takes on the indeterminate form 
0/0. Equation (3) shews, however, that it is potentially continuous 
there, for Ayj Ax is a non-vanishing, potentially continuous function 
there, and hence also its reciprocal. 1 The completing value of 

Ayj Ax * S sim I 3l y (dy/dx) anc ^ * s th ere f° re the value of the 
derivative sought. Thus we have 


or, dropping the suffixes, 


' (dy/dx) a 


dx_ 1 
dy dy /dx * 


Thus the derivative of x with respect to y is the reciprocal of the 
derivative of y with respect to x. This result is quoted as the rule 
for the interchange of the dependent and independent variables in a 
derivative . 

The proof does not apply if dy/dx vanishes at the point concerned, 

for then is infinite and such a value cannot be taken as the 

dy/dx 

completing value of a function. However, it is convenient to regard 
the relation (5) as still holding in such a case, and to say that if 
dy/dx converges to zero as we approach 
the point in question, | dx/dy | diverges to 
infinity there, and vice versa. 

The result (5) has a simple geometrical 
interpretation. Referring to Fig. 30, the 
tangent at P has a slope yj relative to Ox , ^ 

this slope being measured according to the 
convention of Art. 70. We now define the 
slope and gradient of the curve relative to the axis Oy. This slope, 
which we denote by yj\ is the smallest angle of clockwise rotation 
required to bring the y-axis into parallelism with the tangent 
line, and therefore lies in the range (0, n). The value of its tangent 



1 This follows since y is a differentiable function of x at provided (dy/dx)xii^0. 
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is the gradient of the curve at the point considered relative to Oy , 
so that we now have 

tan w r — n (6) 

dy 

The relation (5) is therefore expressed by the equation 

tan xp' = I /tan xp (7) 

Now this is evident geometrically ; for the case illustrated in the 
Figure we have xp' — \n-xp, while if xp lies in the range (|jz, tz), so 
that xp' also lies in this range, we have xp' = In - xp. In either case, 

tan xp' = cot x/) = 1 /tan xp (8) 

If the tangent line is horizontal, ^ = 0 and xp' — \n. We then write 
tan^ = 0, | tan xp' | = oo , consistently with the rule. 



2/ = ( 1 -£t 2 ) 2 . 


Ex. 1. The function y —( 1 -x 2 ) 2 . It is easy to shew 
that y is strictly down-way in the ranges [-oo,-l), 
(0, 1), and strictly lip-way in the ranges ( - 1, 0), (1, oo] 
of x. The corresponding inverse functions are expressed 
by 

* = - V(i +>Jy), » = s/(i - Vy). \ 

*= - V(i -s/y), x = >j(i + vy). j 

Since dyjdx = - 4#(1 -x 2 ), we have, for any pair of values 
(x, y) which satisfy the given equation, 


dx _ 1 

dy~ 4x(l -x 2 ) 


( 10 ) 


The nature of the graph of the function y is indicated in Fig. 40. 


79. Derivative when the Functional Relation is given Parametrically. 

The formula for the derivative of a function of a function, Art. 77, 
can be transformed to a formula for the derivative of y with respect 
to x when x and y are defined as functions of an intermediary 
variable or parameter, t say, by equations of the forms 

x=f(t), y=<p{t) (i) 

Here f(t ), cp{t) are single-valued differentiable functions in the 
relevant range of t, and we suppose further that f(t) is strictly one- 
way in the range, so that the relation x=f(t) can be inverted to 
give t = arg/(#) . The expression of y in terms of x then becomes 

y=<pfrrgf(x)} (2) 

According to the rule of the preceding Article, if dxjdt does not 
vanish for the value of t considered, t has a derivative with respect 
to x given by dt _ 1 

dx~~ dxjdt' 


( 3 ) 
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Also, the rule for the derivative of a function of a function gives 

dy dy dt m 

dx dt dx ' ' 

It follows that for the case considered we have 

dx J __ dy/dt 

dx dxjdt' ' 

which is the result to be obtained. Stated as a rule, it asserts that 
the derivative of y with respect to x is the ratio of the derivatives of 
y and x with respect to t. 


Ex. 1 . Motion of a particle in a plane . If a particle is moving along a plane 
curve whose equation is y=f(x), its coordinates ( x , y) are each functions of 
the time t , and we have 


dy _dy I dt 
dx~~ dxjdt ’ 


which expresses a well-known result of Kinematics. 

In particular, if the curve is a straight line AB, of inclination q) to Ox, 
dyjdx has the constant value tan 9, and therefore 


dyjdt 

dxjdt 


— tan (p 


(7) 


throughout the motion. If A is the point (x l9 yf) and P, ( x , y), is any point 
on the line, we have, on writing AP —r. 


and therefore 


x -x i —r cos 97, y -y 1 =rsin <p, 


-( 8 ) 


dx dr 

~~r~ “jT COS (p — V cos 
dt dt T 


<P> 


dy dr . 

- .7 = sm w —v sin w. 
dt dt r Y 


(9) 


where v is the velocity of the particle at P. These equations give, on squaring 
and adding, 


v 


2 



( 10 ) 


80. Connection between the Derivative and the Gradient in Oblique 


Coordinates. 

Let the equation of the curve AB 
(Fig. 41) referred to the oblique axes 
Ox, Oy , of obliquity oj , be y~f{x), 
and let be the slope at P, ( x , y), 
relative to Ox. The quantity tan ip 
is still the gradient of the curve, but 
it differs from dyjdx. A connection 
between these quantities can be 
readily established. If we introduce 
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the rectangular axes 0£, Orj , as shewn, we have, for the coordinates 
f — x + y cos co, y ~y sin co, (1) 


which express f, rj in terms of x, y , and hence, on account of the 
relation y~f(x), in terms of x. Therefore 


so that 


tan ip = 


drj drj/dx 
d£ ~dijdx 


dy 

sin CO -y- 
dx 


1 + cos co 


dy 5 

dx 


dy __ tan ip 

dx sin co - cos co tan ip 
sin ip 

sin (co -y>) 


( 2 ) 


( 3 ) 

( 4 ) 


The relation (3) shews that the gradient is zero when dyjdx = 0, 
as in the case of rectangular coordinates. 

The sine and cosine of the slope ip follow from (2). We have 


sin ip 


| tan ip | 


V(1 +tan 2 ^/ 

sin w [ . 
cos w -~ , — - = ( sig 
T ta nw \ 





.(6) 


where means the algebraic sign of dyfdx. 


80. 1. Working notions. The formulae for the gradients in rectangular and 
oblique coordinates aro easily recovered in the following intuitive manner. 



Referring to Figs. 42, 43, we take two neighbouring points P, P' on either 
curve, whose coordinates differ by (small) amounts 1 dx , dy. The inclination 

1 The use of 5 when the increment is small has been referred to on p. 96. 


OBLIQUE COORDINATES 


155 


ART. 80 ] 


of the chord PP' to Ox is denoted by xp, and we have, from the triangle PLP' 
in Fig. 42, the relation Syjdx — tan ^and from the corresponding triangle in 

Fig. 43, the relation - = — — ^ - v . From the latter we get 

smxp s\i\{co-xp) 


and hence 


<5 y_ sin xp __ 1 

dx sin (co — xp) sin co cot tp — cos co * 


tan xp — ■ 


dy 

sin a> — 
ox 


1 4- cos co 


d K 

dx 


( 7 ) 

( 8 ) 


If we now think of tp as tho slope of the tancjent at P, the above relations are 
approximately true, and lead to the results already established when we allow 
P' to converge to P. While thinking of the approximate relations, wo write 
down the accurate results 


dy f 

( /x = tanV ’’ 


dy 

'dx 


1 + COS CO 


cly 

dx 


— tan xp , 


( 9 ) 


corresponding to the two types of coordinates. 

The abovo process of recovering the formulae is described as tho use of 
infinitesimals , the term indicating that all the differences employed are to be 
regarded as indefinitely small. We shall make frequont use of this method in 
the sequel. 


Ex. 1. From a point P , ( x , y)> on a curve y~f(x) referred to oblique axes 
Ox, Oy, of obliquity co, the perpendicular PN is drawn to the tangent to the 
curve through a fixed point 
Pi, (x v yf), on it. It is re- 
quired to find tho rate of 
increase of P X N with respect 
to x as P moves along tho 
curve. 

Let AB (Fig. 44) be tho 
graph of the function f(x) 
and suppose that at P x the 
gradient tan xp x is positive. 

Let the positive sense for the 
measurement of P t N, (which 
we denote by x'), be taken 
towards the right, as indi- 
cated, and draw P X L parallel to Ox. Since the sum of the projections of 
P X L, LP on P^N reproduces P X N, we have, on observing that the (acute) angle 
between LP and P X N is co - xp lt 



x' = (x - x x ) cos xp x 4- (y - y x ) cos {co-xpf). 


( 10 ) 
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Hence, differentiating and using (4), we get 


dx' 


dy t 


^=cos cos (to - Vl) 


dy 

dx 


|cos yq 


sin (a) - yj) 
sin tp 


+ cos (at 



dy sin co cos (ip - yq) 
dx sin rp 


= yl{ 1 + 2 cos o> 2 + (sT) COS ^ 


( 11 ) 


where the transformation of the last lino follows from (5), observing that for 
the case illustrated dyjdx is positive. 

When P coincides with P l9 the above result takes the form 

(©l- vt* +»— (asu^QSL’j <i2 ’ 

which is employed subsequently in Chap. V, Art. 137. 

The student should verify that the results (11), (12) are also valid when 
tan ip 1 < 0 , that is, when y q lies in the range (\n y n), the positive sense for the 
measurement of x r being again towards the right. 


81. Implicit Functions. The Process of * Differentiating an Equation’. 

The question of the definition of a function y of x by means of a 
relation of the form 

/(*. 2 /)=° (!) 

between the two variables has already been introduced in Art. 44. 
The general question of the differentiability of such a function y 
must, however, be postponed, as it belongs to the theory of 
dimetric functions. We merely state here that when the existence 
of a differentiable function y is assured, the derivative dyjdx can be 
found without expressing y explicitly in terms of x , (a procedure 
which may indeed be quite impracticable), and a general formula 
for it can be stated in terms of 'partial derivatives ; compare the 
following Article. The principle, however, by which the derivative 
dyjdx is obtained is sufficiently illustrated in the following examples 
in which the general theory is not required. The formulae obtained 
for the derivatives will, in general, involve both x and y , and it 
may be impracticable to express them in terms of x alone. 

To consider a simple example, take 

x 2 + y 2 -a 2 = 0 (2) 

as the relation between x and y f (a constant) . If x lies in the range 
( - a, a), the existence of two differentiable functions, given by 

y~sj{(i 2 - x 2 ) and y= - J(a 2 -x 2 ), 


( 3 ) 
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is assured and, choosing either of them, the left-hand side of equa- 
tion (2) becomes a differentiable function of x. But according to 
this relation, this function is actually zero throughout the range and 
therefore its derivative with respect to x is also zero in the range. 
The derivatives of the successive terms of the function are given 
by dx 2 /dx = 2x, dy 2 !dx — 2y dyjdx , da 2 /dx = 0, and we therefore have 
the result 

2x + 2y^ c = 0, (4) 

so that — ~ X (6) 

dx y ' 

This is in agreement with the result (20) of Ex. 2, Art. 77. 

If the equation connecting x and y is written in the equivalent 
form 

x 2 = a 2 ~y 2 , (6) 


both sides are differentiable functions of x , and, being always equal 
to each other in the range, their derivatives with respect to x are 
also equal in the range. The result obtained by equating these 
derivatives is plainly equivalent to that obtained by taking all the 
terms of the equation (6) to the left-hand side. The same remarks 
apply when (2) is written in any of its other equivalent forms. 

The above process is clearly applicable to any equation of the 
form (1) as soon as we know how to express the derivative of/(x, y) 
with respect to x in terms of x, y and dyjdx. It is described as the 


process of differentiating an equation and will 
be freely used in the sequel. 


Ex . 1. The equation y 2 =ax 3 . When ax is positive, 
this equation defines two differentiable functions of 
x , viz, y = ± s/(ax 3 ). Their derivatives can be written 
down with the aid of the ‘ index rule ’ of Art. 75. 4, 
and are given by dyjdx = ±.%\J(ax). 

As an illustration of the process of the present 
Article, differentiating the given equation leads to the 
relation dy 2 jdx =d(ax 3 )jdx , that is, 

2y d £ = Zax\ (7) 


whence 


dy __ 3 ax 2 
dx~~ 2y 9 


( 8 ) 


which is easily shewn to include the above values 



Fig. 45. 


for dyjdx . 

The graph of the given equation is called the semi- 


y 2 = ax 2 . 


cubical parabola , and is shewn in Fig. 45, corresponding to a positive value of a. 
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Ex. 2. Derivative of x' /q . If y=x l t q , (x>0), we have y q -x = 0. Differ- 
entiating the last equation, we get 

qy<1 'dx " 1 = ° (°) 

or -r^—~y~ q+1 = — x q (10) 

dx q J q 

In a similar manner the derivative of x v l <1 is found by differentiating the 

equation yQ -x v — 0. 

Ex, 3. The equation x 3 + y 3 = 3 axy, (a > 0) (11) 

This defines a single differentiable function when x < 0 , three distinct 
differentiable functions when 0 < x < 4 1 l 3 a, and a single differentiable function 
when x>4 1 / 3 a. The explicit forms for y are, however, unwieldy 1 , and in 
order to find the derivative dyjdx at any point we apply the above process 
of differentiating the equation as it stands with respect to x. Whichever 
the single-valued function y under consideration, oach side of (11) is a differ- 
entiable function of x in the corresponding range, and we thus have 



dx 3 M dy 3 fXn d(xy) 
dx ^ dx dx 9 

(12) 

which gives 



(13) 

whence 

<*• »*«> 

(14) 


which expresses the derivative dyjdx in terms of a, x, y. 

The constant a can, if desired, be eliminated between this result and (11), 

for we have a = (x 3 + y 3 )j( 3 xy) ; the result 
obtained is 

j/( y 3 -2x 3 ) 

~x(2 y 3 -x 3 )’ 



dy = 
dx~ 


.(15) 


x 3 + y 3 — Saxy. 


The graph of the equation ( 1 1 ) is called 
the Folium of Descartes. Portion of it is 
shewn 2 in Fig. 46, corresponding to a 
positive value of a. We observe from (14) 
that dyjdx = 0 when ay—x 2 , and that 
| dyjdx | — oo when y 2 — ax. Thus the tan- 
gent is horizontal where x 3 + x*ja 3 — 3# 3 , 
that is, where x=2 1 / 3 a, y=4 ] / 3 a, and is 
vortical where y 3 ja 3 + y 3 = 3 y 3 , that is, 
where x — 4 1 / 3 a, y = 2 1 / 3 a . N ear the origin 
the curve approximates to the form of 
two parabolas 3 ay =x 2 , 3 ax =y 2 , touching 
the axes Ox, Oy, respectively. 


1 For example, the real explicit form for y corresponding to values of x which lie 
outside the range (0, 4 1 ! 3 a) is 

y = [ - $x 3 + sj{ix 3 (: x 3 - 4a 3 )}] V 3 + [ - i^ 3 - 3 (x 3 - 4a 3 )}] V 3 . 

2 The line x +y + a =0, represented in the Fig. by the broken line, is an asymptote 
to the curve. 
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Ex. 4. The equation +y% —a$, (a> 
two differentiable functions y of x , one 
positive and whose range of values 
is (0, a), the other negative and whose 
range of values is ( - a, 0). For either 

function we have dx% /dx +dy% jdx =0, 
that is, 

(16) 

S=-(f) ! 

The graph of the given equation is 
called the astroid and is shewn in Fig. 47. 

w.n 

Ex. 5. The equation 1 A rs x r y s =0. 

r, 8 — 1 

Here m, n are positive integers and the 
function on the left-hand side of the 
equation is thus a rational integral 
function of x and y. On equating to z< 
we get 


. If | x | a, this equation defines 



I y%~~ a%. 

its derivative with respect to x. 


giving 


m. n 
r, s = l 


rx T ~hj 

, +« r ^ i £)=°. 

(18) 

m, n 



V 

j-j 

A rs rx r ~hf 


_ r t 8 = 1 
m, n 

— 

(19) 

V 

r, s — 1 

A TS /sx r y s ~ l 



w, n 

Ex. 6 . The equation ^ A rs f r (x) <p s {y) ~ 0 . This is a generalization of the 
r, s = 1 

previous Rxamplo to the case whore the variable factors in the terms forming 
the sum are any differentiable functions of their respective arguments. We 
now find 


and hence 




d <p,(y) % \ . 


.( 20 ) 


dy 

dx 


m, n 

^Ar 

r,s = 1 




r, * = 1 rs7rV dy 


.(21) 


82. Introduction of Partial Derivatives. 

In the preceding Example we have seen that if y is a given func- 
tion of x , the derivative of the function 


m, n 

X A„f r {x)cp s (y) 


( 1 ) 
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m, n 

2 A, 

r, 8 = 1 




Now ^Li A rs <p a (y) is the expression we should get for the 

r, 8 = 1 dX 

derivative of (1) with respect to x if we ignored the fact that y is a 
function of x and treated it, and therefore the functions <p s {y), as 

constant. In the same way, A rs f r (x) is the expression we 

should get for the derivative of (1) with respect to y if we ignored 
the fact that x and y are related and treated x, and therefore the 
functions f r (x), as constant. 

A special nomenclature and symbolism are used for the two 
derivatives obtained according to the conventions mentioned. They 
are called partial derivatives with respect to x and ?/, respectively, 
and are indicated by replacing the usual form of the italic d by the 
‘ round ’ form d in the derivative symbol. Thus 


I {JcVs m Vt {y) } = IS A„ df j£K s (y), (3) 

and 

| { f A„ fr(x)cp s (y)} Ars fr(x) ^ (4) 

The derivative of the function (1) with respect to x, where y is 
a function of x , can now be written in the form 

dx ir^ 1 Ars fr(x)<Ps{y)\ + Sy { Ars fr(x)<p s (y)} fa (5) 

The process of differentiating the equation 


2/ A rs f r (x)(p s (y)= 0 

r, 8=1 

with respect to x thus leads to the equation 


; { r S Ars M X )<Ps(y)} + g y { ^ A rs /r(*)v.(y)}^ = 0, ...(7) 


and the value of dyjdx is given by 


f m,n 'j 

{ m, n 1 
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With the aid of the general theory of dimetric functions, it can 
be shewn that when, in any manner, y is defined as a differentiable 
function of x, the derivative of the function f(x , y) with respect 
to x is 

df(x, y) df(x, y) dy . 

dx + dy dx ’ 

in particular, the result of differentiating the equation /(x, y) = 0 is 

3f(x, y) df(x, y) dy_ C) 

dx + dy dx’ 1 ; 

which leads to the result 


dy df(x, y )Jdx nn 

dx~ df(x, yj/dy ’ 

exactly as in the restricted case just considered. 

The student should verify this rule for the other Examples above, 
first writing the given equations in the form f(x , y)~ 0. 

83. Simple Geometrical Results associated with the Derivative. 

We now investigate some simple properties of graphs of functions, 
the coordinate system being rectangular. The association of these 
properties with the derivative depends on the connection between 
the gradient of the curve at any point and the derivative, viz. 
tan ip — dyldx. 

83. 1 . The equation of the tangent. Let P, (x } y), be any point on 
the curve y — f(x ) . The tangent at P is the line through (x } y) whose 
gradient is equal to dy/dx . If Q, (£, rj) } is a point on this tangent 
line, the gradient is also equal to (?? -y)/(£ -#), and on equating 
this to dyjdx and cross-multiplying, we obtain 


v-y=(t-*)jl (i) 

= (£-*)/» (2) 


The same relation is obtained whatever the position of Q on the 
tangent, and, treating (1) or (2) as an equation in the variables 
(£, Yj ), it is the equation of the tangent at P. The coordinates (£, rj) 
are usually described as current coordinates along the line. The 
letters (X, Y) are sometimes used for the same purpose. 

If the curve is specified by equations of the form x=f(t), y=<p{t) y 
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where t is an auxiliary independent variable (parameter), we have, 
as in Art. 79, 


dy dy/dt p (t) 
dx~~ dx/dt~f'(t) 9 


(/'(*)¥= 0 ), 


( 3 ) 


and the equation of the tangent then takes the more symmetrical 
form 


V -fp(t) _£ -f(t) 
<P'V) ~ f(*) 


(<p' (t) =f=0) . 


( 4 ) 


83. 2. The equation of the normal . The normal at P is the line 
through P perpendicular to the tangent there. The product of its 
gradient by that of the tangent line is therefore 1 - 1, and, employ- 
ing (f , if) as current coordinates on the normal, its equation becomes 


that is, 


v -y= - 


dyfdx 




£-x + (r)-y)j | = 0. 


(5) 

( 6 ) 


Ex. 1. The rectangular hyperbola xy —c 2 , 
the equation with respect to x, we have 


x 


dy 

dx 


+ */ = 0 , 


(c constant). 

y 


On differentiating 

(7) 


so that dy I dx = - y\x . The equation of the tangent at (x, y) is thus 


V -y=(S -*)( - y\x ), (8) 

or £y + rjx=2c 2 (9) 

The equation of the normal is found to be 

%x-r\y^x 2 -y 2 (10) 


Ex. 2. The ellipse x 2 ja 2 +y 2 jb 2 = 1. On differentiating the equation, or 
• d\t b 2 x 

proceeding as in Ex. 2, Art. 77, we find - ~ * and the equation of the 
tangent is therefore x ° ^ 



n-y «-*>(„$) 

(ii) 

that is. 

a 2 ^ b 2 a^b 2 

(12) 

For the normal we find 

f -x_rj -y 
b 2 x a 2 y 

(13) 


83. 3. Intercepts on the axes made by the tangent. Let the tangent 


1 If ip , (p are the slopes of the tangent and normal to Ox , we have <p = ip ± \n 
according as <p ^ ip, and therefore tan <p — - cot ip — - l /tan ip. 
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at P cut Ox in T and Oy in U (Fig. 48). The distances OT , OU are 
called the intercepts on the axes Ox , Oy, respectively, made by the 
tangent. If, in the equation 
(2) for the tangent, we put 
t] = 0, corresponding to the 
point T, we have 

-y = (^-x)f(x),...( 14) 

whence, solving for £, we get, 
as the expression for the 
^-intercept, 1 

OT=x-y/f'(x)....( 15) 

Similarly, if we put f — 0, corresponding to the point U, we have 


n-y= -xf(x), (16) 

whence we get, as the expression for the y-intercept, 

OU=y-xf(x) (17) 


Ex. 3. The astroid x * + y* =a®\ As in Ex. 4, Art. 81, we have 


dy/dx = -( y\x )*, 

and the intercepts OT, OU are therefore given by 

OT = x - y( - x s ly *) =x •Vx*y* =a*x i , (18) 

OU —y -x( - y 3 /x ’*) = y -f x^y* =za*y A (19) 

We observe that 

OT 2 +OU 2 =a ¥ (^ 3 + y*) =a 2 , (20) 


which shews that the length of the portion of the tangent intercepted between 

the axes is constant. This is a characteristic 
feature of the curve. 

Ex. 4. The rectangular hyperbola xy —c 2 . Here 
we find OT — 2x, OU — 2 y. Referring to Fig. 49, 
where PM, PS are the perpendiculars from 
F, {x, y), to the axes, we thus have OT —20 M, 
OU —2 OS, so that P is the middle point of TU . 

Further, OT.OU —4txy =4c 2 , which shews 
that the area of the triangle OTU is constant 
for all positions of P on the curve. 

83. 4. The ‘ tangent,’ ‘ normal ‘ sub- 
tangent ’ and * subnormal.’ Let the normal 
at P (Fig. 48) meet Ox in N and let MP be the ordinate to P. 
Then OM =x, MP=y, lMTP = lMPN = y>, where tan tp=dyjdx. 

1 OT is here the algebraic distance of T to the right of 0 and OU that of U above O. 
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In books on Geometry, the lengths PT , PN, TM , MN are called 
respectively the tangent , normal , subtangent , subnormal of the curve, 
corresponding to the point P. We have the following results : 

VO + (dy/dx ) 2 } 


| cfy/ete | 


(i) PP = |y cosec = 
which gives the (length of the) tangent. 

(ii) PAT = | y sec y> | = | y | V{1 + (dy/dx) 2 }, 
which gives the (length of the) normal. 

(Hi) TM = \y cot f \=\dy J /dx [ 

which gives the (length of the) subtangent. 

dy I 


.( 21 ) 


.(22) 


.( 23 ) 


(iv) MN — | y tan ip | 


dx 


.( 24 ) 


which gives the (length of the) subnormal. 

4ax. Here we find y dy/dx— 2a, so that the 


Ex . 5. The parabola y 2 
subnormal is constant. 

Ex, 6. The ellipse x 2 /a 2 -\-y 2 /X 2 = 1, (a, A positive). We have 

dy/dx = - (A. 2 x)/(a 2 y), 

and the subtangent is given by 


.(25) 


TM = 


y _ a 2 jp _ 
dy/dx ~ X 2 x 


?(>-S)l-w (M) 


This result is independent of X, and it follows that all the ellipses obtained 
from the given equation by keeping a constant and varying A have the same 
subtangent, that is, the tangents to the several curves at points having the 

same abscissa all meet the x-axis in 
the same point. 

Each member of the family of 
ellipses obtained in this way has 2a 
as the length of its axis along Ox. 
They are all described as orthogonal 
projections of the circle x 2 +y 2 —a 2 . 
If y, y* denote the corresponding 
ordinates MP, MP* of an ellipse and 
the circle, we have y—hj*/a, and if 
we imagine the plane containing the 
circle rotated about Ox through an 
angle arcos (A/a), the projection of P * on the original plane is P. This 
construction breaks down when A > a, but the same descriptive term is 
applied as when A < a. 

Referring to Fig. 50 and employing the result (26), we have 



OT=OM + MT=x + - 


_ a 
” x ' 


.(27) 
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arts/ 83, 84] 
so that 

which is a well-known property of the ellipse. 

The subnormal corresponding to the point P is given by 


NM = \y 


_ | dy j _ X 2 x 


dx 


and hence ON —OM -MN —x - X 2 xja 2 — x(l - X 2 ja 2 ). 

If A < a, we may write this 

ON — e 2 x , 


where e = \/(l — A 2 /a 2 ), the eccentricity . 
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( 28 ) 

( 29 ) 

.( 30 ) 

.( 31 ) 


84. Transformation of Coordinates. Change of Rectangular Axes. 

When a curve is to be drawn relative to a specified pair of co- 
ordinate axes, or when some property of a curve is to be investigated, 
it is often convenient to transform the equation of the curve by 
choosing a new pair of rectangular axes to which it is to be 
referred. In the most general change 
of rectangular axes, the origin of 
coordinates is shifted and the orien- 
tations of the axes are altered. 

The transformation can plainly be 
regarded as effected in two successive 
stages, one in which the origin is 
shifted without change of orientation 
of the axes, and the other in which 
the origin is unchanged and the axes 
are rotated. 

84. 1 . Change of origin. Let P, (x, y), be a point on the curve AB 
(Fig. 51), whose equation we may suppose given in the form 

/(*,y)= o, (i) 

referred to rectangular axes Ox , Oy , and let O', (h, k), be the new 
origin. The axes 0'£, O'rj are drawn parallel to Ox, Oy, and the 
coordinates of P in the new system are (£, rj) . Drawing PM per- 
pendicular to Ox, we have the relations 

x = h+£, y — k+7] (2) 

Replacing x, y in (1) by these values, we get/(A+£, k + rj) —0, or 

<p(£,v)= °> say, (3) 

which is therefore the equation of the curve referred to the new 
axes. 
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When there is no risk of confusion, it is unnecessary to maintain 
symbolically the distinction between the old and the new variables, 
and we then write 


<p(x, y)= 0 


(4) 


as the equation of the curve referred to the new axes O'x, O'y. 


Ex. 1. The parabola y =ax 2 +bx + c. Writing this in the form 


4 ac - b 2 


4 a 


=°( 


x + 


b\* 

2a) 9 


.(5) 


and transferring the origin to the point ^ ~ > we obtain, as 

the modified equation, 

/4ac-6 2 \ 4 ac-b 2 (( b t \ b\ 2 

V 4 a + V ^- = a \\-Ya + ^) + ¥a) < 6 > 

that is, r\—a £ 2 (7) 

We may write this as y — ax 2 on changing the meanings of x and y , so that 
these letters now refer to the new axes. 


84. 2. Change of orientation of the axes. Suppose next that the 
transformation of coordinates corresponds to referring the curve to 

axes 0£, Or\ (Fig. 52) having the same 
origin 0 as the initial set Ox, Oy but 
orientations different from them. Denote 
the inclination of Ot; to Ox (or of Or] to 
Oy) by 0, and let P have coordinates 
(x, y), (£, 7]) relative to the two systems. 
Since OM is equal to the algebraic sum 
of the projections of OM ', M'P on Ox, 
we have 

x =£ cos d - r] sin 0, (8) 

and since MP is the sum of the projections of OM', M'P on Oy, 

y sin d + 7] cos 6 (9) 

If the equation of the curve relative to the original axes is given 
in the form (1), that relative to the new axes is 



/(£ cos 0-7] sin 6, £sin 0 +r] cos 0) =0, (10) 

or <p(£,v)= o, sa y ( n ) 


As before, we can revert to x , y for the ‘ new 9 coordinates, and 
write (11) in the form cp (x, y)= 0 when there is no risk of confusion. 
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The transformation here described must evidently leave imchanged the 
forms of the expressions for the square of distance from 0 to any point P, 
and for the angle between any two lines OP, OP'. We have 

OP 2 = x 2 + y 2 ~(£ cos 0 - t) sin 0) 2 +(f sin 0 + ^ cos 0) 2 
= £ 2 cos 2 0 -2£rj cos 0 sin 0 +r) 2 sin 2 0 

4- 1 2 sin 2 0 + sin 0 cos 0 4- rf cos 2 0 

= £ 2 + * 7 2 , ( 12 ) 


which verifies the first statement. To verify the second, we investigate 
the invariance of the expression for the cosine of the angle POP'. Let P' 
have coordinates (x\ y')> (£', y') in the two systems and let a be the angle 
POP'. Then, as in Ex. 1, Art. 16, we have 


xx ' + yy' 

COS a - Qp-Q pi- 


(13) 


But xx' + yy' ~(£cos 0 - rj sin 0)(£'cos 0 - t]' sin 0) 

4- (£ sin 0 + y cos 0) (£' sin 0 + i\ cos 0) 

= f|'cos 2 0 “(£??' 4~ £'* 7 ) cos 0 sin 0 4-^r/'sin 2 0 

4- ££' sin 2 0 + (£ t]' 4- £'r}) sin 0 cos 0 4- yrj' cos 2 0 

= + (14) 

and the verification is thus complete. 

The expressions x 2 + y 2 , xx' +yy' are hence said to be invariant for rect- 
angular transformation without change of origin . 


Ex. 2. The rectangular hyperbola xy =c 2 . Let the now axes bisect the angles 
between the original set, so that 0 may be taken to be \n. The formulae 


(8), (9) of transformation are now 

* = (£~*?)/V 2, 2/=(£ + *?)/V2, (15) 

and the given equation transforms to 

£ 2 -?7 2 =2c 2 , (16) 


which we can write in the form x 2 - y 2 —c 2 , on changing the meanings of 
x, y , c. 


85. Connection between the Derivatives in the General Rectangular 
Transformation. Invariance Properties. 

The general rectangular transformation is expressed by 

x=h+{jcosO -rjsind, y = k+i; sin 0 -f cos 0, (1) 


which give x , y as functions of the variable f , say, when rj is a func- 
tion of f . We thus have 


dy = dy/d£ 
dx dx/dt; 


sin 0 + ^1 cos 6 

d£ 

cos 6 - ^ sin d 

d£ 


tan 0 + 

d£ 

1 - tan 6 
d£ 


(2) 
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This result follows at once from the relation between the slopes of 
the tangent to the axes Ox , 

As in the case of the transformation by rotation of the coordinate 
axes, the general transformation ( 1 ) leaves unchanged the expres- 
sions for the square of the distance between any two points and 
for the angle between any two lines in the plane. Thus, if the 
coordinates of P v P 2 are (x l9 y x ), ( x 2 , y 2 ) and (f 1? r) x ) y (f 2 , rj 2 ) in the 
respective systems, 

(** - *i ) 2 + (Vt - Vi) 2 = (it -ii) 2 + (Vt- Vi) 2 ( 3 ) 

Again, if the coordinates of two other points P/, P 2 are (x X9 y x ), 
(x 2 , Vt) an( i (Si 9 Vi)> (S 2 9 Vz) i n the two systems, and if a is the 
angle between P X P 2 and P/P 2 ', we have 

Pi Pi ■ Pi'P 2 • cos a = (x 2 - x x ) (x 2 - */) + (y 2 - y x ) (y 2 - y x ) 

= (it - f 1) (it - f /) + (Vt ~ Vi) (V t ~ Vi) (*) 

The verification of the two invariants is left to the student. 


EXAMPLES X 


DIRECT DETERMINATION OF DERIVATIVES. 
SIMPLE GRADIENTS 


1. If y — x 3 and Ax is measured from x — 2, show that A*/ /Ax differs from 12 
by less than l/10 w , (m a positive integer), if | Ax |< 1/(7 x 10 w ). 

2. If y — l/x, shew that Aiy/Ax - ( - 1/x 2 ) = Ax/{x 2 (x + Ax)}, and hence that 
if Ax is measured from x=2, A?// Ax diffors from — £ by less than l/10 w if 
| Ax|<4/10 w . 


2. Shew that if m is a positive integer greater than 2 and x 1 +Ax<2x 1 , 

(Xj >0), 


(x r + Ax) m -x? 


Ax 


: e (arbitrary) if | Ax | 


2e 


m(m - l)(2x 1 ) w 


[Employ the result of Ex. 1, Set III, p. 106.] 


4. If y — (x - a)/(x -fa), find the difference betwoen Ay/Ax and 2 a/(x+a) 2 , 
and hence shew that the latter expression is the derivative of y with respect 
to x. 


5. For the parabola y —x 2 find 

(i) the abscissae of the points at which the slopes are \ n> \n, ; 

(ii) where the tangents from the point (1,0) touch the curve and the 

gradients of these tangents ; 

(iii) the point of the curve nearest to the line through (0, 1) and making 

an angle of 45° with Ox. [£>/3, b W3 ; x =0, x =2, 0, 4 ; x — £.] 
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6. Find where the straight line y ~x 1 cuts the parabola y=x 2 and the 

acute angles at which they intersect. [x — J(1 ±sJ5) ; 27° 50', 83° 58'.] 

7. Find where the circle x 2 +y 2 = 4 intersects the parabola y —x 2 and the 

acute angles at which they intersect. [# = ±1-2496 ; 73° 8'.] 


1/(1 ±# 2 ), 1 /(a+bx+cx 2 ), ij^x+^J, 


EXAMPLES XI 

DERIVATIVES OF RATIONAL FUNCTIONS 

1 . Find the derivative of each of the following functions : 

2x -3, 1 +x + x 2 -f x 2 , (2x - 3)(5x ± 1), x - \x 2 ± J.z 3 - J.r 4 , x(\ -x 2 ), 
(x 2 ± l)(x* ±2), (x ±a) (x 2 +a 2 )(a: 3 ±a 3 ), x 2 + l+\/x 2 , l/(2a*-3), 

1 3x - 4 x 

x(x - l ) * 2x + 5 ’ l ± x + x 2 * 
1 2 - 5# 2 ax 2 +b \ +x +x 2 ax 2 + bx + c x* - 1 x ± 1 

(ax ± b) (ex + d) 9 3 + 2x 9 cx 2 + d 9 1 - x -\-x 2 9 Ax 2 ± Bx ± C 9 x* + 1 * x 2 + 2x 9 
x 2 + 1 x m 

, (*».» integers). 

2. Find the derivative of each of the following functions, m, n being 
integers : 

n 

(ax +b) 2 , (ax 2 ±6# ±c) 3 , (a 0 +a x x +a 2 x 2 ± ... + a n x n ) m , 2 (# r -#) 2 , 

r— 1 

(Qx 2 +2x + 5) 4 , (#±1) 5 , x 2 (3x ± 5) 4 , (x + l/x) 2 , ( 1 + 1/a? + l/x 2 )\ 


1 


1 


fax ± b y (ax 2 + b) m 

(ax 2 -Vbx^cj 2 9 (1 ^x ) 6 9 (x +Jj 3 ’ (2x + 9p ’ (bi* + bxj™ 9 \cx~+d ) 9 (cx 2 +d) n * 


3. Find the gradient at any point of the parabola y — x 2 - 2x ± 3. Find 

wliero the tangent is parallel to Ox and where it makes angles of and J -n 
with Ox. Sketch the curve. [x — 1, x =§ ; x =£.] 

4. Find the constants a , 6, c in the equation 3/ — ax 2 +bx+c so that the 

parabola may pass through the point (3, 3) and have zero gradient at the 
point (1,2). [I, -h i] 

5. The constants a , 6, c, d in the equation y = (ax 2 ±6x +c)/(x + d) are to be 

adjusted so that the following conditions are satisfied: (i) y =2 for 0, 
(ii) ?/->q o as x-^ly (iii) dy/dx—A when x— 0, and (iv) dyjdx-^l when x~>oc . 
Find the function and sketch its graph. Find also the gradients at the points 
where it crosses Ox. [The constants are 1, - 2, -2, - 1.] 

6. Find the perpendicular distance p of the point P, (h, k), from the line 
ax + by + c — 0. 

[Employ the relation p — \PN cos y>\, where N is the point where the ordi- 
nate through P cuts the line.] 

7. A point P, ( x , y), is taken on the curve y~f(x) and the perpendicular 

PN is drawn from it to a line ANB passing through A, ( h , k) y and of inclina- 
tion (p to Ox. Find the rate of increase of AN with respect to x as P moves 
along the curve. [cos (y> -q?) sec y.~] 
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8. Shew that if y is the reciprocal of z, the ratio of the rates of increase of 
y and z with respect to x is equal and opposite to the ratio of y to z. 

9. A particle is projected into a resisting medium, the distance s penetrated 
after time t being given by 8 =20 1 -^ 3 . What is the total penetration ? 

[108-87.] 

10. If m is a positive integer, shew (i) that x~ m has not a derivative at x — 0 ; 

(ii) that if m is odd, the derivative of x~ m diverges to - oo as x->0, while if m 
is even, the derivative diverges to - oo or + <» according as #-> + 0 or - 0; 

(iii) that the derivative of x~ m converges to 0 as x-> ±oo . 

11. Shew that if the relation between x and y is expressed by an equation 
linear in each variable, then y is equal to a fraction whose numerator and 
denominator are linear in x, and vice versa. Find the derivative of y with 
respect to x and that of x with respect to y independently, and shew by 
algebraic transformation that one derivative is the reciprocal of the other. 

12. Show that two functions of x which differ by a constant have equal 
derivatives, and that two functions which differ by an expression linear in x 
have derivatives which differ by a constant. 

13. If the relation between y and x is expressed by the equality of two 
quotients, one of which has numerator and denominator linear in y alone and 
the other numerator and denominator linear in x alone, find the direct expres- 
sion of y in terms of x. Shew that the relation between x and y can be 
expressed by equating the difference of the reciprocals of two expressions, 
linear in x and y, respectively, to a constant. Find the derivative of y with 
respect to x. 


EXAMPLES XII 


1. If y=x 1 l 3 , shew 


DERIVATIVES OF FRACTIONAL POWERS. 
FUNCTION OF A FUNCTION 

that 1 

Ax 


X*!* +X l l 3 X x V* +x^T*' 


and hence that 


2. Find the derivative of each of the following functions : 

a; 3 / 2 , x n ! m , ar 1//3 , XsJ(x s Jx) i x ~ 3 ^ 4 , (1 +x)*Jx t sjx +ax s t 2 , ijx + l/tjx, 

V(a: 8 )+--^2 + ^ij, T+x’ 

a^x+b _**/ 2 1 ^ + _y* -2*Jx, (a^x+b)~\ (ax^+bx^f. 


f , 1 \ 2 

x 2 -f- 5x + 3 

lx I 


s/x 9 

V« + V 


Cs/x 9 1 +x 1 < 2 9 


fasjx +b y 

\Cs/x + d 


)•■( 


six + 


JLV 2 

sjxj \x 


-1). 

X 3 J 


V- 

3. Find the derivative of each of the following functions, where m, n, ... 
are any real numbers : 


V(3-2ar), (2 - 3x) 2lz , ( ax + b )*/», (ax 3 + bx + c) m ' n , (asjx+b)- 1 *, x*/(l+x), 

(ax m i n +bxVi Q ) rl *, { x(a -f#)} 1/4 , sjx + sj(x + s/x), sj(x + l)V(a? +2), ( a 2 + a? 2 ) 8/4 , 
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*V(o’-*‘). (4a; 1 -3x + 2)-*' 5 , (a 3 -x 3 ) 1 ' 3 , z + V^' + l). a; + ^{x* - 1 ), 

(i ® 3/I +ix 5/2 ) 1 '*, (1 -x)V(l + z 2 ), {a; + \/(l -a; 2 )}", x m (ax n +b) v , ( u m +v n )-r , 

(** + IW(**-*), *V(**-3* + 2), ’ GrTS) 5 '’’ 


fax 2 + b ' 

i/m i 

f 

ax 2 +bx +c \ 

mm 

i 

fa^Jx+b Y' 2 

1 


\cx 2 +dj 

1 ’ (4x 2 + 3x - 

2) 1/3 9 V 

Ax 2 +Bx + c) 

1 > 

\CsJx+d) 9 

s/(l - 

a: 2 ) * 

X 

>J(a+x) / 

X 

2/3 ^.3 


x + 1 1 

+ n/(1 ' 

~x) 

n/(1 + x 2 ] 

i ’ >Ja + *Jx’\x 

+ s/(l - 

x 2 )] 9 3(1 + x 2 ) 312 

’ (x - 1) 2/3 ’ — 

X 

* 

X 

( 

x 

1 


f x ( x+b ' 

i 2/3 

) +d 

v S/J 

(2a; 4 +5a 

■ + iy'* 9 V(i 

^ 2 )/ ’ 

' (1 + a;) 1/2 (l - 

2) 3/a 

'* V \x+c, 

/ ’ 

x + sf(x 2 

-a 3 ) I+* 2 W(1 

-x 2 ) sj(a - 

-x) 4 

■s /(a+x) / 

f a n +a: n \ w 

x - sj{x 2 

-a 2 ) 9 s/(\ +x 2 ) + V(1 

-x 2 ) 9 s/( a - 

-x) - 

■ \/(a + 2 ) 9 \ 


nj > 



+ a: 1/2 \ 
-x 311 ) ' 


4. If P =(m i j>im 2 j»s ... u n p n)l(vjQiv t Vt ... v n Q n), where M r , ?’ r are differentiable 
functions of a; and p r , q r are any real numbers, prove that 

<^“ = p y (£r*f r_?r*V\ 
da: f £ / 1 \w r da: v r dx}' 

5. Give a geometrical interpretation of the result =mf'(mx). 

6. Shew that the function defined by the formula — - when a;=£0 

and whose value is J when x =0, has the derivative - J when a: =0. 


7. If w, v are functions of x and du/dv=r, shew that the derivative of u/v 
rv -u 


with respect to uv is 


v 2 (rv +u) * 


8. Find the derivatives of /( -x), f(x 2 ) with respect to x> the derivative f'(x) 
being supposed known. 


Find the derivative of yj with respect to sjx. Qy 


2sjx 


+ a;) 1/2 (l -a:) 3 ' 2 


•] 


9. Find the rate of increase of the volume of a cuboid whose edges are at 
any instant increasing at the rates u, v , w units of length per unit time. 

[ uyz +vzx +wxy , where x f y , z are the lengths of the edges.] 


10. What is the rate of increase of the ordinate of the circle x 2 +y 2 = 4 if 
that of the abscissa is V ? [± Fa?/^(4 - a: 2 ).] 


11. Sand drops from a chute at the rate of 3 cu. ft. per min. and forms a 
heap on the ground in the shape of a circular cone of vertical angle 90°. At 
what rate is the height of the cone increasing after 4 mins. ? 

[0 1 879 ft. per min.] 

12. Water is poured at a constant rate into a can of conical form, the 

height being 6 in. and the radii of the ends 2 in., 4 in. The can is filled in 
5 secs. Find the rates of increase of the depth of the water when the can is 
filled to half the height and when half full. [1-244, 1-028 in. per sec.] 

13. A straight line PQ has its ends on two straight lines APB , CQD , of 
inclinations 0, <p to Ox, and its ends move with velocities u, v along the lines. 
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Find the rate of change of the gradient of the line PQ and the rate of increase 
of the length l of PQ. 


r / — “T- s in(<p ~v0 - u sin (0 -y)}> v cos (<p - y>) - u cos (6 - xp), where tp is 

1 t cos \p _ 

the slope of PQ. J 


14. Two points P 19 P 2 move in a known manner in a plane and at time t 
they have coordinates (x v y x ), (x 2 > y 2 ), respectively. Find the rate of 
increase of the length P X P 2 . 

If Q is on the line joining P v P 2 and divides it in the variable ratio X : ( l - X) > 
find the velocity of Q. 


15. A lino P X P 2 of constant length moves with its ends one on each of two 
given curves. Shew that if v l9 v 2 are the velocities of its ends and (p 2 the 
inclinations of the line to the respective tangents, | vjv 2 1 = | cos ^ 2 / cos I* 


16. Two bars AB y DC turn about fixed centres A, D and are connected by 
a link BC. If the linos of the bars meet, when produced, at /, shew that the 
magnitudes of the velocities of B , C are in the ratio IB : IC. 

Deduce that if P is the point of BC which is at the foot of the perpendicular 
from I on it at the instant considered, the velocity of P is along BC. 


17. Two particles ^4, B movo with constant velocities u, v, one along each 

of two non-intersecting straight lines at right-angles to each other and whoso 
shortest distance apart is h. At a cortain instant the particles are at the ends 
A 0 , B 0 of the shortest line joining the two linos. Find their rate of separation 
at any subsequent instant. [( u 2 + v 2 )t/{{u 2 +v 2 )t 2 + /r}V 2 .] 

18. A rod AB of longth l moves with its ends ono on each of the axes Ox , Oy. 
If A moves with constant velocity V along Ox , what is tho velocity of B along 
Oy when the rod makes an anglo 0 with Ox ? 

If the axes are inclined at anglo co, find tho corresponding velocity at any 
instant. [ - V cot 0, V cos 0 sec (6 +co).] 


19. The sides of a triangle aro increasing at tho uniform rate v units of 
length per unit time. Find the rate of increaso of tho area A of the triangle 
at any instant. 


[l Av (! + s--a + ^ L b + S --c) whor e » = 1(« + 6 +c).] 


20. In a lazy -tongs with n colls find the ratio between the rate of decrease 
of the breadth of the colls and tho rate of increase of their total length. 
j(a 2 — \x 2 ) 

— ~ ^nx — 9 where 2a is the length of each link and x is the breadth at 


[■ 

any instant. J 


21. A point P moves along a straight line MN with velocity V. Find the 
rate at which the sum of its distances from two points A y B f on the same side 
of the line, is increasing. Shew that this rate vanishes when 
A'P —A'B ' . A'AKA'A +B'B), 
where A' y B' are the projections of A, B on MN. 

[The inclinations of PA y PB to the line MN are then equal.] 
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22. Tho elasticity of a gas of volume v in which the pressure is p is measured 
by tho increase of pressuro per unit fractional decrease of volume. Find the 

elasticity when (i) pv —C, (ii) p(v - a) =C, (iii) pv y — C, (iv) (p +~^(v - b) =C, 

where C, a, b> y are constants. 

[p,pv/(v ~a), yp, (pv -ajv + 2ab/v 2 )/(v -b).] 


23. The tangent is drawn at any point P of a curve in spaco. Shew that 


tho cosine of its inclination to Ox is 


“ */V{ 


1 + 


/d(f /\ 2 

\dx J 


/ dz 
\dx 


D}- 


this becomes 


If the coordinates of P are expressed in forms of a parameter t, shew that 
| dxjdt | 

s/{(dx/dt ) 2 + (c lyjdt ) 2 4 - (dzjdt) 2 } * 

A circle of radius a with centre at tho origin lies in a plane through Oy 
making an angle a with the plane yOz. Shew that the cosine of the inclination 
of tho tangent at any point (x, y , z) of the circlo to Ox is (yja) sin a. 


EXAMPLES XIII 

DERIVATIVES OF IMPLICIT FUNCTIONS 

1 . Employ the rule for tho interchange of the dependent and independent 

variables in a derivative to deduco the result = from the 

result ~~ = 2x. 
dx 

dx™ 1 — i 

Deduce, similarly, the result ~r~ = — x™ , (#>0, m a positive integer), 

dx m ax m 

from the result — ~mx m ~ l . 
dx 


2. Find the value of dyjdx when x, y are specified parametrically by the 

0« 1 -t 2 ,.. v 1 -t 2 ^ t(\-t 2 ) 

equations : (i) x = , y = j-^y 2 ; (n) * = r V = ; 

(iii) x=t~P, y~ \-t*; (iv) x ~2t 2 - + 3, y —3t 3 - 4t 2 + 5. 

3. Find the perpendicular distance p of the point P , (h f k ), from the line 
ax + by + c = 0, tho axes being of obliquity co. 

[Use the result p = | PN sin(co - y) |, whore N is the point where the 
ordinate through P cuts the line.] 

4. A point P, ( x , y), is taken on the curve y=f(x), referred to axes of 
obliquity eo, and the perpondicular PN is drawn from it to the line ANB, 
passing through A, (h, k), and of inclination (p to Ox. Find the rate of 
increase of AN with respect to x as P moves along the curve. 

[sin o cos(ip -(p) cosec (go 


5. Employ the process of differentiating an equation to find dyjdx in the 
following cases : 

(i) >J(ax 2 +bx+c) -*J(ay*+by+c) =oc(x~y) ; (ii) ~^ = TJ(xTy) i 

(iii) x 3 + ax 2 y +bxy 2 +y 3 = c ; (i v)x m +y m —a m ; (v) >J(x 2 + y 2 ) + \/(x 2 ~y 3 )=a; 
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<vi)yV* = l + *; (™) \/(^|) + V(S^5) =a; + 2 ' : (viii)Z+y= yKP^l) 

(ix) « m i/ n = (x + i/) m+n ; (xi) # 2 -f ?/ 2 —xy(x +y). 


6 . If p, v are functions of 0 such that pvjd and pv y are both constant, 
(y constant), express the derivatives of p and v with respect to 0 in terms 
of p, v , 0 , y. r py v ~ ] 

L 0 ( 1 - 7 )’ flfwrJ 


7. Find the value of dy/dx when x 2 +xy +y 2 = l and the points where this 
derivative is zero or infinite. Hence shew that the graph lies entirely in the 
rectangle the equations of whose sides are y = ±2/^/3, x = ±2/^/3. 

[The graph is an ellipse whose axes bisect the angles between tho coordinate 
axes. See Ex. 18, Set XIV.] 


8 . If S n denotes the sum of n terms of a geometric progression of common 
ratio x f shew that (x - 1 )^~ =(n - 1 )S n - nS n _ t . 


9. Find the gradient at any point P, (x 9 y), of the circle 

(x -a) 2 + y 2 =Jc 2 {(x +a ) 2 + ?/ 2 } , 

and shew that if A is the point ( - a, 0 ) and A' the point (a, 0 ), the inclination 
of the tangent to AP is equal to the inclination of A'P to Oy. 

10 . Prove that the curves whose equations are 2x = 3y + ax 2 y 2 + bx 3 y 4 , 
3x + 2y=cx 5 +dx 3 y intersect at right-angles at the origin. 


11 . Find the values of dfjdx, dfjdy for the following dimetric functions 

/(*> y) • 

(i) a ; 2 -2 xy+y*; (ii) x* -axy 2 +y* ; (iii) *J(x* +y*) +— 3 ^ • 

12. If f(x, y) —ax 2 + 2 hxy + by 2 y shew that xdfjdx + ydfjdy = 2f. 

n 

13. If f(Xy y) — 2 a r x v ry r , where p r + q r — m f shew that 

r*=»l 


14. If ^ 


a 2 +u 6 2 +w 


X dfjdx + y dfjdy =mf. 

, o . fSuy . / , 8u\ t „/ du du\ 

: 1 , prove that +(^j = 2 +»§=)• 


15. If Xy y are functions of t f so that f(x, y) may be regarded as a function 
(p(t) of t alone, shew that it follows from (9), Art. 82, that 

dq>(t) _df(x 9 y) dx df(x, y) dy 
dt dx dt + dy dt 

[If, in (9 )yf(Xy y), as a function of x alone, is denoted by y>(x), we have 

d\p{x)_ df(Xy y) df(Xy y) dy 

dx dx dy dx ’ 

On multiplying each side by dxjdt 9 the required result follows. In these 
equations xp(x) y f(x 9 y) are usually replaced by /.] 
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EXAMPLES XIV 

GEOMETRICAL PROBLEMS 

1. Find the values of a, b in order that the straight line y ~ax 4-6 may be a 

tangent to the parabola y —x 2 at the point for which x = 1-4. [2-8, - 1*96.] 

2. Find the values of n for which the line y —mx + n is a tangent to the 

circle x 2 +y 2 =a 2 , m being given. [ ±aV(l 4-m 2 ).] 

3. Find the relation between l , m, n which must be satisfied if the line 
lx -hmy +n = 0 is a tangent to the ellipse x 2 /a 2 +y 2 /b 2 = 1. [?i 2 =aH 2 +b 2 m 2 .] 

4. Find the equations of the tangent and normal at any point ( h, k) of the 
ellipse x 2 la 2 +y 2 /b 2 — 1, and at any point of the parabola y 2 =4tax. 

[The tangents are hx/a 2 + kyjb 2 = 1, ky —2a(h 4- a;).] 

5. Find the equation of the normal at any point t of the curve x—f(t), 

y=<p(t). [{* -/(<)}/'(<) +{y - <p =o.] 

6. Find the equation of the tangent to the curve x 3 +y 3 ~a 2 (x -y) at the 

origin. [y -x.] 

7. If the equation of a curve is 

a 0 x + a x y 4- b 0 x 2 + b x xy + b 2 x 2 + . . . 4- ( k 0 x n + k^-'y + . . . + k n y n )> 

where a 0 , a x are not both zero, shew that the equation of the tangent at 
the origin is a 0 x +a x y =0. 

8. The tangent is drawn to the curve 3x 2 y - 2xy 2 = 1 at the point (1, 1). 

Find where it cuts the curve again. [x = - 1/20.] 

9. Find the condition that the astroid x 2 ^ 3 +y 2 J 3 ~c 2 ^ 3 may touch the 

ellipse x 2 ja 2 +y 2 /b 2 = 1. [c=a+6.] 

10. Find the sub tangent at any point of (i) the semi- cubical parabola 

y 2 =ax 3 , (o>0), (ii) the rectangular hyperbola xy—c 2 . [fa;, |a;|.j 

11. The tangent at any point of the semi-cubical parabola y 2 —ax 3 meets 
the axes Ox, Oy in T, U, respectively. Shew that the point whose coordinates 
are x =OT, y—OU lies on the semi-cubical parabola y 2 =%£- ax 3 . 

12. Find the equations of the tangent and normal at any point of the curve 
y —xl(a 2 +x 2 ). Shew that the ratio of the intercepts OT, OU is 

(a 2 +x 2 ) 2 /(x 2 -a 2 ). 

13. Find the equation of the tangent at any point of the general conic 
ax 2 4- 2hxy 4- by 2 -f 2<?o; 4- 2 fy -f c = 0. 

Shew that the conditions that the conic may touch Ox at the origin are 
g= 0, c =0,/=£0. 

14. If the tangent at P on the curve y 3 =Sax 2 -x 3 meets the curve again 
at Q, prove that tan Z.QOa; 4-2 tanLPOx=0. Shew also that if the tangent 
at P is a normal at Q, P lies on the curve 4y(3a -x) =(2 a - a?) (16 a -5a;). 
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15. The tangents to the Folium of Descartes x 3 + y 3 = 3 axy are drawn at the 
points, distinct from the origin, where tho lines y = ±mx cut the curve. Prove 
that they intersect on the curve. 

16. Prove that the condition that the normal to the curve f(x, y) = 0 may 
pass through the origin is xdf/dy -ydfjdx= 0. Deduce the equations of the 
principal axes of the conic ax 2 + 2 hxy + by 2 = 1. 


17. Find the form taken by tho equation x 3 -hy 3 =*,\axy when the axes are 

rotated through an angle of 45°. p •> _ ~ 2.c 1 

\_ y ' ~ X Zaj2 + dx' A 

18. Find the form taken by the equation x 2 -hxy -hy 2 = 1 when the axes are 
rotated through an angle of 45°. 


19. Find the form taken by tho equation ax 2 + 2 hxy + by 2 + 2 gx + 2 fy -he — 0 
when the axes are rotated through an angle 0 given by tan 20 — 21iJ(a -b). 

20. Through any point (£, rj) of the plane xOy pass two curves whose 
equations are %iP(x) + h^x, y) +r(y) =0, X 2 2 p(x) + A 2 ^(.r, y) -hr(y) =0, where 

p(x) =(1 - k 2 ) 2 x 2 , q(x , y)= 1 -hk 2 (x 2 -f y 2 ) 2 -f-(l -hk 2 )(y 2 -x 2 ), r(y) = -y 2 , 

(k constant), and X l9 are the roots of the equation 
A 2 p(^) + A?(£, rj) -hr(tf) = 0 . 

Shew that the two curves intersect at right -angles at (£, y). 
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CHAPTER III 

SUCCESSIVE DERIVATIVES 
APPLICATION TO ALGEBRAIC FUNCTIONS 

86. Introduction. Derived Functions. Notation for Higher Derivatives. 

In the examples of the determination of derivatives given in 
Chap. II, the formulae obtained for the derivatives were valid in 
the ranges of continuity of the functions themselves, (except pos- 
sibly at a finite number of points), and hence defined functions of 
the independent variable in those ranges. These functions are 
called the derived functions of the respective original functions. In 
general, the aggregate of the values of the derivative of a function, 
f(x) say, each associated with the value of the independent variable 
x at which it occurs, defines a function of x and is called the derived 
function of f(x). For the functions with which we are commonly 
concerned, the derived function will be defined in one or more con- 
tinuous ranges. We are naturally led to inquire whether the derived 
function has also a derivative for any value of the independent 
variable. If this derivative exists, it is called the second derivative , 
or second differential coefficient , of the original function at that value. 
The derivative of the original function f(x) is then distinguished, 
when necessary, as the first derivative of f(x). 

Again, the aggregate of the values of the second derivative of a 
function defines a function of the independent variable, and this is 
called the second derived function of the original function. In like 
manner, for the functions with which we are commonly concerned, 
the second derived function will be defined in one or more continuous 
ranges, and we may proceed to consider whether it has a derivative 
at any value of the independent variable. Such a derivative is 
called the third derivative , or third differential coefficient , of the 
original function, and the aggregate of its values forms the third 
derived function. 

This process may be repeated, and, in general, for any positive 
integer n, the nth derivative, or the nth differential coefficient, of the 
original function is the first derivative of the (n - 1 )th derived function . 

M 177 M.B.M.A, 
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In the case of the algebraic functions considered in Chap. II, the 
successive derived functions are also algebraic, and in the simpler 
cases general formulae can be obtained for the nth derived functions, 
as will be shewn later in this Chapter. 

We may illustrate at once by the function x m , ( m any real number). 
The successive derived functions are m(m - \)x m ~ 2 , ... , that 

of any order n being m(m - 1) ... (m - n+ l)x m ~ n so long as m is not 
a positive integer. If m is a positive integer, the same formula gives 
the nth derived function if n^m. When n — m the nth derived 
function is the constant n !, and for larger values of n the successive 
derived functions all reduce to the constant value 0, that is, they 
all vanish. Thus when m is a positive integer and n^m, we may 


write the nth derived function in the form 


m ! 

(m -n) ! 


x m ~ n 


The notion of successive derived functions was familiar to the founders of 
the Differential Calculus, especially in connection with Dynamics. The 
introduction of instantaneous velocity as the time -rate of increase of distance, 
that is, as the first derived function of the distance-time function, may be 
looked on as the first step in the mathematical theory of that subject. The 
discussion of the connection between the force acting and the motion pro- 
duced required the introduction of the time-rato of increase of the velocity, 
to which, according to Galileo and Newton, the force is proportional. This 
new time-rato, which is called the acceleration of the point considered, is the 
first derived function of the velocity-time function and the second derived 
function of the distance-time function. In symbols, the velocity v is given 
in terms of the distance x and the time 1 by the equation v—dxjdt , and the 
acceleration a by the equation a =dv/dt. 

We shall shew, in the following Article, that the acceleration can also be 
expressed as a distance-rate in the form a =d(%v 2 )/dx. 


We proceed to the detailed treatment of successive derivatives 
and derived functions. Suppose that y , or f(x), is a function which 
possesses a (first) derivative dy/dx for all values of # in a certain 
range, so that the first derived function of y , which we denote by 
g(x ), say, 1 is defined in that range. This derived function may itself 
have a derivative, denoted by 

TF’ or Tx g M’ “> 

at some point x of its range, and this derivative is then the second 

1 The practice of writing g ( x ) for dy/dx f even when there is no reference to a graph, 
has been referred to before ; see footnote, p. 124, Art. 70. 
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derivative of the function y or f(x). If we insert the value dyjdx of 
g(x ), the symbols for the second derivative take the forms 


d 



dx ’ 


d fdy\ 
dx \ dx/ 


(2) 


If the second derivative exists at all points in a range, the same 
forms, regarded as functions of x , represent the second derived 
function of y in that range. 

If, now, we proceed to consider the third derivative, the symbol 
corresponding to the first of the two forms given for the second 
derivative and obtained from it by replacing y by dyjdx is very 
unwieldy ; that corresponding to the second is 



( 3 ) 


In like manner, the form 


±[<Lfd ( dy )Y 

dx L dx 1 dx \dxJ f _ 


( 4 ) 


is arrived at for the fourth derivative. 

The brackets are often omitted, or replaced by a dot or cross of 
separation, in these forms where no doubt can arise. A more con- 
densed form, and one which is regularly employed, is obtained by 

writing ^ once only and indicating by a numeral how many times 

it occurs in the full form. Thus the successive derivatives are 
denoted by 



The most common form of all is one which has arisen from a con- 
nection with the Calculus of Finite Differences. It can be shewn that 
if the nth derivative exists, it is equal to the focus, or limit, of the 
ratio A n y/(Ax) n when Ax converges to zero. Here A n y is the nth 
difference 1 of the function y corresponding to the fixed increment 
Ax of x. If, then, we indicate the application of the limit-process by 
the substitution of d for A, exactly as in the case of the first derivative 


we arrive at the symbol d n y/(dx) n , or 


d n y 

(dx) n ' 


The current practice is 


1 See Art. 60. 2. 
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to omit the parentheses in the denominator, (not without loss of 
clarity), and to denote the successive derivatives by 1 


dy 

dx’ 


d 2 y 

dx 2 ’ 


d?y 
dx? 9 


d n y 

dx n 9 


.( 6 ) 


or, in the ‘ solidus ’ form, by 

dyjdx , d 2 y\dx 2 , d z y\dx 2 , ... 
These are regarded as the standard forms. 


d n y/dx n (7) 


Thus wo write ot=d 2 xjdt 2 for the acceleration a of a particle moving in a 
straight line, the displacement being x at time l. 

When a more condensed notation is required, the symbols 
y (1 \ y (2 \ • • • ? y {n) are frequently employed. 2 There is here no indication 
of the independent variable. A corresponding notation, where f(x) 
is substituted for y, has not this disadvantage. In this case the 
successive derivatives are f (1) (x), f (2) (x), ... ,f (n) (x), where the first 
three are often conveniently replaced by f'(x), f" (x), /"' (x). 

The value of the nth derivative of y or f(x) at the value x x of x is 
indicated by one or other of the symbols 

(§)*,’ ( 8 ) 

y x being the value of y corresponding to x v 

Finally, it is desirable to call attention to the fact that in the 
notation /< n) (#), the independent variable with respect to which 
the successive derivatives are formed is always indicated by the 
expression in the parentheses following the symbol / (n) , here x. If, 
for example, we write / (n) (# 2 ), this means the nth derivative of 
f(x 2 ) with respect to the variable x 2 , 


The dimensions of higher derivatives are easily found. The second deriva- 
tive is equal to the limit of ^ A A x , and if y is of dimensions n relative to x, 
dyjdx is of dimensions n - 1 . Hence, by Art. 64. 2, ^ A Q j Ax is of dimensions 

n - 2 and, as in the case of the first derivative, considered in Art. 67, the limit 
of this expression is of the same dimensions. Thus d 2 yjdx 2 is of dimensions 

1 The notation (6) is due to Leibniz. The student should note carefully that the 

d2y d n v 

forms * • • • » yn x aro 710 * uso< ^ * they have not been suggested either by the 

meaning of the derivatives or by the condensation of more self-explanatory forms. 

2 Many writers employ the letter D for — and write Dy, D 2 y, ... , D n y for the 

derivatives. We prefer not to use this notation in the elementary discussion. 



EXAMPLES OF DERIVATIVES 


ART. 86] 


181 


n -2 relative to x. In particular, if x , y are of the same dimensions, d 2 yjdx 2 
is of dimensions - 1 . 


Ex. 1. The function x m . We now introduce the above notations for the 
successive derivatives, which have been considered above. Denoting the 


function by y or /(#), wo have 

=/(»)(*) =/'(*) (9) 

^ =y(*) = /( 2 ) (x) ~f" (x) = m (m - 1 (10) 

and the general result is expressed by 

= V (n) =/ (n) (x)=m(m-l) ...(m-n + l )x m - n , (11) 


where n may have any positivo integral value unless m is a positive integer. 
If m is a positivo integer, 


d n x m 

dx n 


ml 

(m - n ) ! 


x m ~ n . 


d^x m 

dx n 


— 0, (n >rn). 


(n m), 


( 12 ) 

(13) 


The particular case of (12) when n =m, namely 


d m x m 

dx m 


—m 


i 


(14) 


may be specially noticed. 


Ex. 2. The functions 1/x, \jx m . The successive derivatives of those func- 
tions are included in the above result (11) but it is convenient to state the 
forms of their general derivatives separately. Putting m = - 1 in (11), we get 


^ y -=( - ip - n - ! - 

<dx) x ' ' as n+1 * 


.(15) 


while if we write -m for m in (11), we get 

f d V 1 1 m(m + l) ... (m+w - 1) 

V<iW x m ~' x m + n 

When m is a positivo integer, this takes the form 


(16) 


d_\ n J, _ ( ra-fn-l)! 1 
dx) x m K 1 (m - 1) ! x m + n% 


,(17) 


If we desire to proceed directly, without referring to the results of Ex. 1, 
we write, in the case of the function 1 / x, 


dy _ _ 1 dfy _ 2 d 3 y _ 3 .2 

dx~ x if dx 2 ~ x 3 9 dx 3 — a 4 * 


the law of formation of the successive derivatives being obvious. Similarly 
for the function l/x m . 
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Ex . 3. The function Al(x-a) m , {m a positive integer). This is a simple 
extension of the case llx m , and according to (17) the general derivative is 
easily seen to be given by 


/ d V* A (m+n-1 )! -4 

Vd#/ (a; -a) m ' ' (ra-1)! (aj-a)™* 11 * 


(19) 


With the aid of this result we are able to write down the nth derivative of 
a rational algebraic function of the form f(x) \g> (x), where f(x), (p{x) are poly- 
nomials in x , <p (x) being given as the product of real linear factors , some of 
which may be repeated. For it can be shewn that if (p (x) is of the pth degree 
and contains r distinct linear factors, the typical one x - a k occurring as a 

r 

power of index m k , where 2 we may write 

k—1 


fM = y { _ Arn k , Am k~ 1 , 4i \ 

<p(x) k=l\(x-a k ) m k ( x-a k ) m k~ x x-a k f 


+ y>(x). 


( 20 ) 


whero the A\s are constants and y>(x) is a polynomial which vanishes if the 
degree of f(x) is less than that of (p(x ). 

Without, however, appealing to tho theory of elementary (partial) fractions, 1 
the following Examples illustrate the intuitive method for the decomposition 
of simple rational functions of the kind here contemplated. 


Ex. 4. The function . The identity 

x-(x-l) = l (21) 

gives, on division by x (x - 1) and x 2 (x - 1), in turn, 

1 1- \ 1 i=_.i mi 

X - 1 X x(x-l)’ #(#-1) X 2 x 2 (x-l) f ' ' 

and hence we have 

(23) 

X 2 (X ~ 1 ) X - 1 X X 2 v 

Employing the results (15), (17), (19), wo thus have 

fAY-.J.— =i w! w! (» + i)!\ 

\dx) x 2 (x-\) ' ' \(#-l) n+1 x n+1 x n + 2 J 

■<*> 

Ex. 5. Find the nth derivative of xl(x 2 -a 2 ). [Start with the identity 
(x - a) 4- (x 4- a) = 2x , and divide by 2 (x 2 - a 2 ).] 


87. A Useful Transformation of Second Derivatives. 
We now prove the analytical theorem 

d 2 y_ d (l (dy\ 2 \ 
dx 2 dy\2^dxJ /’ 


(1) 


1 This theory is given in detail in Art. 241, Chap. X, 
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which is of common occurrence and which corresponds, in particular, 
to the transformation of the acceleration of a moving point from a 
time-rate to a distance-rate, as mentioned on p. 178. The first step 
is to write 


d 2 y _dg 
dx 2 dx 9 


g standing for the first derived function dy/dx. Regarding g now as 
a function of y , which in turn is a function of x , the rule for the 
derivative of a function of a function gives 


dg__dg 

dx dy dx J dy dy 




(3) 


which leads at once to the theorem as stated in the form (1). We 
have thus changed the variable with respect to which the second 
differentiation is performed from x to y. 


In the kinematical case referred to, the transformation takes the form 


_dv _dv dx __ dv __ d 2 . 
~dt~dx dt~~ V dx~ dx^ V 9 


(4) 


which expresses the acceleration as the distance -rate of increase of the half 
square of the velocity. 

Ex. 1. The relation y 2 ~a + bx +cx 2 . We have 2y ( ^=b + 2 cx, and hence 


Therefore 


(dy \ 2 _ b 2 + 4bcx -f 4c 2 # 2 _ b 2 + 4c (y 2 - a) _ b 2 - ±ac 
\dx) ~~ ty 2 ~~ ±y 2 ~~ 4 y 2 C ’ 

d 2 y __ d r 1 / \ 2 \ & 2 ~4ac__ b 2 - 4ac 

dx 2 ~ dy \2\dx) ) ~ 4t/ 3 ~ 4(a -\-bx +cx 2 ) 3 / 2 * 


Ex. 2. Shew that — -f- 

dx 3 dy dg 



(5) 

(6) 
•( 7 ) 


Ex. 3. Prove that if the velocity v is given by v 2 — V 2 (\ -x 2 /a 2 ), (V, a 
constants), the acceleration is - F 2 x/a 2 . 


88. Higher Derivatives in the Case of Implicit Functions. 

The general treatment of the higher derivatives in this case 
belongs to a more advanced stage, but if the existence of the implicit 
function and its successive derivatives is assumed, the values of the 
latter can be conveniently obtained in succession by the process 
described in Arts. 81, 82. 

Suppose, at first, that the implicit function y is defined by the 
equation 

m, n 

£ A r Jr(x)<Ps{y)= 0. 

r,8 = l 


(i) 
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On differentiating this equation with respect to x, we get, as in 
Art. 81, 

m,n m, n 7 

2 A r j r '(x)<p,(y)+ 2 A r j r (x)<p s '(y)f x =o (2) 


r,8 — 1 r,8~l 

On differentiating a second time we get 


Ay 


m, n m,n 

2 A ra f r "(x)<Ps(y)+ 22 A ra f r '(x)<Ps'{y)7 r 

r,8 = 1 r,* = l ax 

\ 2 m > n 


+ %A r ,fr(*)V,"<3t) (1)" +2 i A rsfr(x)W(y)^ 2 = 0, ...(3) 

and this gives d 2 y/dx 2 . The process can be repeated any number of 
times to obtain higher derivatives. 

If the relation connecting x and y has not the particular form 
assumed, the result stated in Art. 82 can always be used. Denoting 
the relation by f(x, y)= 0, a first differentiation with respect to x 
gives 

df dfdy A 

dx + Wydx~° (4) 

In order to make it clear that df/dx, df/dy are functions of both x 
and y, we write (4) in the form 

rJ/u 

.(5) 

UJU 

A second differentiation then gives 

dcp dcp dy / dtp df dy\ dy d 2 y 
dx dy dx^\dx dy dx) dx ™ dx 2 

which determines d 2 yldx 2 , and so on. 

Since <f>(x, y) , we can write (^J~) or instead of ~ and, 

similarly, * (f) or for f, *L f or g and 1 S for g. We 
J dy\dxJ dydx dy dxdy dx dy 2 dy 

can thus write (6) in the form 

f/ + ( 3 ’f + M.)g+2l(p)‘ + % p,=o <7) 

dx 2 \dydx dxdy/ dx dy 2 \dxJ dydx 2 ' 


<p(x, y)+f{x, y)^ |=o. 


: 0, 


(6) 


It can be shewn that, under normal conditions, 

d 2 f _ d 2 f 

dy dx ~ dx dy 

The student can verify immediately that this relation holds for 
functions of the type in (1). 


(8) 
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Ex. 1. The equation x 2 + y 2 —a 2 . The process of successive differentiation 
of the equation here leads to the equations 




d y d Ly +v d Ly- 0 

dxdx* +y dx*~ ’ 


J<Py V 

\dx i ) 


, dy dhy 
dx dx 2 


d*y 
dx* ' 


, d 2 y dhj 
dx 2 dx 3 


. dy d*y 
dx dx* 


, d ly-< 

' dx- 


whence we find, in succession, 


.(9) 


dy _ x d 2 y _ a 2 d z y _ 3 a 2 x 

dx~ y’ dx 2 ~ y z 9 dx 3 ~~ y 3 

d x y _ 3a 2 ( 4x 2 4- a 2 ) d 5 y _ 1 5 a 2 x (4x 2 + 3a 2 ) 

dx x ~ y 1 * dx?~~ y 9 


( 10 ) 


Ex. 2. The function y = l/(a 2 + # 2 ). Writing this in the implicit form 


(a 2 +# 2 )2/ -1=0, (II) 

the application of the process described above leads to the equations 

2xy +(a 2 =0, (12) 

2y + * x fa + ( a * +x ^3x* :=0, ( 13 > 

<»> 


and so on. The forms of these equations suggest that, in the general case, 


d n -hy 


d n ~ l y 


\ d n y 


n(n - 1) ^ + 2 + (a 3 + *) ^ =0 


.(16) 


and that this is the corroct form is easily verified by the method of Induction. 
Thus, differentiating (15), we get 

(n(n - 1) + 2n} + (2nx + 2*)g + (a* +x*) =0 (16) 


which is obtainable from (15) by changing n into n + 1. Since this result is 
true for the case of n =2, we infer that it is true generally. 

By actual substitution we find 


dy __ 1 

dx (a* +x 2 ) 2 
d z y _ 3 ! 

dx z ~ (a 2 +# 2 ) 4 


2x, 


d 2 y _ 2 ! 


dx 2 ( a 2 +x 2 ) z 


(3x 2 - a 2 ), 


(40=3 -4xa«), g = ^ 2? (5z‘-10zV 


+a*). 


(17) 


The general result of the same form, which can be readily verified by the 
method of Induction, is 


*!y = (_u« ni 

dx n ' ' (a 2 4- x 2 


JSTI (< n + 1> *" "( n 3 +(” g 1 )*"-*a* - ...}. ...(18) 


The successive derivatives of 1/(1+ a; 2 ) are given in a more compact form 
in Chap. VI, Art. 152. 2; those of l/(a 2 +a; 2 ) are immediately deduced by 
putting x/a for x. 
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Ex . 3. The junction y — xj(a 2 +x 2 ). Writing this in the form 

(a 2 + x 2 )y -x =0, (19) 

and proceeding as in Ex. 2, we obtain the general results 

+ < M>I > ( 20 ) 

S=< - -(”>■-<•■ +("1 ...( 21 ) 

From the results of this and the preceding Example we are able to write 
down the nth derivative of an expression of the form 

<i a2 <» < 22 > 


For x 2 + ax +6 ~u 2 + k 2 , where u —x -f \a , k = sj(b - Ja 2 ), and hence 


„ t _A(u-%a) + B u 

y ~ u 2 +k 2 ” u 2 +k 2 


+ (B-\aA) 


1 

u 2 +k 2 ' 


Since dujdx = 1, we have 

dy_dydu~dy d^y__ d (dy\_ d /dy\du _d 2 y 
dx~ du ~dx~~ du’ dx 2 ~ dx\du)~ du\du) dx~ du 2 * 


(23) 


(24) 


and so on, and hence, if the nth derivative of y with respect to u is found, as 
in (18) and (21), the nth derivative of y with respect to x is obtained from it 
merely by replacing u by x + Jo. 

It is shewn in Art. 241 that if a rational function j(x)/(p(x) f containing an 
unrepeated quadratic factor of the form x 2 +ax+b, (Ja 2 <6), in the denomi- 
nator q?(x ), is decomposed into elementary (partial) fractions, the component 
having that factor as denominator is of the form (22). With the aid of the 
result (19) of Ex. 3, Art. 86, we can thus write down the nth derivative of a 
rational function which has been decomposed into the sum of a polynomial 
and elementary fractions, provided that (p(x) does not possess repeated 
quadratic factors. 1 

As in Art. 86, Exs. 4, 5, the intuitive method may be employed in simple 
cases to determine the elementary fractions. 


Ex. 4. The junction y = ~ , 2 ^ . If we start with the identity 

X \X* ~Y X ~r L ) 

(x 2 +x + 1) -x -x 2 = 1, (25) 

division by x (x 2 + x + 1) gives the required decomposition in the form 

i - 1 1 (2a > 

x(x 2 +x + l) X X 2 +X + \ X 2 +X + l v 

Writing x 2 + x + 1 = (x + £) 2 + 1 =n 2 + k 2 , where u =x + k = £\/3, we have 

qj j_ u ~ j __ 1 1 1 U (9.7\ 

y x u 2 +k 2 u 2 +k 2 x 2u 2 +k 2 u 2 +k 2 ' 

1 For the ease of repeated quadratic factors, see Ex. 11, (iii), Set XVI, at the end 
of the present Chapter. 
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Sine© here d n yldx n =d n yldu n , we have 

{(n + l)M« -( M 3 + 
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^ = (_ 1 )nJLL_i(_l)n ILL , 

dx n ' ; w n+1 2' ’ (u'+k 2 )”* 1 


°i -ir^i -i - ■)• (, - . 

+ j{(n + l)(o : + i)'*-i( n J 1 )( a: + i)»-» + ...}]. ...(28) 


89. Change of Independent Variable in Higher Derivatives. 

We next investigate the effect of certain changes of independent 
variable on derivatives of order up to the third. 

89. 1 . Function of a function. Let y=f(t)> where t—(p(x), so that 

y =/(?(*)} =*(*)> sa y (!) 

It is required to express the derivatives of y with respect to x in 
terms of the successive derivatives of y with respect to the inter- 
mediary variable t and those of t with respect to x. We have 

dy_dydt 

dx dt dx 9 ' ' 


and, differentiating again, using the product-rule for the right-hand 


side, 


d 2 y _ d / dy\ dt +dy d / dt\ 
dx 2 ~dx\dtJ dx + dt dx\dx) 


Similarly, 


d 2 y ( dt\* ^dy d 2 t 
~ dt 2 \dx) + dt dx 2 

d 3 y d 3 y fdt\ 2 d 2 y dt d 2 t dy dH 
dx 3 ~~ dt* \dx) + dt 2 dx dx 2 + dt dx 3 ’ 


and the process can be repeated. 1 

89. 2. Parametric specification of x and y. Suppose, now, that 
instead of the explicit form t=cp(x) connecting the intermediary 
variable t with the independent variable x, t is given implicitly in 
terms of x by an equation of the form x = y)(t). Then we have the 


equations 


x=y>(t), y=f(t), (5) 


so that t may now be regarded as an independent variable or para- 
meter. We proceed to determine the successive derivatives of y 
with respect to x in terms of the successive derivatives of y and x 
with respect to t . 

The results of the preceding Sub-article are immediately applicable 

1 For the expression of the nth derivative, see Ex. 11, (i). Set XVI. 
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for this purpose on the assumption that the successive derivatives 
of y with respect to x exist. For if we interchange (the roles of) x 
and t , the equations (2), (3), (4) determine dy/dx , d 2 y/dx 2 , d 3 y/dx* in 
succession in terms of the derivatives of y and x with respect to t . 
It is, however, more satisfactory to start afresh from the formula 

dy _dy/dt m 

dx~ dx/dt’ K ' 

demonstrated in Art. 79. The right-hand side of this equation is a 
function of t which can be differentiated repeatedly with respect to 
that variable so long as the successive derivatives of x and y with 
respect to t exist. It can therefore also be differentiated repeatedly 
with respect to x , by the rule for the derivative of a function of a 
function, because dt/dx exists. Thus we have 

dx d 2 y d 2 x dy 

d 2 y _d fdy\dt _d fdy/dt\ 1 dt dt 2 dt 2 dt , . 

dx 2 ~ dt\dx) dx~~ dt\dxjdt) dx/dt ~~ fdx\* ’ 

\dt) 


/ dx d 3 y d 3 x dy\ dx / dx d 2 y d 2 x dy\ d 2 x 
d 3 y _d /d 2 y\ 1 __ ^dt dt 3 dt s dt) dt \dt dt 2 Tit 2 dt / dt 2 

dx 3 ~ dt \dx 2 ) dx/dt ~ /dx \ 5 

\dt) 

and so on. 


89. 3. Interchange of dependent and independent variable. We are 
here concerned with the determination of the successive derivatives 
of x with respect to y upon the inversion of a relation of the form 
y = y)(x), so that y becomes the independent variable. This problem 
is a particular case of that of the last Sub -article obtained by taking 
the relation between y and t to be simply y — t and then interchanging 
(the roles of) x and y. It is, however, better to start with the relation 


1 /ox 

dy dy/dx ’ ' ' 

demonstrated in Art. 78. Differentiating with respect to y , we find 

d 2 x __ d (dx^dx _ d ( 1 ^ 1 _ d 2 yjdx 2 

dy 2 ~~ dx \dy) dy ~ dx \dyjdx) dy/dx ~ (dy/dx) 3 ’ ' ' 

d?y dy ^ (d?y\ 2 

d z x __ d ( d 2 y/dx 2 \ 1 _ dx 3 dx \dx 2 ) ..... 

dy 3 “ dx \ (dy/dxf) dy/dx ~~ /dyf> ’ ^ ' 

\dx) 


and so on. The roles of x and y can, of course, be interchanged in 
these equations. 
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The equations (10), (11) can be put into more symmetrical forms. Thus, 
assuming dyjdx positive, (10) can be written 

1 d 2 y_ 1 d 2 x 

(dyjdx) z i 2 dx 2 ( dxjdy ) 3 / 2 dy 2 * ' 

while if dyjdx is negative, we must write 

1 d 2 y_ 1 : _ (Px n ox 

( - dyjdx ) 3 / 2 dx 2 ( -dxjdy) z l 2 dy 2 

The symmetrical forms of (11) are now most easily obtained by differentiating 
the last two equations with respect to x. 

Ex. 1. Find the transforms of dyjdx, dhyjdx 2 when tho independent variable 
x is expressed in terms of t by the relation x — 1 - 1 2 ). 

We employ the results (6), (7), noticing that 

dx _ t d 2 x _ 1 /1/n 

dt~~~ (T-t 2 ) 1 / 3 ' dt 2 “ “ (1 -t 2 fT 2 

We find 

dy_ (l-< 2 )V 2 <fy .. . 

dx~ t dt’ v 1 

t d 2 y 1 dy 

dhj ~ ( l-l 2 ) 1 / 2 dt 2 + (T^l*)sf» dt 1 -t'dhj 1 dy 

dx 2 t 3 ~ t 2 dt 2 t* dt ( ) 

(1 -< 2 ) 3 / 2 

The student should verify that under this substitution, the transform of tho 
expression (l - x 2 ) - (3x ~ 1 /x)^ is ( 1 - 1 2 ) - (3* - 1 jt) -j* . 

90. Successive Derivatives of a Product. Leibniz’s Theorem. 

We now investigate an important theorem which gives the nth 
derivative of the product of two functions in terms of the successive 
derivatives, up to the same order, of the separate functions. 

Let u, v be two functions of x and denote their product by y , so 
that y — uv. Each of the functions u , v is supposed to possess deriva- 
tives up to the order of the highest derivative of y which is to be 
found. Then we have, for the first derivative of y, 

dy du dv 

a=si' + “s <*> 

When the second derivative of y is sought, each term on the right- 
hand side is, by supposition, the product of two differentiable 
functions. Accordingly we have 

d 2 y _ d (du \ d / dv\/d 2 u du dv\ fdudv d 2 v\ 
dx 2 ~~dx \dx V J + dx \ dx)~ \~dx 2V + dx dx)+\dx dx + U dx 2 ) 

d 2 u n du dv d 2 v 

= d* v+2 dxdi +u w*’ 


( 2 ) 
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and, proceeding in the same way, we find 

d z y _d z u d 2 u dv du d 2 v d 3 v 
dx? ”* doc 3 V **" dot? dx **" dx dx 2 + U doc 3 * 

If on the right-hand side of equation (3) we replace each derivative 
of u , v by the power of u, v , respectively, whose index is equal to the 
order 1 of the derivative, the expression becomes the binomial ex- 
pansion of (u -ft;) 3 , and corresponding statements hold for equations 
(1), (2), the transformed expressions being u -f v, (u -f v) 2 , respectively. 
We now prove, by Induction, that the corresponding statement is 
true for the general derivative. 

We assume that, for a certain value of n , 

d n y d n u /'n\d n ~ 1 u dv fn\d n ~ r u frv d n v ... 

dx n ~~ dx n V + v 1 / dx n ~ l dx + *'* + \r) dx n ~ r dx r + **' + U dx n 5 


[oh. m 

( 3 ) 


the corresponding transformed expression being (u+v) n . On 
differentiating with respect to x, we get 


d n+1 y_ d n+l u 
dx n+1 ~~ dx n+1 


v + 


+ 


f, fn\\ d n u dv 


{C:>0} 


dx 

d n - r+1 u d r v 
~dx n ~ r+l dx r 


d n + l v 

+ - +u d*^- - (5) 


Employing the known result + (*) = 0 r 1 )’ < 5 ) becomes 


d n+1 y d n+1 u fn+ 1 \d n u dv 
dx n + l ~~ dx n+1 V V 1 ) dx n dx^ '" 

(n 4- 1 \ d n+l ~ T u d r v d n+1 v 

^ \ r ) dx n+1 ~ T dx r + + U dx n+l 9 


( 6 ) 


and this differs from (4) only by n + 1 taking the place of n . Thus, 
if equation (4) holds for any one value of n , it holds for the next 
greater value. Since it is true for the values 1, 2, 3 of n, we infer 
it to be true for any positive integral value of n. 

The result expressed by (4) is known as Leibniz's Theorem . 


Ex, 1. The function ux. If we substitute x for v in (4), noticing that now 
dvjdx = 1, d n vjdx n =0 for n> 1, we get the result 


Ex. 2. Shew that 


d n (ux)_ m d n u d n ~ x u 
dx n ~ dx n x + n dx n ~ l * 


(7) 


d n (ux 2 ) 
dx n 


=£ xJ+2n 


d n ~ x u 

~dx n ~ l 


x +n(n - 1) 


d n ~ 2 u 
dx n ~ 2 * 


.(8) 


1 The functions u , v themselves are here regarded as derivatives of zero order. 
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Ex. 3. Continued differentiation of an equation. Let the given equation be 

2*2/+(l+* a )||=0 (9) 


If we assume that the (n + 1 )th derivative of the function y exists, the appli- 
cation of Leibniz’s theorem here gives 


d n y n d w-1 t/ .. 0 ,d n+1 y n d n y . _.d n_ h/ ~ 

2x W» + +(1 + x) dx^ + 2nx d^ + n(n - 1 )^ = 0 . 


i.e. 


See also Ex. 2, p. 185. 


Ex. 4. Find the nth derivative of u(x - a ) r , (r a positive integer, n ^ r). 

As in Ex. 1, p. 181, we have 

slk r f Ak 

-^( x -a)' r =^ r -~(x-ay-’', (k^r), but ^- k (x -o) r =0, ( k>r ). ...(11) 

Thus the highest derivative of (x -a) r which occurs in the expression for the 
required nth derivative is the rth, and we have 


d n y d n u. . r fn\d n ~ k u r\ . xr _- ( 

d£"-dx" (x ~ a) + -" + \k)dx ii= *(T^kj'S X ~ a) + -" + ( 


n\ d n ~ r u 
r ) dx*~*‘ r * 


d n u . . v d n ~ 1 u. , n! r! d n ~ k u . vr 

= dx» {X ~ a) + nr iSS=i {X - a) + • ■ ■ ■ ■ + tiT - :MT *! d 7 rn=k (* " a Y 


dx n 

+ ... + 


(n -k)\k\ (r -k)l dx n 
d n ~ r+1 u. , n! d n ~ r u 


(n-r + 1)! dx n ~ r+1 


— L-(x-a) + 


(n -r)! dx n ~ r ' 


.( 12 ) 


the number of terms in the expression being r + 1 and the general term 
written being the ( k + l)th counting from the beginning. 

It is convenient to write this result in the reverse order, thus 


d n y _ n ! d n ~ r u n\ r\ k d n ~ r + k u 

dx n ~ (n -r)\ dx n ~ r + *” + (n -r + k)\ {r -lc)\ k\ X a dx n ~ r + k 

+ ...+(* -o)^ (13) 


the general term now written being the (k 4- l)th counting from the beginning 
and coinciding with the (r - k 4- l)th term counting from the end in (12). 


Ex. 5. Find the nth derivative of (x 2 -a 2 ) r , (r a positive integer). 

We write (x 2 -a 2 ) r =(x +a) r (x -a) r . Observing that 

dx^U X +a Y=( 2r ~-n- k ) \ (x + a ) 2r ~ n ~ k ’ (*<2r-n), (14) 

the general term in the above expression (13) becomes 


n! r ! r ! 

(n -r + k)\(r -k) \ k\ (2r -n -k)\ 


(x - a) k (x 4- a) 2T ~ n ~ k . 


,(15) 


The required derivative is obtained by summing all the terms obtained from 
(15) on allowing k to range from 0 to 2 r -n. 

This Example is more simply treated by expanding ( x 2 -a 2 ) r before differ- 
entiating. 
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- — -J , (r a positive integer). 

We write 





Quoting from (17), Ex. 2, Art. 86, we have 


d n ~ r+k A = , _ n n-^ (H+fc-D ! JL 

dx n ~ r+k x r ' ' (r — 1 ) ! a: n +*’ 


and hence, from (13), the required derivative is given by 


£ /_,»•+* (n+fe- l)J_n! 

dx n ' {n -r +k)\(r -k)\k\ 


(x-a) k 
~x n+k ' 


(16) 


(17) 


(18) 


This Example is more simply treated by expanding (1 -ajx) r before 
differentiating. 

Ex . 7. If /(x) is a polynomial of dogree n in x and a is any number, show 
that 

f(x) =/ (a) + (x -«)/(*)(«) +^(X -a) 2 f( 2 )(a) + ... +~{x -<*)"/<”>(«)• ...(19) 


In the polynomial f(x) put x=a -\-(x - a). Tho term x r can then 
be expressed as a polynomial of degree r in x - a by developing 
{ a+(x~a)} r in powers of x-a by the Binomial Theorem. Thus f(x) can 
be expressed as a polynomial of degree n in x-a. Let this polynomial be 


A 0 +(* -o)4, + ... + {X - r ~ ) -A r + ... + ( -^~ A n . Then 

/< r > (x) = A r + (x - a) A r+1 + . . . + A n , (20) 

and therefore, putting x=a, we get 

f( r )(a) —A r , (r = l,2, ...,n) (21) 

This gives the result stated. 


Ex. 8. If in the preceding Example /(a), /0)(a), ...,/( r ~ 1 )(a) all vanish, 
f(x) has (x -a) r as a factor. 

[When this condition is satisfied the polynomial is said to have a zero of 
order r at a; = a , and the equation f(x) =0 is said to have r roots equal to a or 
to have an r-tuple root a. In particular, if f(a) =0, /0(a) —0, there is a double 
root a , and if, in addition, /( 2 ) (a) —0, there is a triple root a.] 
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1. If y =.{x + *J(x 2 - l)} n , prove that (x 2 




2. Shew that 

dx 2 


(d 2 u d 2 v\ 1 2 dv (du dv\ 

\dx 2 V U dx 2 ) v 2 v 3 dx \dx V U dx) ' 


3. If the curve y =/ (x)jf' (x) cuts the axis Ox at x—a and /'(a)f 2 0, prove 
that its gradient there is 1. 
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4. If f(x) =(# -aqq# -x 2 ) ... (x -x n ), prove that 

i r&) _ » « 

/(») 


f(x) _ £ 

r— 1 ‘ 


5. Find the nth derivative of /( -#) with rospect to x , the value of /( w Xr 
being supposed known. 

6. Shew that if f(x) is an oven function, /( 2n+1 )(0) =0. 

7. Find the nth derivative of each of the following functions : 

(i) (1 -x) m ; (ii) a 0 x m +a 1 x vn ~ l + ... +a m ; (iii) (x \-a)f(x+b); 


(iv) 


x -fa 


(v) 


(*-3)(*-l) ’ 


(vi) 


x 2 +px+q 
(x -a)(x -b) 9 


(vii) 


( vm ) ( X _ a )(x -b)(x -c,) ; (lX ^ (x - 1 ) 2 (x + 1 ) 


1 

x(x -l) 2 '* 
2x + 3 


; (x) TT*r + 2^ ; (xi) x- + 2 


8. If 2/ 2 =(a ~ x)}x, find d 2 y/(lx 2 by the method of Art. 87. 

9. If a: =3?/ - 4?y 3 , shew that 9^(1 - x 2 ) - x +2/ =9. 

,0. Prove tliat 

1 1 . If a:r 2 4 - 2/>.ry f by 2 =c, shew that ^ ^ J . 

f/.r- (/i.r -f- 6y) 3 

12. A particle moves in a straight line so that the square of its velocity is a 
linear function of the displacement at the instant. Shew that tho acceleration 
is constant. 

13. If the square of the velocity is a quadratic function of the displacement, 
shew that the acceleration varies as the distance from a fixed point on the line 
of motion. 

14. If the time is a quadratic function of tho displacement, shew that tho 
acceleration is proportional to tho cubo of tho velocity. 

15. If v 2 ~a +blx, shew that the acceleration varies inversely as the square 
of the distanco from a fixed point on the line of motion. 

16. If tho square of the displacement is a quadratic function of the time, 
shew that the acceleration varies inversely as the cube of the displacement. 

02 ^ d 2 U d 2 ll 

17. Shew that if r 2 — x 2 +y 2 +z 2 , the equation 4- * * =0 is satisfied 

, , , 1/1 dx 2 dy 2 dz 2 

when u = 1 /r. 


18. If f(x, y) = <p r (xy)*Pr(y)> w ^ ero <P r y 7 ; r are differentiable functions of 
r**l 

their arguments, prove that = ~~ . 


19. If u —x m f (yjx), shew that (i) 


d 2 u 


d 2 u 


..... , d 2 u _ d 2 u „ 0 2 n . ,, 

(m) x > Wi + 2xy^+y*-^=m(m-l)u. 


dxdy dydx 9 


... v du du 
<“> X dx +y dy =mU ’ 


20. If u == f(ax 2 +2 hxy + by 2 ), v =<p(ax 2 +2 hxy +by 2 ) prove that 


_0 

3?yV 


1 ( dv\ d ( dv\ 
yVterteVdy)' 
d 2 u 

21. I(u=x<p(ylx)+y>(ylx), prove that x 1 ^+2xy ■^~+y i ~=0. 


N 


M.B.M.A. 
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22. If x , y are functions of t , so that f(x, y) may be regarded as a function 
<p(t) of t alone, shew that 

d 2( p(t) __d 2 f(x, y) ;'dx\ 2 (d 2 f(x,y) d 2 f(x, y)\ dx dy 

dt 2 dx 2 \ dt J "** \ dx dy dy dx J dt dt 

, ^ 2 /(^ y)(dy'?jL. d f( x ±y) ^ d2 y 

dy 2 \dt J dx dt 2 dy dt 2 9 

and, in particular, if f(x, y) is regarded as a function y)(x) of x alone, that 
d 2 tp(x) d 2 f(x, y) ( d 2 f (x, y) d 2 f(x, yU dy d 2 f(x, y) ' dy' 2 df(x, y) dhy 

dx 2 dx 2 \ dx dy dy dx J dx dy 2 \ dx y dy dx 2 ’ 

[These results follow by differentiating the equations given in Ex. 15, 
p. 174, the first with respect to t, the second with respect to x . In the equations 
of the present Example, (p (t), y(x) y f(x , y) are usually replaced by/.] 


1 Tf ^ 4 - — 

dx 2 + xdx 
2. Prove that 


EXAMPLES XVI 

ARTS. 89, 90 

.. . ,, , d 2 x fdx \ 2 

+ y= (), .show that 

d 2 x/dy 2 


-xy 


dx\ 2 

dy) 


A). 




DT" 

positive or negative. 

3. It'dy/dx >0, shew that 


= 0 according as dy/dx is 


4. If 


*/(*//'/• 

<I 2 !/ 
d. 


1 d (d 2 y lfdy\ 3l2 \ _ 1 d fd 2 x / /dx\ 2l2 \ 

'y I dx) dx \ dx 2 / \dx) j *J(dxjdy)dy \ dy 2 / \dy) I* 


■?» + ( 1 

lx 2 \x~a r x-b r x-cjdx 


+ 

d*y 


+ 


sj( d x l dy ) dy \ dy 2 

= 0 where l 1 m 4 - n — 2, shew that 


where x = , a — 


d$ 2 

A<x+B 


l m 

£ - a~*~£ - "*~ 


n \ dy 


^0, 


y) 

, etc., and AI) - BC — 1. 


+jy col+j ) ’ 

5. Employ Leibniz’s Theorem to find the nth derivatives of the following 
functions : 

(i) (x - a) 2 u ; (ii) x z u ; (iii) x 2 /(l +.r) 3 ; (iv) (ax + b) p (cx +d) Q . 

d n 

6. Prove that the function y — ( a 2 -\-x 2 ) n satisfies the equation 


,d 2 y 


d 

dx 

. d y 


£{(- 


+ X 




7. If (1 ~ x2 )y d 2 ~ X cfi c = ^’ s * iew that 
,d n + 2 y 


d n+1 y 2 d n y 


(1 -x 2 ) ~j -—~ - -x(2n + l) ~_r - ~n 2 ^~~ 0. 
v 7 dx n+ 2 v 7 dx n+l dx n 

8. If y llp -\-y~ llP —2x, shew that 


' dx n+1 


f dx n 
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9. Provo that 
d n u d n . . 

V dx n ~ dx n ^ UV ^ 


n\ d n ~ x { dv\ 
I / dx n ~ l \ dx y 


2 Jdx n ~ 2 \ dx 2 


... +( -1 ) n u- 


1 rv n , / d \ n . v „ . d r u d s v d, l w . , 

10. Prove that (^J (uvw) = 2 ^ r8t j^~ r l > where r +* +* =n, is 

the coefficient of u r v s iv l in the expansion of ( w + w;) n in powers of w, v, w> 
and d°uldx° is interpreted as u , and so on. 

11. Prove by the method of Induction tho following rosults : 

(i) If y —f{u) where u =(p(x ), then 

d n y _V ^ x 4-V 

,iv>n ~ nl y u f n2 ( f u * +••• +A «n / /«n» 


where r ! X„ 


r - 1 fr\ 9 d n u r ~ 2 . , 


(«) (-D n U; / ; =^»/ <n) 


( n\ n - 1 


) + . 


+ C) ( ' 1 - 1)( ^--- ( -- r) / ( ”- r) © + - + —/<•> 

(iii) d "§P = I (2x')" -2 r f("-0(x*), 

where p is equal to \(n - 1) if n is odd and to \n if n is even ; 

x WijJx) _ W vV - 1 \ r {n l-r-l)(n + r-2)...(n-r) f( n ~ r )(^x) 

' ' dx n y ~ 0 ' r ! (2sjx) n + r 

12. If x =£/*/(! ~ £ 2 ), prove by the method of Induction that 


d\ m 1 


(m l 1)! 


(I -£ 2 )( 2m +i)/2. 


V<Wl+x 2 (2m + l)(2w - 1) ... I * (1 + x 2 )( m+1 ) /2 \df-J v 

13. If a polynomial f(x) has (x-a) r as a factor, prove that ,/( 2 )(x) has 
( x - a) r ~ 2 as a factor. 

14. Find the multiple roots of the equations : 

(i) x b - 3x 4 - 6x 3 + 10x 2 + 21x + 9 =0 ; (ii) x 6 -x 4 - 4x 2 + lx - 3 =0 ; 
(iii) x 4 -2x 3 -llx 2 + 12x 1-36=0. 

[(i) - 1 is a triple root and 3 a double root ; (ii) 1 is a triple root ; (iii) 3,-2 
are double roots.] 



CHAPTER IV 


PROPERTIES OF FUNCTIONS ASSOCIATED WITH THE 
EXISTENCE OF DERIVATIVES. APPLICATION TO 
ALGEBRAIC FUNCTIONS 


91. Introductory Remarks. 

The present Chapter is concerned with some of the fundamental 
properties of functions which possess derivatives. The analytical 
theorems demonstrated are illustrated by applications to Geometry, 
more especially to the theory of plane curves. These applications 
must be looked on as merely incidental ; further discussion of the 
properties of curves will be taken up later in Chaps. V, VIII. 


92. Inference from the Sign of the Derivative at a Point. Sign of the 
Increment. 

Let the function y of the independent variable x possess a definite 
derivative ( dyjdx) Xl at x l9 so that the function Ay/Ax is potentially 
continuous at a^ and becomes continuous when completed by 
the value (dy/dx) Xl there. If, then, the derivative ( dy/dx) Xl is 
different from zero, there exists a range, ( x 1 -h , ajj + A) say, in 
which, according to Art. 54, Chap. I, the continuous completed 
function (Ay/Aa;)* has the same sign as at x ly that is, in which the 
function Ay/Aa;, (Aa^O), has the same sign as (dy/dx) Xl . In the 

case of a one-sided derivative, the same 
argument applies to a corresponding one- 
sided neighbourhood of x v Thus for all 
cases, in the appropriate neighbourhood 
of x l9 the increment A y of y has the same 
sign as the increment Aa; if ( dyJdx) Xx is 
positive, and the opposite sign if (dy/dx) Xl 
is negative. 

When ( dyjdx) Xx is zero, no inference can 
be drawn in this way with regard to the 
sign of Ay/Aa;. Further investigation is 
required in this case, which is considered below, Art. 98. 6. 
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[CH. IV, ARTS. 91-93] 

The student should caro fully notice that the result obtained does not imply 
that the function is one-way in the range 2 h. This range may be large enough 
to include an oscillation of the function, as shown in Fig. 53, and, moreover, 
this may be true however small h is taken ; see Ex. 9, Art. 165, p. 395. It is, 
however, shewn below, Art. 98. 4, that if the sign of the derivative is positive 
(negative) throughout a range, the function is strictly up-way (down -way) 
throughout the range. 

93. Extreme Values of a Function. Maxima and Minima. 

One of the earliest applications of the Differential Calculus was 
to the determination of the greatest and least, or maximum and 
minimum, values of a function. We now proceed to discuss this 
question. 

It is obviously convenient to have a term which will include both 
maximum and minimum ; the word extreme is introduced for this 
purpose, and the extreme values of a function include both maximum 
and minimum values. A maximum may then be described as an 
upper extreme and a minimum as a lower extreme. 

In the subsequent discussion it is necessary to distinguish between 
absolute and local extremes. A value is said to be an absolute extreme 
in a given range when it is the greatest (least) value of the function 
in that range. This value may, of course, occur any number of 
times in the range. Figures 54, 55, 56 illustrate various types of 



absolute extremes. It is clear from them that an absolute extreme 
may cease to be one when the range is altered. 

A function is said to have a local extreme value at a point when 
this value is an absolute extreme for some two-sided neighbour- 
hood, however small, of the point. This definition permits the 
repetition of the extreme value in such a range, and, as a special 
case, the function may have the same value throughout the range. 
We are thus led to distinguish two types of local extreme values. 
We describe the value of a function at a point as a proper local 
extreme if it is actually greater (less) than the values at all other 
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points of some neighbourhood of the point. Otherwise we speak of 
an improper local extreme at the point. These features are illustrated 
in Fig. 57, proper local minima occurring at x x , x 5i proper local 

maxima at x 2 , # 6 , while the 
constant value of the function 
between x z and x x is an improper 
local extreme at all points in the 
range [x 3 , x 4 ], 

According to the above defi- 
nition, the values of the function 
at the ends of a given range are 
not included among the local 
extreme values for that range 
even if they are local extremes for an extended range. These terminal 
values are considered in the following Article when discussing 
terminal extremes. 

Up to the present no restrictions have been imposed on the nature 
of the function. We now proceed to consider the application of the 
Differential Calculus to the subject of extreme values, and therefore 
suppose that the function has a definite derivative throughout the 
range concerned, except possibly at special points. 

94. Theorem of Zero Derivative at a Local Extreme Value. The 
Stationary Condition. 

This theorem asserts that if the function considered has a definite 
derivative at the value of the independent variable for which a local 
extreme occurs , the value of that derivative must be zero. 

Let the function y , or f(x), have a local extreme value y x for the 
value x x of x. If we suppose that ( dyjdx) Xl is positive, then, as in 
Art. 92, there exists a neighbourhood of x x within which Ay/A# is 
positive, (A# t^O), so that A y is positive above and negative below 
x x . The assumption thus leads to a change of sign of A y, which, by 
the above statement, is not compatible with the existence of a local 
extreme. Similarly, the assumption of a negative derivative at x x 
leads to a contradiction, and we thus have the theorem in the form 
stated. 

The geometrical equivalent of the theorem is that at a local 
extreme at which there is a definite tangent, this tangent is parallel 
to Ox , or ‘ horizontal.’ 

Ex. 1. The function ax 2 +bx +c, (a> 0). As in Ex. 1, Art. 19, f(x) has the 
minimum value c - 6 2 /(4a) when x = - 6/(2a). 
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Now f'(x) = 2 ax + 6, and when x~- bj( 2a), f'(x) =0. The theorem is there- 
fore verified in this case. 

Conversely, the theorem may be employed to determine the local 
extremes of a function which possesses a definite derivative at all 
points of a range, for all such extreme values occur for values of x 
which satisfy the equation 

/'(*)= 0 . ( 1 ) 

This, therefore, is a necessary condition for the existence of a local 
extreme value of the type just described. It is not, however, a 
sufficient condition, as may be seen by 
referring to Fig. 58, where there is a hori- 
zontal tangent at the point P l9 (aq, yf), 
which is not an extreme point on the curve. 

It is convenient to have a general name 
for the value of a function at a point at 
which the derivative vanishes, and since 
the rate of increase of the function with 
respect to the argument is then zero, we 
call such a value of the function a stationary 
value. The equation (1) is then referred to as the stationary condition 
for the function f(x). 

For the case illustrated in Fig. 58, there is a change in the sense 
of bending of the curve at the point where the stationary value 
occurs. The point may therefore be suitably described as a point 
of contrajlexuref (point of contrary flexure). In the present case 
the tangent is horizontal, but this is obviously not a necessary 
property of such points. 

In the applications considered below the local extreme values 
which occur are, in general, stationary values, and are thus to be 
sought among the values of f(x) corresponding to values of x which 
satisfy the equation (1). If an extreme such as that illustrated at 
P 2 or P 5 (Fig. 57) is likely to arise, special reference will be made 
to this possibility. 

94. 1 . Change of variable. If the relation between y and x is 
expressed with the aid of an intermediary variable, t say, by equa- 
tions of the form y—f{t ), t=cp(x), we have 

dy^dydt m 

dx ~~ dt dx> K } 



1 Such a point is also called a point of inflexion. 
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and therefore dy/dx = 0 if dyjdt — 0 or if dtjdx = 0 . The stationary 
values of y with respect to x are thus found by considering in turn 
the stationary values of y with respect to t and of t with respect to x. 

Ex. 2. The function y = (a 2 -a; 2 ) 4 - 4c 6 (a 2 -a; 2 ), (a 2 >c 2 ). If wo write 
a 2 - x 2 = t, we get y =t A - 4 cH, and therefore 

f--^ 3 - 406 ’ S=- 2 * < 3 > 

Any stationary value of y with respect to t occurs when 4 1 3 - 4c 6 =0, that is, 
when t — c 2 , the corresponding values of x being given by a 2 -x 2 —c 2 y or 
x — ±*J(a 2 -c 2 ). The stationary value of t with respect to x occurs when 
x =0. Therefore y is stationary with respect to x for the values 0, ± sj(a 2 - c 2 ) 
of x. 

94. 2. Note on the discrimination between stationary values. From 
an intuitive point of view it is usually possible to distinguish between 
certain types of stationary values in the following way, which is 
satisfactory so far as algebraic functions are concerned. Referring 
to the preceding Figures, it appears that when the stationary value 
is a proper local maximum, the sign of the derivative /' (. t) is positive 
below and negative above the point, while a proper local minimum 
is characterized by the fact that /' (x) changes sign from negative to 
positive as x increases through the value concerned. Again, for a 
stationary value such as illustrated in Fig. 58, there is no change 
of sign of /'(#), which merely becomes zero at the value of x 
concerned. 

While a discrimination between stationary values may some- 
times be easily effected in this manner, the method is not the 
most systematic. We establish below further analytical criteria 
for the same purpose, the application of which usually leads to the 
required result in the most direct manner. In many cases, more- 
over, the nature of the stationary value can be correctly inferred 
from the conditions of the problem considered ; the use of further 
criteria is then unnecessary, except as a check. 

Ex. 3. The f unction y = 3a; 4 + 4a; 3 + 0-5. We have 

d f x = 12a: 3 + 12a: 2 = 12a; 2 (x + 1) (4) 

which vanishes when x —0, x — - 1. In the neighbourhood of x =0 the term 
x -l-l is positive, so that dyjdx is then positive, except at x = 0 y where it 
vanishes. The value a;=0 does not, therefore, give an extreme value of y. 
As x increases through the value - 1, dyjdx changes sign from negative to 
positive, and the corresponding value of y y namely 0-5, is a minimum. 
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Portion of the graph of the function is shewn in Fig. 59. The point (0, 0-5) 
is a point of contraflexuro with horizontal tangent. 

94. 3. Terminal extremes. In the discussion of local extremes the 
end points of the range have been excluded. Let us now suppose 
that at such an end a one-sided derivative 
exists. Considering the lower end, x x say, 
let the derivative there be positive. Then 
there exists a one-sided neighbourhood of 
x x for which the increment A y is positive, so 
that the value of the function at any point 
of it is greater than at x x , and we say that 
the value f(x x ) is a terminal lower extreme 
of the function. If the derivative is nega- 
tive, the value /( x x ) is a terminal upper 
extreme. If the value of the derivative is 
zero, we class the corresponding value of 
f(x) among the stationary values of the 
function in the range. Exactly similar re- 
marks apply to the upper end of the range. 

94. 4. Since in the sequel the appearance of an improper local 
extreme value is of the nature of an exceptional case, it becomes 
unnecessary to maintain the explicit reference to 4 proper ’ extremes. 
This term is accordingly dispensed with when no confusion can 
arise, and the term ‘ local 5 can also be dropped under similar 
conditions. The terms maximum, minimum will henceforth be 
employed as equivalent to upper extreme, lower extreme, with the 
use of the adjectives local, absolute and terminal where required to 
avoid possible confusion. Without qualification, therefore, a 
maximum need not be the greatest value of the function in the 
given range, nor a minimum the least. 

If the absolute extremes of a function in a given range are required, 
it is necessary to compare the local extreme values found from the 
stationary condition /' (x) =0 with the terminal values and with the 
values, if any, at points at which there is not a definite value of the 
derivative. If a function has no local extreme values in a range of 
continuity, the greatest and least values must obviously occur at 
the ends of the range. 

The above remarks are illustrated in Figs. 60, 61, 62. In Fig. 60, 
dy/dx = 0 for the values a, x lf b , the derivatives at a, b being one- 
sided. The value of y at x x is a (local) minimum and the terminal 
maxima at a, b are also stationary values of the function. The 



y — 3x* + 4a; 3 + 0-5. 
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absolute extremes in the range occur at x lf b. In Fig. 61, dyjdx 
vanishes at x — a and is positive at x = b. The terminal minimum at 
a is a stationary value and is, moreover, the least value of the 
function in the range ; the greatest value is the terminal maximum 
at b. Figure 62 illustrates the case of several maxima and minima 
in the given range. The greatest value of the function occurs at the 
upper end of the range and the least value is the local minimum at 
x l9 where the gradient is discontinuous. 

94. 5. The complete discussion of the behaviour of a function 
in the neighbourhood of a stationary value, which is given in 



Arts. 105-108 below, requires the introduction of further analytical 
theorems, and we accordingly resume the general theory relating to 
the properties of functions. 

95. Rolled Theorem. 

This is a theorem of great general importance which follows from 
the theorem of the preceding Article. It asserts that if a function 
which is continuous in a closed range vanishes at the ends of the range 
and possesses a definite derivative at all points within it, then the 
derivative must vanish at some point within the range. In symbolic 
form, if the function f(x) is continuous in the range (x l9 x 2 ) and 
vanishes when x — x x , x — x 2 \ and if f'(x) exists throughout the 
range [x l9 x 2 ] ; then f(x) = 0 for some value of x between x x and x 2 . 

The proof is immediate. If f(x) is zero throughout the range 
(x l9 x 2 ), the derivative f(x) vanishes at each point of the range, and 
the theorem stated is therefore true in this case. If f(x) is not zero 
throughout, it must, according to the statement of Art. 34, Chap. I, 
possess a finite extreme value (different from zero) within the range. 
At this extreme value there is a definite derivative, by assumption, 
and this derivative is zero by the theorem of the preceding Article. 
Rolle’s Theorem therefore again holds and the proof is complete. 

We can thus write f(x) — 0, where x is some value in the range 
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[x u x 2 ] ; an equivalent form of statement 1 is f'{x 1 + 6{x 2 -x x )} — 0 9 
where O<0< 1. 

The geometrical equivalent of the theorem is that if the graph of 
the function meets Ox at x x , x 2 , then at some point x between these 
points the gradient is zero and the tangent parallel to Ox . 

If the function f(x) has equal values, different from zero, at x l9 x 2 , 
we consider the function f(x) -/( x x ) which vanishes at x l9 x 2 and has 
the derivative f'(x). This derivative must therefore again vanish 
at some value of x between x x and x 2 . 

It should be noted that the theorem does not require the existence of a 
definite derivative, either one- or two-sided, at the end points x v x 2 of the 
range. The derivative may also be- 
come definite-infinite 2 (in the manner 
described in Art. 70) for a finite 
number of values of x in the range. 

Further, there may be more than one 
intermediate value of x at which the 
derivative vanishes. 

Some of these remarks are illus- 
trated in Fig. 63. At x t the derivative 
is infinite ; a definite derivative does 
not exist at x l9 while at x a , x bi x c the derivative vanishes. 

If the function is not continuous, or iff' (x) does not exist for all values of 
x in [x v x 2 ] 9 the theorem is not necessarily true. 

Ex. 1. The function f(x)=(x-a) m (x-b) n , (m, n> 0). Here f(a) = 0, 
f(b)— 0, and the conditions of the theorem are satisfied. We have 

f'(x) = (x -a) m ~~ 1 (x -5) n_1 {(/^ 4 -n)x - mb - na }, (1) 

and f' (x) —0 for x =(mb +na)/(m +n), a value lying in the range [a, 6], It 
will be observed that if rn, n are less than 1 , the derivatives at £ — a, x = b are 
infinite. 

Ex. 2. Ultimate intersection of adjacent normals to a curve. Let the normals 
at P x , P 2 on a curve y~f(x) intersect at Ii l} 2 . It is required to find the 
position of the ultimate point of intersection, P* say, as P 2 moves up to P x 
along the curve. 

As in Art. 83. 2, the equation of the normal at (x> y) is 

£ ~x+g(?j -y)= 0, (2) 

where (£, rj) are current coordinates and g —f'(x). Since the normals at P 19 P 2 
pass through the point R 1} 2 , of coordinates 2 , 7] lf 2 ), say, the function (p (x) f 
defined by the equation 

<p(x)=£ 1 , 2 -x +g(r] 1 , i -y) (3) 

1 Since any value of x between x x and x 2 can be expressed in the form x x + 0(x 2 - x x ) t 
where 0 lies between 0 and 1. 

2 The function is plainly not an extreme at a value of x for which the derivative is 
definite-infinite, so that the proof of the existence of a value of x for which the 
derivative vanishes is not affected. 
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= x 2 . By Rolle’s Theorem the derivative 9 / (^) vanishes 


for some value x between x x and x 2 , and we have 

- 1 +{dg]dz)(ih,2-y) -!7 2 =0 ( 4 ) 

the bars indicating values at x. 

This relation is true whatever the positions of P v P 2 on the curve. If P 2 
moves up to P lf so that R X) 2 moves up to JR*, of coordinates (£*, rj*) say, 


then (dgldx)-+(dgldx) Xv ri 1%r +rt* 9 y-+y x and g-+g v It follows that 

2 


Vl ( d(jldx) Xx 


.(5) 


Since equation ( 2 ) is satisfied when x, y have the values x x , y x and ?? the 
values £*, r/*, we find, with the aid of (5), 

t* -X = (6) 

1 (dgjdx)x J 

Equations (5), ( 6 ) give the required coordinates. 

Simpler forms for these coordinates are obtained by shifting the origin to 
P x and taking the tangent and normal there as the axes of x and y, respec- 
tively. We then have x x =0 =y x =g x , and so 

1 


**=°- ’•m (7) 

See also Ex. 2, Art. 97. 

The above results are employed in Art. 135 when dealing with the subject 
of Curvature of a Plane Curve . 


95. 1. Application of Rollers Theorem to the determination of the 
distribution of the roots of an equation. If f(x), f'(x) are both con- 
tinuous functions of x } Rolle’s Theorem is often useful in the deter- 
mination of the number and distribution of the roots of the equation 

/(*)= 0 ( 8 ) 

For if x v x 2 are any two real roots of this equation, we have f'(x) — Q, 
where x lies in the range [x v x 2 ]. It follows that at most one real 
root of (8) lies between any two consecutive roots of the equation 

/'(*)= 0 ( 9 ) 

The roots of (9) therefore separate those of (8), and when the former 
can be determined, the number and general distribution of the latter 
follow. 

It should be noticed that a root of equation (8) may coincide with 
a root of equation (9). This case is often conveniently thought of 
as a limiting one, in which two roots of equation (8), with a root of 
equation (9) between them, move up to coincidence. Such a root 
is called a double root of equation (8). If the equation f"{x) =0 is 
also satisfied by the same value of x, the root is called a triple root y 
and so on ; compare Ex. 8, Art. 90. 
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Suppose, for example, that the roots of (9) in ascending order are x t \ x z , x z \ 
x A '. Then the (real) roots of (8), if 
any, will be distributed so that not 
more than one occurs in any one of 
the intervals [ -oo , x /), ( x /, x 2 '), 

(x 2 \ x z '), (x z \ a/), (# 4 ', oo]. To de- 
termine whether a root actually 
occurs in any one interval, we insert 
the values of the ends of the intervals 
in/(#) and make use of the property 
that if a function is positive at one 
end and negative at the other, it is zoro somewhere between. If in the 
present case we find 

/(-oo)<0, f(x 1 ')> 0, f(x 2 ')> 0, f{x 3 ')> 0, 0, /(oo )>0, 

we conclude that (8) has three real roots, one in each of the intervals [ - oo , x t '] f 
[x z , x±], [#/, oo ]. The geometrical representation of this case may be as 
shewn in Fig. 64. 

The above procedure is specially useful in the case of polynomial 
equations since the derivative equation (9) is of lower degree than 
the original equation. If the roots of equation (9) cannot be readily 
found, their distribution may be obtained by an investigation of 
the roots of the equation /" (x) = 0, and so on. From the information 
so obtained, the general distribution of the roots of the original 
equation may be deduced. 

Ex. 3. The equation 3x 4 + 4a; 3 +0-5 =0. Quoting from Ex. 3, p. 200, f'(x) 
vanishes when x~ - 1, # = 0. The roots, if any, of the given equation are 
thus to bo sought in the intervals [ - oo , -1), (-1,0), (0, co]. We find 
/( — oo ) > 0, /( - 1)<0, /(0)>0, /(oo )>0. There are therefore two roots, one 
less than - 1, the other between - 1 and 0. See Fig. 59, p. 201. 


Ex. 4. The general cubic equation 

x 3 + 3 ax 2 + 36# + c=0 (10) 

We can write this in the form (x +a) 3 +3(6 -a 2 )x +c - a 3 =0, and hence in 
the form (x + a) 3 + 3 (6 - a 2 ) (x + a) + c - Sab + 2a 3 - 0. Thus, putting £ for 
x + a, the equation to be solved becomes 

/(£)=£* +3tf£+G=0 (11) 

whero H~b-a 2 , G — c- Sabi- 2a 3 (12) 

There is at least one real root of (11) since /(£)-> - oo when £-> - oo and 
/(£)-> +oo when £->+*>. 


There is only one real root of (1 1) if the equation /'(£) =0, that is, £ 2 +H =0, 
has not real roots. Thus if H >0 there is only one real root of (11). 

If H =0, there is only one real root (unless (r =0), since the equation (11) 
is then £ 3 — - G. 
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If H < 0, the equation £ a -\-H = 0 has the roots - V( ~ H), sj( - H ), which we 
denote by a, ft, respectively, so that a + ft =0 and <xp —H. Then 

/(a)=a 3 +3Ha+(? = 2//a+ G , f(ft) =2 H0 +G A 
fM+flft) -2(7, f(«)f(ft)=4H*+G 2 . / 

If /(a), /(/?) have the same sign, that is, if /(a) /(/?) is positive, there is only 
one real root of (11) and it lies between - oo and a, or between ft and oo , 
according as the common sign is positivo or negative. Thus there is only one 
real root if 4H* +G 2 >0 and it lies between -oo and - sj( -EL), or between 
s/( -H) and oo , according as G is positive or negative. 

If /(a), / (ft) have opposite signs, that is, if f(oc)f(ft) is negative, there are 
three real roots, one in each of the ranges [ - oo , a], [a, ft ], [ ft , go ]. Thus 
there are three real roots if 4 H 3 + (7 2 < 0, one in each of the ranges stated. 

If /(|), /'(£) vanish together, there is a double root of (11). Since 
f(<x)f(ft)=4:H 3 +G 2 , the condition for a double root is 4// 3 +(7 2 =0. The 
double root is - sj( -Ii) or sj( -H) according as G is positive or negative. 

If /(£), /'(£), /"(£) vanish together, there is a triple root. Since /"(£) =6|, 
the conditions for a triple root are H = 0, G — 0. 

Returning to the original equation (10), we can now state : 

(i) There is one real root only if b>a 2 . 

(ii) If b<a 2 , there is one real root or three according as 

c 2 -6abc -3a 2 6 2 +4a 3 c+46 3 :r:0 (14) 

In the first case the root lies between - oo and - sj(a 2 - b) or 
between ^(a 2 -b) and oo according as c - Sab -f2a 3 5-0* In the 
second case there is a root in each of the ranges [ - oo , - n/(cz 2 - 6)], 
[- >J(a 2 -b), *J(a 2 -b)], [sj{a 2 - b), oo ]. 

(iii) If b<a 2 and c 2 - (Sabc ~Za 2 b 2 -f-4 a 3 c +46 3 =0, there is a double root. 

(iv) If, finally, b=a 2 and c - 3o6 +2a 3 =0, (so that the expression on the 

left-hand side of (14) vanishes), there is a triple root. 

Expressions for the real roots of the general cubic equation in terms of 
transcendental functions are given in Ex. 7, Art. 173. 

Ex. 5. Shew that if the equation (10) has a double root, it is \ (ab -c)ftb - a 2 ) 
and that if the same equation has a triple root, it is - a. 

Ex. 6. Shew that if H >0 in (11), the root is positive or negative according 
as G is negative or positive. 

Ex. 7. The equation x 4 - 2# 3 - 2x + 1 =0. Here wo have 

/'(a;)=4a; 3 -6a; 2 -2, f"{x) = \2x 2 - I2x (15) 

As the roots of the equation f'(x) =0 are not obvious, we employ the equation 
f"(x)= 0 to determine their distribution. This equation is satisfied when 
x —0, x — 1, and the roots of f'(x) =0 are therefore to be sought in the intervals 
[ - go, 0), (0, 1), (1, oo] of #. It is easily shewn that there is only one root, 
which lies in the third interval. Inspection shews that it lies between 1 and 
1-5. 

We conclude that the given equation has at most two real roots. If they 
both exist, one will be less and the other greater than about 1*5. We 



207 


ARTS. 95, 96] INTERMEDIATE DERIVATIVE THEOREM 

find, in fact, that /(0) = 1, /(1)= -2, so that there is a root between 0 
and 1. Its value, correct to five places of decimals, is investigated in 
Ex. 1, Art. 118, p. 251, and is 0*43542. There is also a second root, which 
is the reciprocal of the one found, namely 2*29663, approximately. This 
reciprocal property is seen from the fact that the given equation is equivalent 
to 1/a; 4 - 2/x z - 2jx + 1 =0, (a;=£0). 

96. The Intermediate First Derivative Theorem. 

This theorem is an extension of Rolle’s Theorem to the case where 
the values y Xi y 2 of the function y at the ends x l9 x 2 of the range of x 
are unequal. It states that if a function which is continuous in a closed 
range possesses a definite derivative at all points within the range , the 
average rate of increase of the function for that range is equal to the 
derivative at some point within the range . 

Before giving a formal demonstration, we illustrate the theorem graphi- 
cally. If P l9 P 2 (Fig. 65) are the points (x lf y x ), {x 2 , y 2 ) on the graph of the 
function, referred to the axes Ox, 

Oy, and if the curve is referred 
to new axes P x x\ P x y\ along and 
perpendicular to P X P 2 as shewn, 
the ordinates of the curve relative 
to these axes vanish at the ends 
P x , P 2 of the chord. The geomet- 
rical equivalent of Rolle’s Theorem 
can therefore be applied and it 
asserts that there is some point P 
on the curve between P x and P 2 
at which the tangent is parallel to 
P x x\ that is, at which the gradient 
with respect to P x x' vanishes. 

This is plainly equivalent to the analytical statement 



where P X Q =x'. Going back to the original axes, we may thus state that the 
gradient at P relative to Ox is equal to that of the chord P\P 2 - This latter is 
equal to (y 2 -yi)l(x 2 -x x ), and we thus get the equivalent analytical statement 

(l)--M-? < 21 

\ U / X/x •*'2 — •*'1 

where x is the abscissa of P relative to the axes Ox, Oy. This is a direct 
symbolic statement of the theorem to be demonstrated. 

We now proceed to a formal proof. We introduce a new dependent 
variable, z say, defined by the equation 

z = y + ax 4- b. 
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where a, 6 are constants to be chosen so that z vanishes at the ends 
of the range (x l9 x 2 ) ; thus 

0 — y 1 + ax 1 + l 

These give 

Vt-Vi 


a— -* 


x 9 - x 1 


and hence (3) becomes 

z = y - 


X>2 ~ 


0 — j / 2 + ax 2 + b 

(4) 

b _x 1 y 2 -x 2 y 1 

’ 

(5) 


, «xy«-g«yi 

Xo - x 1 

(6) 


This function satisfies the conditions of Rolle’s Theorem and its 
derivative dz/dx must therefore vanish for some point, x say, within 
the range. We have, from (3), 


dz __ dy 
dx~ dx 


(?) 


and the result (dzjdx) x — 0 thus leads to 

( d y) = fl= y2-yi 

\dxJ ~ x x 2 - x ± ’ 

which demonstrates the theorem. 


( 8 ) 


It is easily shewn that in Fig. 65 the distance NP, (z), is given by equation 
(6), and since NP is always in a constant ratio to QP , a maximum value of 
QP corresponds to a maximum value of NP. The advantage of working 
with NP instead of QP is that we can employ x as the independent variable 
and so avoid the analytical transformation of equation (1). 

As in the case of Rolle’s Theorem, the derivative of the given function y 
need not exist at the end points x v x 2 and it may become definite -infinite (in 
the sense described in Art. 70) for certain values of x within the range ; it is 
plain, however, that any such value of x cannot fulfil the condition to be 
satisfied by the value x. 

The theorem demonstrated is called the Intermediate First 
Derivative Theorem , (abbreviated to I.D V T .), the name being 
suggested by the appearance of the value of the first derivative at 
some intermediate point of the range considered. The adjective 
‘ first 5 is employed because we subsequently proceed to the develop- 
ment of similar theorems in which the intermediate values of 
derivatives of higher order appear. The theorem is also sometimes 
called the First Mean Value Theorem (of the Differential Calculus), 
or the Mean Value Theorem , simply. 
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97. Equivalent Forms of the Intermediate First Derivative Theorem. 
Increment of a Function in a Range. 

The theorem is expressed in a variety of symbolic forms all of 
which are in common use and which are obtained from the above 


equation (8) when written in the form 

y 2 -y 1 = (x 2 (1) 

or f( x 2) -/(*: i) = (*2 -Xi )/'(*) ( 2 ) 

Instead of using x to denote the intermediate value of x, we may, 
as in Art. 95, employ the symbol x x + 0(x 2 ~x x ), where 0 < 0 < 1. The 
equation (2) then becomes 

f(x 2 ) -f(x 1 )=(x 3 -x 1 )f'{x 1 + 0(x t -xj} (3) 

Introducing the increment notation, we have the forms 

f(x x + Ax) -f(x x )=Axf(x) (4) 

= Axf'(x x + 0Ax), (5) 

and we may also write this in the form 

A f(x) = A xf (x x 4- 0 Ax) (6) 

Each of the above forms expresses the increment of the function 


in the range as the product of the range and some intermediate 
value of the derivative. A slightly different complexion is given to 
the theorem when we write (4), for example, in the form 

f(x x + Ax) =f(x x ) + A xf'(x) 9 (7) 

which gives the value of the function f(x) at the value x x -f Ax in 
terms of the value f(x x ) and some intermediate value of the deri- 
vative. The value x x may be appropriately described as the starting 
value and x x + Ax as the end value , and the result, in common with 
all the preceding equivalent formulae, is true whether the increment 
Ax is positive or negative. 

A variant of (7) which is in common use is obtained by taking the 


value a as starting point and a + h as end point, where h may be 
positive or negative. We then have 

f{a + h)=f(a) + hf(x) (8) 

=M+hf{a + 0h), (9) 

where x lies in [a, a + Ti] and 0 < 0 < 1 . A special case is that in 
which the starting point is the value 0, (9) then taking the form 

m=m+w{0h) (io) 

() M.B.M.A, 
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97. 1. Variable end point. The values x v x 2 can be taken any- 
where in a range throughout which f(x) has a definite derivative. 
If, then, x x is regarded as a fixed starting point, the above formulae 
apply to any end point x in the range, and therefore, replacing x 2 


(or aq + A#) by x, we have, corresponding to (7), 

f(x)^f(x 1 ) + (x-x 1 )f'(x) (11) 

=/(*. i) + (x -x 1 )f'{x 1 + d(x-x l )}, (O<0< 1) (12) 


The magnitude of the proper fraction 0 will, of course, depend on 
the magnitude of the range x-x x as well as of x l9 that is, it is a 
function of x and x v The dependence of 6 on x is often indicated 
by writing it in the functional form 0(x), the starting point x 1 being 


supposed fixed. 

If the starting point is 0, we have the forms 

f(x)=f(0)+xf(x) (13) 

=f(0)+xf(0x), (0 < 0 < 1) (14) 

Ex. 1. The function y —ax 2 +bx +c. Here dy/dx=2ax+b. Tf the points 
(aq, Vi)> ( x 2 > V 2 ) aro on the curve, wo have 

!h^=a(x 1+ x 2 )+b (15) 

x 2 ~ 1 1 

Equating this to the value of the derivative at the intermediate point x , we 
get 

2 ax + b =a{x 1 +# 2 ) "I b, (16) 

so that x = v(x 1 + x 2 ) —x x + %(x 2 - .iq) (17) 

In this case we conclude that the value of 0 is 1/2. 

Ex. 2. Ultimate intersection of adjacent normals to a curve. This problem 


has already been considered in Ex. 2, Art. 95, p. 203. We hero give an alter- 
native demonstration, employing the I.D X .T. Lot P l9 P be adjacent points 
on tho curve, and suppose, for simplicity, that the curve is referred to axes 
P x x, PiV along the tangent and normal at P l9 its equation then being y =f(x). 
The normal at P, (x, y), is 

£ ~ x +9(n “ 2 /)= 0 , (18) 

and this meets the normal at P v that is the axis P x y> whore | =0, y ~y +xjg. 

Now, by the I.D V T., 

g(x)=g{Q)+xg'(x), (19) 

and since here ^7 ( 0 ) = 0 , we can write 

n =y + 1 lg'( x ) =y + 1 lf"( x ) (20) 

As P moves up to P x along the curve, y-+ 0 and /"(#)-►/" (0). The required 
coordinates aro thus given by 

£*=o, v* = i/r(0). 


as before. 


( 21 ) 
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98. Analytical Deductions from the Intermediate First Derivative 
Theorem. 

98. 1. If f'(x) is zero throughout the range 1 (x ly x 2 )> then f(x) is 
constant in the range. 

For the result 

f(x)=f{x l ) + {x-x 1 )f'(x), (1) 

where x is in (x v x 2 ) and x in [x v x], now gives f{x)—f{x 1 ) for all 
values of x in (x l9 x 2 ). If the value of the function is equal to C at 
x l9 then we have 

M=C (2) 

throughout the range. 

This is the converse of the theorem, proved in Ex. 1, Art. 66, p. 120, 
that the derivative of a constant is zero. 

98.2. If f'(x) has a constant value, c say, throughout (x l9 x 2 ) } 
then f(x) differs from the function cx in the range by a constant 
merely. 

For we have, from (1), 

f(x) =f(x 1 ) + (x - x 1 )c 

=cx + {f(x l ) -cxj (3) 

If the value of the function is G at the point x ly its value in the range 
(x lf x 2 ) is determined by the equation 

f(x)=c(x -Xj) + C (4) 

98. 3. If two functions f(x ), g(x) have equal derivatives at all 
points of the range (x ly x 2 ), they differ by a constant merely in the 
range. 

For the derivative of the function f(x) -g(x) is zero throughout 
(x l9 x 2 ), and therefore, by the above Sub- 
article 1, its value is constant throughout 
the range. 

It follows that if we know one function, 
cp(x) say, whose derivative is equal to f'{x) 
throughout the range, all other functions 
having the same derivative differ from cp (x) 
by a constant merely in the range. The 
geometrical equivalent of this result is that 
if two curves in a given range have the same 
gradient for each value of the abscissa, the 
corresponding ordinates differ by a constant ; see Fig. 66. 

1 Here the condition imposed on f'{x) includes the condition of continuity of f(x) 
in the closed range. 




212 MATHEMATICAL ANALYSIS [CH. IV 

Ex. 1. Since the derivative of the function lx 2 is x , tho most general func- 
tion whose derivative is x is %x 2 -f (7, where C is arbitrary. 

Ex. 2. Since the derivative of Jo; 3 is x 2 , the most general function whose 
derivative is x 2 is £# 3 -f 0, wliero G is arbitrary. We conclude that the most 
general function whose derivative is \x 2 -fa, (a a given constant), is 

3x2 + or x 3 -f ax -f (7, 

where G is arbitrary. 

Ex. 3. Tho most genoral function whose derivative is a,r 2 \hx 4 c, (a, 6, c 
given constants), is Jo# 3 -f ibx 2 + cx + (7, (G arbitrary), while tho most general 
function whose derivative is 

g 1 , ax 3 + 2, bx 2 -f cx -f d is ^ ; ax A -f ^ bx 2 -I- ^ , cx 2 I dx t- C, 

(G arbitrary). 

Ex. 4. Tho most general function whose derivative is tho polynomial 
n n i 

2 a r x r is tho polvnomial X a r x r + l f (7, (G arbitrary). 

r=0 ‘ r= O r + 1 

Ex. 5. The most general function whose derivative is the function f'(x) - m , 
(m constant), is f(x) -mx i G, (G arbitrary). 

Ex. 6. Tlie most general function whoso derivative is the function 

/'(«) -/'( 0) -ma? 

is /(x) -xf'(O) - \mx 2 +(7, ((7 arbitrary). 

Tho results of this and the preceding Examples are employed in the follow- 
ing Article in connection with the investigation of polynomial inequalities 
associated with a function. 

98. 4. If f'(x) exists (being finite or definite -infinite) and is positive 
at all points in the range [x x , x 2 ], where x 2 is supposed greater than 
x l9 th enf(x) is strictly up-way throughout the range ( x l3 x 2 ), in which 
it is supposed continuous. 

For if x, x' are any two points of the range, we have 

f(x r ) =f(x) + (x'-x)f'(x), (5) 

where x Hes within the range [x, x']. If this range is positive, 1 then, 
since f'(x) is positive, we must have 

f{x f ) >f( x )> ( x i < x < x ’< %2)> t ....(6) 

which proves the theorem. 

Similarly, if f'(x) is negative throughout, we prove that 

/(*')</(*)> (7) 

so that the function is strictly down- way throughout (x lt x 2 )- 

1 Wo have described (Art. 22. 2) a range (a, b) as positive when the difference b - a 
between its upper and lower terminals is positive. 
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The modifications of the above results when the ranges introduced 
are negative are obvious. 

98. 5. The same conclusions as in the preceding Sub-article are 
reached if the derivative vanishes at points of the range, provided 
that it does not change sign in the range and that it does not vanish 
throughout any sub -range. 

Thus, assuming f(x) positive when not zero, (5) gives 

(x<x') f (8) 

so that the function cannot decrease with increase of the argument. 

We now shew that the sign of equality can be deleted. Suppose, 
for the sake of argument, that f(%')—f{x). Then if the function 
varies at all in the range (x, x'), there must be a sub -range within it 
for which the function decreases with increase of the argument, and 
this is inconsistent with the above conclusion. If the function does 
not vary, the derivative is constantly zero in the range ( x , x'), 
and this is contrary to the initial assumption. Therefore, under the 
conditions stated we have 

/(*')>/(*)» (*<*') ( 9 ) 

If, now, the range (x l9 x 2 ) is positive, this result holds for any 
two values x, x' in it such that x <#'< x 2 , and the function f(x) 
is strictly up-way, as before. 

Iff' (x) is negative when not zero, we prove in the same way that 
f(x) is strictly down-way in the (positive) range (x l9 x 2 ). 

The modifications in these results when the ranges introduced 
are negative are obvious. 

Cor . I. If the function f(x) vanishes for the value 0 of x , which is 
taken as the starting point of the positive range (0, x 2 ), so that 
f(x 1 ) =/(0)=0, we have f(x) > 0 if f'(x) is positive when not zero, and 
f(x) < 0 if f'(x) is negative when not zero. 

If the range (0, x 2 ) is negative, the above inequality signs are 
merely reversed. 

Cor . II. If the derivative does not change sign in the positive 
range [x l9 x 2 ] and is positive throughout some sub-range, then the 
value of the function at x 2 is greater than the value at x v 

For the function never decreases in any part of the range and it 
increases in the sub-range mentioned. We thus have f{% 2 )>f(%i), 
(*!<*»)• 

Similarly, if the derivative is negative when not zero, we have 

/(**) <f(x 1 ), (*,<*,). 
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If the range is negative, the inequalities connecting f(x 2 ) and 
f(x x ) are merely reversed. 

Ex. 7. Prove that the arithmetic mean of two positive numbers is greater 
than their geometric mean. 

Let x l9 x 2 be the two numbers, where we suppose x 2 >x x . The function f(x) 


defined by the equation 

f(x)=i(x 1 + x) - *J(x x x), (aq<#<# 2 ), (10) 

vanishes when x=x 1 and its derivative is given by 

/'(*)= i - iMi ( u ) 

which is positive if x>x v Hence we have f(x)>f(x 1 ), so that /(a?) >0. 

In particular, we have/(# 2 )>0, that is, 

i(»i +% 2 ) ~ *J(x x x 2 )> 0 , (12) 

which proves the proposition. 


Ex. 8. Prove that the polynomial 2x z + 2x 2 - \Qx + § is positive if x is 
greater than 1. 

Denoting the polynomial by f(x), we havo 

/( 1) — 0, /'(*) = 6* 2 +4*-10, f'(l) =0, \ 

f"(x) = 12a* + 4, f"(x )> 0 if a?> l.J 

Since the function f'(x) vanishes when x = l and has a positive derivative 
when x>l, it is positive when x>\ 9 according to the abovo Cor. I. By 
repeating the argument on the function f(x), the desired result is obtained. 

98. 6. Application to maxima and minima. The results of the last 
two Sub-articles are those to which reference has been made in Art. 92. 
By means of them we can justify the rules obtained in an intuitive 
manner in Art. 94. 2 for the discrimination between certain types of 

stationary values. Thus, let /'(aq) — 0 and 
suppose that /'(#)> 0 within a certain range 
which extends up to aq (from below) ; then 
for a; < aq, f(x) is strictly up-way and increases 
to the value /(aq). Iff f (x)<0 to the right 
of aq, f(x) is strictly down-way for x>x x , 
decreasing from the value /(aq), and we have 
a maximum at aq, but if f'(x) > 0 to the right 
of x l9 the value f(x ± ) is a stationary value 
of the type illustrated in Fig. 67. If f'(x) remains zero throughout 
a range which extends from x x to the right, the value f(x x ) is an 
improper local extreme. The alternative possibilities require no 
discussion. 

Attention must again be called to the fact that in deciding the 
nature of a function in the neighbourhood of a stationary value in 
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the above way, the sign of the derivative is required throughout a 
range within which the point concerned lies. It is shewn below, 
following the introduction of the theorems referred to previously 
and which involve intermediate values of derivatives of higher 
order than the first, that the condition as to the sign of f'(x) through- 
out such a range can be replaced by a condition which involves the 
sign of the second or a higher derivative at the point itself. 

99. Polynomial Inequalities associated with a Function. 

In the present Article we establish a system of polynomial in- 
equalities associated with a given function. These inequalities are 
closely connected with the Intermediate Higher Derivative Theorems 
already referred to and, in fact, directly suggest them in a restricted 
form. The formal proof of the general theorem is given in the 
following Article. 

The system of inequalities is demonstrated by a step-by-step 
process which is suggested immediately by the theorems of the pre- 
ceding Article, in particular, Cor. I, Sub-article 5. 

99. 1. Polynomials of the first degree . The given function f(x) is 
assumed to be continuous in a range (0, x 2 ) and to possess a finite 
derivative f'(x) at each point of the range; in other words, the 
derivative is to have finite upper and lower bounds in the range. 
If m is any number less than the lower bound and M any number 
greater than the upper bound, then in the range we have 


/'(*)- m> 0 , (1) 

f'(x)-M< 0 (2) 

We consider these inequalities in turn. 


In order to apply the theorem of the corollary mentioned to the 
first inequality (1), we proceed to construct a function whose deriva- 
tive is f'{x) - m and which vanishes when x — 0. The most general 
function having this derivative is, as in Ex. 5, p. 212, f(x) -mx + C, 
where C is arbitrary. This function vanishes when x = 0 if C is 
chosen so that f(0)+C = 0, and the particular function sought is 
therefore 

/(*) -/(0) ~mx (3) 

By the theorem referred to, this function is positive if x is positive, 
that is, if the range (0, x 2 ) is positive. We therefore have the in- 
equality 

W 


f(x) -/( 0) - mx >0, (0 < x < x 2 ). 
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In a corresponding manner, from (2) we establish the inequality 

f(x)-f(0)-Mx<0, (0<x^x 2 ) (5) 

We may write (4) and (5) in the forms 
/(*)>/( 0)+ mx, 
f(x) <f(0) + Mx, 


(0<x <x 2 ), 


(6) 


which are the inequalities to be demonstrated. 

As apphed to the whole (positive) range (0, x 2 ), these become 

/(*«)>/(°)+ ( 7) 

+ 

so that we may write 

f(x 2 )=m+^ ( 8 ) 

where y is some number between m and M, however near these 
numbers are to the respective lower and upper bounds of f'(x) in 
the range. It follows that fi cannot lie outside the range whose 
ends are these lower and upper bounds. 1 

If the derivative /'(#) is continuous in the range (0, x 2 ), \i must 
clearly be a value of the derivative for some value of x in the range. 
We may thus write 

f*=f(0x % ), (O<0<1), (9) 


and equation (8) then becomes 


f(x 2 )=m + xj'(0x 2 ) (10) 

The results (8), (10) are established in a corresponding way when 
x 2 is negative. 

If, now, instead of a fixed end point x 2 we introduce a variable 
end point z, (10) takes the form 

f(x)=f(0)+xf'(Ox), (O<0<1), (11) 

which is, of course, included in (is a special case of) the Intermediate 
First Derivative Theorem. 2 


99. 2. Polynomials of the second degree . We use the preceding 
demonstration as a model but start with the second derivative f"{x) 
of the given function f(x). This function and its first derivative 
f'(x) are assumed continuous in the range (0, x 2 ), and the second 


1 The numbers m , M , fx refer throughout to the whole range (0, # 2 ). It is plain 
that in tho inequalities (6) the numbers ?n, M could be defined with respect to the 
bounds of the derivative for the range (0, x) and an equation corresponding to (8) 
written down for that range. 

2 It will be recalled that in this theorem the proof does not require the continuity 
of f'{x), and the number 0 actually lies between 0 and 1. 
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derivative is supposed to be finite throughout. If m , M are numbers 
respectively less and greater than the lower and upper bounds of 


f"(x) in the range, then in the range we have 

/" (x) -m > 0, (12) 

f"(x) -M<0 (13) 

Suppose, at first, that the range (0, x 2 ) is positive. As above, the 
function 

f'(x) -f'(0) -mx (14) 


has the positive derivative /" (x) - m in the range and it vanishes 
when a; = 0. It is therefore positive in the range. We now construct 
a function whose derivative is the function (14) and which vanishes 
when x = 0. The most general function having the stated derivative 
is, as in Ex. 6, p. 212, f(x) -xf'( 0) -\mx 2 -\-C, where C is arbitrary, 
and this function vanishes if G is chosen so that /(0) + C — Q. Thus 
the particular function to be constructed is 

f(x) -f(0)-xf'(0)-±mx 2 , (15) 

and this, by the preceding argument, is positive in the range. We 
therefore have the inequality 


f(x) ~f(0) -xf'(0) -\mx 2 > 0 (16) 

In a corresponding way, from (13) we establish the inequality 

f(x) -/ (0) - xf' (0) - \Mx 2 < 0 (17) 

We may write (16) and (17) in the forms 


/W >/(0) + x/'(0 ) + I«M (oc*^) 


(18) 


which are the inequalities to be demonstrated. 

As applied to the whole (positive) range (0, x 2 ), these become 


f{ x i) >/(°) + x if'(0) + \ 1 

f{ x 2 ) </(°) + x 2 f (°) + W x 2 2 , •> 


so that we may write 

/K)-/(0)+x 2 /'(0) + W. (20) 

where is some number in the range [m, M], however near m, M 
are to the respective lower and upper bounds of f”(x) in the range 
(0, x 2 ). It follows that fji cannot lie outside the range whose ends 
are these lower and upper bounds. 

If the second derivative f(x) is continuous in the range (0, a: 2 ). 
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then jbi must clearly be a value of the derivative for some value of x 
in the range. We may thus write 

M=r(te 2), (O<0<1), (21) 

and (20) then becomes 

/(* a ) =m + xj'(0) + ( 22 ) 

The results (20), (22) are established in a corresponding way when 
x 2 is negative. 

For a variable end point x we have the form 

f(*)=m+*f( 0 ) + ix*r(te)> (° < 1), (23) 


a result which we shew below is included in the Intermediate Second 
Derivative Theorem. 

99. 3. Polynomials of the nth degree. We are now prepared to 
write down the corresponding polynomials of the wth degree in x. 
We assume that the given function f(x) is continuous in the range 
(0, x 2 ) an( f that it possesses derivatives up to the nth. order, the first 
n - 1 of these being continuous and the nth, f^ n) (x), being finite (but 
not necessarily continuous) at all points of the range. We introduce 
two numbers m, M , which are respectively less than the lower bound 
and greater than the upper bound of f (n) {x) in the range, so that we 


have 

fW(x)-m> 0, (24) 

fW(x)-M< 0, (25) 

throughout the range, which we suppose at first to be positive. 
Consider the inequality (24). We construct the function 

-/ (n_1) (0) -mx, (26) 


which vanishes when x = 0 and has the positive derivative / (n) (#) -m 
in the range. It is therefore positive in the range. Continuing in 
this way, the successive positive functions introduced are 

/<"— *>(*) -/< n - 2 >( 0) -*/(«-«( 0) -|-m, 

/<"- 3 >(*) -/<"- 3 >(0) -*/ (n - 2, ( 0) -fj^-^O) \m, 


fW(x) -/u>(0) - s/< 2 >(0) -f*/< 3 >(0) - ... - w, 

f(x) -m -xfW( 0) _ 2]/ <2) (0 ) -|j/< 3 >(0) -^yf^(0) -~m, 
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where 0 < x ^ x 2 . We thus have the inequality 

f(x) >/(0) + xfW(0) +g/«(0) + ... + + g m. ...(27) 

In a corresponding way, from (25) we reach the inequality 

f(x) <m + xf<»(0) + pW(0) + ... + + % M - "( 28 > 

These latter are the inequalities to be demonstrated. 

We conclude, as before, that 

/(*.)=/(0) W (1) (°) + 2 2 y/ (2) (0) + ... +-(?"- 1 y T / ( ^ 1) (°) + 5f ^ -(29) 

where ^ is some number in the range whose end points are the lower 
and upper bounds of the derivative / (n) (x) in the range (0, # 2 ). 

When / (n) (x) is continuous , we may write 

V=f {n) (0x 2 ), (0<fl<l), (30) 

and (29) becomes 

/(**) =/(0) +* 2 /< 1) (0) +|f /< 2 >(0) + ... 

+ (n -1 ) ! /<n " " (0) + nT /(n) (tea) • • • • ( 3 1 } 

The results (29), (31) are established in a corresponding manner 
when x 2 is negative. 

Introducing x as variable end point, we have the form 

/(x)=/(0)+x/w(0)+|5/w(0) + ...+ { Siy. f(n ~ 1){0)+ $. fin){6x) ’ (32) 

which, as we shall shew in the following Article, is included in the 
General Intermediate Derivative Theorem. 1 

99. 4. Starting point different from zero . Throughout the whole of the 
present Article wo have worked only with a range (0, x 2 ). When the range is 
(aq, x 2 ), the fundamental inequalities corresponding to (27) and (28) are 
obtained by replacing 0 by x x and x by x - x v Thus, if x 1 < x ^ x 2 , we get 

f(x) >f(x 1 )+(x-x l )fV)(x l )+t x + ... + 

2 n f-< 33 ) 

f(x)<f(x 1 )+{x -x 1 )f(. 1 )(x 1 )+ ^^ -fm(x l ) + ... M,J 

while, corresponding to (29), we have 

f(x i )=f(x l )+(x t - )/W (Xi ) + ~ j— /( 2 ) (x t ) + . . . —(34) 

1 The symbolic statement of this theorem is the same as (32) except that 0 now 
lies between 0 and 1 and the continuity of /( w ) ( x ) is not required. 
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Iff( n )(x) is continuous throughout (x v x 2 )> we m ay further write 

+0(x 2 -x l )}, (O<0< 1) (35) 

100. The General Intermediate Derivative Theorem. 

We now establish the Intermediate nth Derivative Theorem , 
(usually abbreviated to I.D n .T .), which involves an intermediate 
value of the nth derivative /< n) (x) of a function f(x) in a given range 
(0, x 2 )» 1 The function f(x) is assumed to be continuous throughout 
the range (0, x 2 ), its successive derivatives up to the order n - 1 
inclusive are assumed to be continuous in the range (0, x 2 ] and the 
nth. derivative is supposed to exist (being finite or definite-infinite) 
for all values of x in the range [0, x 2 ]. The proof here given applies 
when n is any positive integer. 

The result (29) of the preceding Article suggests the consideration 
of a function, <p(x) say, defined by the equation 

9&) =/(*) -{/(0) +*P(0) + |*/< 2 >(0) + ... + ( -^ } ,/<->((>) +2 lA (1) 

in the range (0, x 2 ), where ^ is chosen so that cp(x) vanishes when 
x — x 2 , that is, we are to have 

/(**) -{/( 0) +xjw( 0) + ... + ( Jl-iy,/ (n J) (0) + 5f /*} =0 (2) 

The function (p(x ) is continuous in the range (0, x 2 ), since f(x) and 
the other terms in the expression defining it are so. The same ex- 
pression shews that cp(x) has a definite derivative at each point of the 
range (0, x 2 ). Rolle’s Theorem is therefore applicable, and since cp (x) 
vanishes at the ends of the range (0, x 2 ), its derivative cp^ l \x) vanishes 
for some intermediate value, x x say, in the range [0, x 2 ], and we 
conclude that 

/(*) (*,) - {f^(0)+xj^(0) + ... + 1, (0) + ( -|^y ! /,} = 0. ...(3) 

Consider next the function f{x), defined by the equation 

V(*) =/ (1) (^) ~ {/ (1) ( 0) + */<’>( 0) + ... + { * n _? 2) ,/<«-i>(0) + ix). .(4) 

This is continuous in the range (0, aq) ; it vanishes when # = 0 and 
also, in virtue of (3), when a; = 3^. Further, it has a definite deriva- 
tive throughout the range (0, x x ), and therefore, by Rolle’s Theorem, 

1 The corresponding result for a range (x t> x 2 ) is easily deduced and is given a 
little later. 
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its derivative vanishes for some value, ^ say, in the range [0, aq]. 
We conclude that 

/ (2, (^) - {/ (2) (0) + xJ(-H0) + ... + , /<-»> (0) + fi}=0. ...(5) 

Proceeding in this way, we are led finally to consider the function 
%(x) defined by the equation 

X( x ) = /^ n "’ 1) ( aj ) “ {/ <n “ x )(0) + Xfi} (6) 

This is continuous in the range (0, x^), where x n _ x lies in the range 
[0, x 2 ] ; it vanishes when x = 0 and when x = x n J ly and its derivative 
exists at all points of the range [0, x n Z\)- Applying Rollers Theorem, 
we obtain the result / (n) (^n) - ft = 0, or 

iM=/ (n) (»n)=/ (n) (®), s ay, (7) 

where x lies in [0, xZZii and therefore an intermediate value in the 
range [0, x 2 ]. 

On substituting the value /<")(£) of n in (2) and transposing the 
terms in braces, we get, as the symbolic expression of the Inter- 
mediate nth Derivative Theorem for the function f(x) in the range 

(0, x 2 )> 

/(*.) =/(0) + z 2 / (1 >(0) +|f /< 2 >(0) + ... + - ( ^ ! /<”- 1) (°) +Zj {n){i) ’ (8) 

where x lies in [0, x 2 ]. We may also write x = 0x 2> where now 0 < 0 < 1, 
the final term on the right-hand side of (8) becoming 

Jr/ (M) (0* 2 ) (9) 

For a range (x ly x 2 ), the theorem takes the form 

!(/',:> =/<*,) + <*, -*,)/"’(*>) + + ... 

+ V i ) )T ,/ ‘“ _1>(a, * > + •••<"» 

while if the starting point is a and the end point a + h , we have the 
form 

h 2 

/(a + ft) -/(a) + ft/ (1) (a) + ^ , / (2) («) + •• • 

+ (^y,/ (n l)( «)+^> ) (« + ^). ...(H) 

where 0 < 0 < 1. The form (11) is commonly employed. 

A variable end point can now be introduced. The values x Xi x 2 
may be anywhere in a range throughout which f (n) (x) exists, and 
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therefore, keeping x x as a fixed starting point, the formula (10) 
holds for any end point x in such a range, giving 

f(x) =f(x 1 ) + (: x -Xi)f m (%i) + ... 

where now x, an intermediate value of the variable in the range 
\x x , #], is a function of x. When the starting point is the value 0 of 
x, this takes the form 

f(x)=m+xfW(0) + ... + (w X ” : i T j/< n - 1) (0) +%f (n) W> —-(13) 

where x lies in [0, x], and we can also write the final term on the 

x n 

right-hand side in the form ^j/ (w) (to), where 6 lies in the range 
[0, 1] and is a function of x. 

100. 1. The Intermediate Second Derivative Theorem. When n — 2 
we get the particular case of the Intermediate Second Derivative 
Theorem , (abbreviated to I.D 2 .T.), in one or other of the following 


forms according to the range of application : 

(i) Range (0, x). 

/(*) =m+xf’(o)+^r(ex), (o < o < i ) (u) 

(ii) Range (x x , x). 

f(x)=f(x 1 ) + (x -xjf’ix,) +t^ r{£) (15) 

(iii) Range (a, a + h). 

h 2 

f(a + h) ~f(a) + hf'(a) + ^ f"(a + Oh), (0 < 6 < 1) (16) 

In each case the range may be positive or negative. 


Ex. 1. Shew that if f"(x) is continuous in the range ( x , x + 2 h), then 
.. f(x + 2h) - 2f(x +h) +f(x) 
h->0 h 

We have, by the I.D 2 .T., 

f(x+2h) -2 f(x +h) +f(x) -f(x) +2 hf'(x) +2h 2 f"(x) 

~2{f(x) +hf'(x)+lh 2 f"(x *) } +/(«) 

— h 2 {2f"(x) -f"(x*)}, (18) 

where x, x * are intermediate values of x in the respective ranges [x, x + 2h], 
[; x , x+h]. If h-> 0, then x->x and x*-+x so that f"(x)-+f" (x) and 
/"(#*)->/" (a). On dividing each side of (18) by h 2 and proceeding to the 
limit, the stated result is thus obtained. 
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The result may be put into the form 1 




.(19) 


where A 2 f(x) is the second difference of f(x), (Art. 60. 2). 


101. Taylor Polynomials. 

In the expression of the Intermediate nth Derivative Theorem as 
applied to a function f(x) in a range (0, #), namely, 

f(x) =/( 0) +*/<»( 0) +g/< 2 >(0) + ... + ..(1) 

the first n terms on the right-hand side form a polynomial in x of 
degree n - 1, the coefficients being definite constants. We may call 
such a polynomial the Taylor 2 polynomial of degree n - 1 for the 
function f(x) considered. This polynomial is characterized by the 
fact that at the starting point, (# = 0), its value and the value of 
its successive derivatives up to the (n -l)th are equal respectively 
to those of the function f(x ) . The excess of the function over its 
Taylor polynomial of degree n - 1 is called the Taylor remainder after 
n terms , (or the Taylor remainder of order n), and is usually denoted 
by B n (x ), so that 

( 2 ) 

Other expressions for the remainder after n terms are investigated 
below, Art. 128, and in Chap. XVIII a definite formula, in which no 
undetermined number such as x appears, is found for this remainder. 

rjQ tl rj^Tl 

The expressions -,/ (n) (^)> n \ f* are often useful as determining a 

range in which the remainder after n terms lies. Such a range may 
be called a remainder range. The expression on the right-hand side 
of (2) is, rather loosely, called the Lagrange formula 3 for the remainder 
after n terms. 

From the practical standpoint, the important fact is that in many 
cases the Taylor polynomials afford a convenient means of evaluat- 

1 The statement in Art. 86 with respect to the limit of A n yl(Ax n ) is consequently 
now proved for the case when n= 2. 

2 After Brook Taylor, who first investigated (in 1715) this mode of expression for 
a function. 

3 Historically and rationally the use of the term ‘ formula ’ is no doubt correct, 
but from the present elementary point of view, a ‘ formula ’ for anything is usually 
taken to bo something that determines it (and not merely assigns a range for it, as 
here). 
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ing functions, that is, they are approximation formulae. In such 
cases the expressions for the remainder ranges are used to find the 
conditions under which the remainder is small enough to be neglected 
to the order of accuracy required. Many examples of this process 
occur in subsequent discussions. If the degree of the Taylor poly- 
nomial employed is fixed, the closeness of the approximation is 
limited and the error committed can be diminished indefinitely only 
by indefinite diminution of x. 

From the theoretical standpoint, interest centres in the question 
whether the approximation by a Taylor polynomial can be made as 
close as we please by increasing the degree of the polynomial, when 
x is fixed. When this can be done, the Taylor polynomials of a 
function lead up to the Taylor Infinite Series , which defines the 
function exactly. This question is taken up in Art. 126, below. 

If the starting point is x Li the corresponding Taylor polynomial 
of degree n - 1 is a polynomial in x - x l9 namely, 

/(* i) + (* -*i)/ (i> (*i) + + ... + ( y^!> ^i), ...(3) 

and the Taylor remainder, or Lagrange formula for the remainder 
after n terms, is now given by 

B n ( X )J^A n f(n )( ^ (4) 

where x lies within the range (x x , x 2 ). 

102. Special Applications of the Intermediate Derivative Theorems. 

We now consider some special applications of the Intermediate 
Derivative Theorems (and the associated Taylor polynomials) to the 
investigation of certain properties of functions and their graphs. 
Five divisions of the discussion are made, as follows : 

I. Approximate Evaluation of Functions. Small Corrections. 
(Arts. 103, 104.) 

II. Maxima and Minima. (Arts. 105-108.) 

III. Form of a Curve at a Point. Contact of Curves. (Arts. 109-116.) 

IV. Newton's Method for Approximating to a Root of an Equation. 

(Arts. 117-120.) 

V. Theory of Proportional Parts. Interpolation. (Arts. 121-125.) 

The treatment in each division applies to any function f(x) which 
satisfies certain broad conditions, but in this Chapter illustrative 
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examples can be given only for algebraic functions. Illustrations by 
means of transcendental functions are given in Chaps. VI, VII as 
the various functions are introduced. 

A further algebraic illustration of the I,D n .T. is given in Art. 127 
of this Chapter where the Binomial Theorem for the expansion 
of (l+x) m is investigated. Finally it may be mentioned that the 
subject of the following Chapter, Curvature of Plane Curves , is also 
based on the Intermediate Derivative Theorems. 

I . APPROXIMATE EVALUATION OF FUNCTIONS. 

SMALL CORRECTIONS. 

103. Approximate Evaluation of Functions. 

We here consider the application of the Taylor polynomials of the 
first and second degree to the approximate evaluation of functions. 
The employment of higher polynomials is illustrated later when 
dealing with particular functions. As remarked above, when the 
degree of the polynomial is fixed, the closeness of approximation 
attained is governed by the magnitude of the chosen increment of 
the independent variable. Thus the discussion involves an estimation 
of the error committed with the use of a chosen increment, and 
also the limitation of the increment necessary to secure a given 
degree of accuracy. 

103. 1. Polynomial of the first degree. We begin by considering the 
application of the Taylor polynomial of the first degree. Let the 
value of the given function f(x) be known when x — x X) and let Ax 
denote an increment of x from x v The polynomial in question is 
here 

nxJ + Axf'ix,) ( 1 ) 

Now, assuming that the I.D 2 /T . is applicable to the function in 
the range (x l9 x x + Ax ), we have 

/(*! + Ax) =f(x 1 ) + Ax/' (x,) + \ (Ax) 2 /" (x), (2) 

where x lies in the range [x*, x x + Ax]. The error involved in the 
proposed approximation is therefore the remainder term in (2), 
namely Ax) 2 /" (x). If we suppose that |/"(x)| is not greater than 
a certain positive number M in any neighbourhood of x x that can 
possibly come into consideration in this discussion, a remainder 
range is (--|(A x) 2 M, |(A x) 2 M), and the magnitude of the error 
committed cannot exceed -|-(Ax) 2 J/. 

To secure a prescribed degree of accuracy which limits the magni- 

p M.B.M.A. 
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tilde of the error to an assigned positive number e , it is sufficient to 
make Ax satisfy the inequality |-(A x) 2 M < £, that is, to make 

| A* | <7(2 e/M) (3) 

If the neighbourhood of x x as so determined is smaller than that to 
which the maximum value M of | f"(x) | applies, we may tentatively 
replace M by the maximum value of | f"(x) | for a smaller range, 
and this may lead to a larger range for | A# | . In practice such a 
procedure is not usually necessary, the order of magnitude of | Ax \ 
being sufficiently well known to make the first choice of M satis- 
factory. 

Since in the approximate evaluation of functions we are usually 
concerned with values of e which are small compared with 1, the 
magnitude of Ax will also usually be small compared with 1. 
In such a case it is convenient to denote this difference by dx, as on 
previous occasions when a limitation on the magnitude of the incre- 
ment is implied, so that, loosely speaking, dx is a 4 small * number. 

The increment of the dependent variable will, in general, be small 
when that of the independent variable is small, and the same symbol 
d is used to denote such an increment. Thus we write dy, ordf(x), to 
denote the increment of y } or f(x), corresponding to the increment dx. 


With this notation we have the approximation formula 

f{x 1 +dx)^f(x 1 ) f dxf'ixj, (4) 

and the increment of the function is given approximately by 

dfix^dxf'ix,) (5) 


The magnitude of the error involved in each of these approximations 
is |(<5#) 2 \f'(x) |, which, being ultimately in the ratio | 2 -/"(^i)| to 
(dx) z , is of the second order of smallness, (Art. 59. 1), if dx is small. 

It may be observed that, according to the I.D^T., we have 

f(x 1 +dx)=f(x 1 )+dxf'(x 1 + Qdx), (O<0<1), (6) 

and a comparison of (4) and (6) shews that the approximation 
process is equivalent to ignoring the variation of f'(x) in the range 
(aq, aq-f&r), the value taken being that at x x . Many instances of 
ignoration of the variation of the first or a higher derivative in a 
small range will arise subsequently. 

It should be noted that in a range of x in which the formula (4) 
is applied, the function f(x) is replaced by a linear expression in x. 
For if we write x for x x +dx , we have f(x) «/( x x ) + (x - #i)/'(#i). We 
shall have other examples in the sequel of the replacement of a 
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function by a linear expression. In all such cases it is said that the 
function is taken to follow a linear law. 

Hitherto we have considered the absolute 1 error involved in the 
approximate evaluation of the function or of the increment of the 
function. If, for any purpose, the fractional error of the increment 
is required, we must consider the ratio of the term dx) 2 f"(x ) to the 
term &xf'(xf). If the magnitude of this error, namely 

* m-\rm\/\f(*x)\, 

is to be less than an assigned positive number e, we must now have 

\dx\<2e\f'(x 1 )\IM, (7) 

where M is used in the same sense as above. 

103. 2. Geometrical interpretation. A geometrical equivalent of the 
approximation (4) may be obtained as follows. Let AB (Fig. 68) 
be the graph of the function f(x) in a certain range, and let P ly P 
have the respective abscissae x ly x 1 +dx. The ordinates M x P ly MP 
are given by 

M 1 P 1 =f(x 1 ), MP =f(x 1 +8x). ..(8) 

The tangent Pjl?, of slope y> l9 and the 
line P X L drawn parallel to Ox , meet 
MP in R, L , respectively. From the 
Figure we have 

LR\P X L = tan \p 1 —f'^xf), 
so that 

LR — PJj tan =dxf'(x 1 ) (9) 


Now MP-ML~\-LR + RP- M 1 P 1 + LR + RP, (10) 

and we may thus write 

f(x 1 + dx) == f{x x ) 4 - dxf (Xj) + RP (11) 

Comparing this result with (2), we see that the algebraic length 
RP is given by 

RP — $(dx) 2 f"(x) (12) 


The approximation (4) is thus equivalent geometrically to replac- 
ing the ordinate MP of the curve by the ordinate MR of the tangent, 

1 In this connection the term ‘ absolute error ’ is used for the algebraic excess of 
the approximation over the real value, as contrasted with the ‘ fractional ’ or ‘ relative 
error,’ which is the ratio of the absolute error to the real value. It is usually sufficient, 
as in the text, to compare the error with the approximate value obtained for the 
increment. 
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that is, to ignoring the part RP. As we have seen, this part is of 
the second order of smallness if that is, M ± M, is small. 

The fractional error of the increment is the ratio of RP to LR, 
and this can be made as small as we please by sufficiently diminishing 
the magnitude of M X M. 

103. 3. Polynomial of the second degree. If we now go on to con- 
sider the second degree Taylor polynomial as an approximation 
formula for the value of f(x x +dx) y the procedure is exactly similar 
to the above. Thus we write 

/(« X +<5*)»/(*i) +Sxf'(x i) + \{8xYf"(x i), (13) 

which is equivalent to ignoring the variation of the second 
derivative in the range (x u x x +dx). Assuming that the I.D Z .T. is 
applicable to this range, the error involved here is the remainder 
after three terms, namely J (dx) 3 f"'(x) y where x lies in the range 
[x l9 x 1 +dx]. 

If we assume that | f'"(x) | is not greater than a certain number 
M * in any neighbourhood of x 1 that can possibly arise in this dis- 
cussion, a remainder range is ( ~l(dx) 3 M*, -J (dx) 3 M*). The absolute 
error will therefore be less than an assigned e if } | dx | 3 AT* < e, 

that 1S ’ lf I dx I < (6 e/M*) 1 ! 3 , (14) 

which determines a suitable range for | dx | . 

Ex. 1. Investigate tho restrictions on tho magnitude of h in order that the 
value of s/(x x +h) may be given correct to a stated degree of accuracy by the 
Taylor polynomial of the first degree, the value of s /x 1 being supposed known. 

Her e f(x) = s/x, (x>0), so that 

f / ( x ) = _ x^3/a (1^) 


The polynomial approximation in question is therefore 

^(a: l +A)«V*i-(l + Jr) (16) 

and the absolute (excess) orror E introduced is /i 2 /{8(;c) 3 / 2 }. 

Suppose, at first, that li> 0. Then x>x 1 and wo have 
E<h 2 /( 8aq 8/2 ) 

<e (assigned) if h< ^(SeXj 3 ! 2 ) (17) 

If h< 0, a lower barrier to the value of x is now x 1 +h. In the applications 
considered below, | h | is never greater than and therefore we have 

<e (assigned) if -h< ^{Se^x^! 2 } (18) 

It follows that if we take 

|^|< ^{8e( I %o; 1 ) 3 /2>, (19) 

the absolute error committed will, in either case, be less than e. 
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To take a simple numerical illustration, let x t — 4, e — 10~ 4 . Then wo are 
to have 

| h | < s/{8 x 10“ 4 x (^$) 3/2 }~0-072 (20) 

We can thus calculate ^(4*072) and v /(3*928) with an error of less than I in 
the fourth place of decimals by means of the approximation (16). The values 
found are 

V(4*072)^2 + J x 0*072 -2*0180,) 

^(3*928)^2 -£x 0-072- 1*9820. J 

The fractional error in the value of ^(aq +h), as determined by (16), is 


h 2 /{ 8 (.T) 3/2 } 
>f( x i + h) 


,( 22 ) 


If h>0, this is less than h 2 j( 8aq 2 ), while if h< 0 (and of magnitude less than 
y^^j), it is less than h 2 l{8(^ 6 x x ) 2 }. 

The results obtained shew that for a given value of \h\ 9 (less than yV t i)» 
the absolute error in approximating to sj(x x +h) by means of the formula (16) 
is always less than h 2 l{S(^x l ) 2 l 2 }, or 0-1464/i 2 /^ 3 / 2 , and the fractional 
error always loss than ^ 2 /{8( 1 ° 0 a; 1 ) 2 }, or 0 1543/* 2 /.r l 2 . In practice it is only 
necessary to consider the approximation 

s/(l+h)^l + lh (23) 

in this connection, for we can write (16) in the form 


^(1 +hlx l )~ s /x l .(l ^Ih/Xy), (24) 

which reduces to (23) on dividing out by s /x l and changing the meaning of h. 
The absolute error involved in the approximation (23) is less than (M464/*, 2 
and the fractional error loss than 0 1543A 2 provided | h | <tq. 


Ex . 2. Aj)proximate evaluation of sJN , (N a positive integer ). We start with 
the identity 

(N +a 2 ) 2 -(N - a 2 ) 2 — 4IVa 2 , (25) 

which gives 

™ 

If a is the positive integer whose square is nearest to N, the term 

{(N -a 2 )/(N +a 2 )} 2 

is usually small compared with 1, and, corresponding to (23), we may employ 
the approximation 

/at N +a 2 f 1 fN -a 2 \ 2 \ 

(27) 

For example, taking N — 10, the appropriate value of a is 3, and (27) gives 


^ 10 -t( 1 i) = ^-T2^T9« 3 162281 (28) 

The investigation of Ex. 1 above shews that the error introduced in writing 

1 - 1 x j ^2 f° r '^l ~ ip) does no ^ excee( i 0*1464 x j^ 4 , so that the absolute 

error in the above calculation of vdO does not exceed x 0*1464 x , or 

b i y 

about 3*6 x 10“ 6 . The value of *yi0 correct to six places of decimals is actually 
3162278. 
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Ex. 3. Approximate evaluation of (x x +h) 1 f m . Here f (x) —x'J™, (#>0), and 
we have 


(2f) 

The Taylor polynomial approximation of the first degree is therefore expressed 

b y 

L 1 i 1 _ i 

(x x +h) m ***x 1 m +h±x l m (30) 

tlio absolute error E being given by 

(31) 


(i) If m is negative, or positive and greater than 1/2, we may write (31) in 
the form 


\J -m \ | h? 
2m* s _ 1 ‘ 
(•*) m 


.(32) 


If h>i) t so that x>x lf this gives 


E< \ 1 — — , 

2 m- 2 _ A 

xf rn 


.(33) 


while if h< 0, (| h | being less than which will commonly be the case in 

applications), we have 


E< 


j 1 -m | h 2 
2 m 2 0 _ 1 * 

( 1*0*1) m 


(34) 


With the aid of the results (33), (34), we can determine a suitablo range for h 
in order to secure a given degree of accuracy with the use of (30) and for the 
values of m indicated. 

(ii) Suppose next that m lies in the range [0, J]. If 0<^<- 1 \,a; 1 , we find 


from (31) that 

Ji< 

1 -m 
“ 2mf~ 

bvu*,)* 2 

(35) 

while if h < 0, wo find 

E<\ 

1 -m | 

2 m 2 

, 1 

h 2 x l m ~ 2 . 

(36) 


These expressions allow us to determine a suitable range for h in order to 
secure a stated accuracy for the values of m indicated. 

From (30) we have, on dividing out by xfi ,n and changing the meaning of h, 

(l+7i)‘/“~l+^A, (37) 

which is a form frequently employed. 


Ex. 4. Approximate evaluation of +h). Here m— -2 and (30) gives 


1 1 

\/(ah +/i)~ 1 



(38) 


while E = j \h 2 j(xfl 2 . If h> 0, we have E<%h 2 jx^l 2 9 so that E is less than an 
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assigned e if h< sj^ex^l 2 ). If h<0 (and in magnitude less than A^i)> we have 
E < fA 2 /( 1 < - ) 0 ^ 1 ) 6 / 2 , and now E is less than an assigned e if -h< * 0 x x ) 6 l 2 }. 

If, for example, x x — 1 , e = 10~ 4 , the above restrictions to be imposed on h 
are, in turn, 

0*0163, -/k0 0138. 


Hence, if | h | < 0*0138, the error committed in using the approximation 

1 


^/(l 4-/0 


« 1 - lh , 


,(39) 


is less than 1 in the fourth place of decimals. 


104. Calculation of Small Corrections. 

The theory of the preceding Article is constantly applied in 
Science in the discussion of the effect of small changes in the measures 
of physical quantities on the values of other quantities which are 
determined mathematically from them. If a definite small change 
is in question, the new value of a dependent quantity could, of 
course, be found by the same process as that applied to find the old 
value, but simple approximation formulae can usually be employed 
to great advantage and without affecting the degree of accuracy of 
the results. The mathematical discussion is not much altered if it is 
required to find the greatest possible error in the value of a dependent 
quantity when an upper barrier to the error of an observed quantity 
is assigned. So long as the rate of change of the dependent quantity 
with respect to the observed quantity has the same sign within the 
range of any error to be considered, the change of the dependent 
quantity cannot be greater than that due to the assigned upper 
barrier, and the latter change can be calculated by the appropriate 
approximation formula. Usually it is sufficient to employ the 
linear formula based on the assumption of a uniform rate of 
change. 

To put these remarks into symbolic form, let y be the measure of 
the dependent quantity and let y ~f{x) be the relation connecting it 
with the measure x of an observed quantity. Then, according to the 
preceding Article, if dx is the assigned change, or the assigned upper 
barrier to the change, of x from the value x l9 the corresponding 
change of y is given approximately by 

dy&dxf'(x i) (1) 

The magnitude of the error in dy committed in using this formula 
is \{dx ) 2 1 f"(x) |, which, for purposes of estimation, may be taken as 

|(&) 2 |/"(Xi)| (2) 
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The fractional change of y from the value y l9 corresponding to 
the fractional change dx/xy^ of x , is given approximately by 

dy^dxxj' {x x ) 

' /(*i) 


( 3 ) 


Ex. 1. The measured value of tho radius of a circle is subject to an error 
of p per cent, at most. Find the possible percentage error in the calculated 
value of the area. 

We have A — nr 2 , and if J dr | is the greatest error in the measurement of r , 
then 


\SA\ 



— 2 nr | dr |, 


(4) 


which gives approximately the maximum error in A. 

dA 2 nr & n dr 

—r~ — d r =2 

A nr 1 r 


From this we have 


,(5) 


and hence, if 100 | dr |/r<p, then 100 | dA\jA < 2p, or the percentage error 
in A does not exceed 2 p. 


104. 1. More than one variable. When the quantity y depends on 
more than one variable and the measure of each variable is subject to 
error, the total correction to be applied to the calculated value of y 
is to be found by calculating the small corrections due to each of the 
variables on the supposition that the remaining variables are correct, 
and adding. The formal justification of this rule requires the theory 
of the derivatives of polymetric functions, and cannot be given here. 
In certain simple cases, however, there is no practical difficulty in 
verifying its correctness, as in the following Examples. 


Ex. 2. The lengths a, b , c of the edges of a cuboid are increased by da, db, dc , 
respectively. Find an approximate formula for the increase in the volume V 
of the cuboid. 

We havo V—abc. Supposing b, c unaltered, the increase of V due to the 
change da is bcda. Similarly, cadb and abdc are the increments of V due to 
the changes of b and c, each taken separately. The total change of V is there- 


fore given approximately by 

dV—bcda +cadb +abdc (6) 

This result is easily verified. For, accurately, 

dV =(a +da)(b -\-db){c +dc) -abc, (7) 


and this leads to (6) when the first product on the right-hand side is developed 
and terms containing products of two or more of the small quantities da, db, 
dc are neglected. 

Ex. 3. The period r of a simple pendulum of length l is given by the formula 
r = 2n*J(l/g), where g is the acceleration due to gravity. If l, g are increased 
by dl, dg, find the increase in the calculated value of r. 
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The increase in x due to the change in l alone is approximately 61, or 
t \l~.dl. That due to the change in a alone is ^ dg , or - . dg. The 

lyg dg g\ 9 

total increase is thus given by 


or by 


lyg gyg 

fit l 81 _ 1 fig 

t 2 l 2 y 


( 8 ) 

(9) 


Thus the percentage increment of x is one-half the excess of the percentage 
increment of l over the percentage increment of g. 

If we are merely given that l and g are subject to errors of magnitudes 
| dl |, | Sg | , we must allow for the possibility of dl and dg having opposite signs 
in equations (8), (9). Thus r will be subject to an error of magnitude | St |, 
given by 


* T LH*LIL&I 

x 2 l 2 g 


(10) 


To verify the approximation (8), we observe that, accurately, 
' l +SI n II I 1 +6111 




+ dylg 
1 SI 


Kf X'-i?) 


T, 


•(ID 


as in Exs. 1, 4 of the preceding Article. Tf we now dovelop the product in the 
last expression and neglect the term containing the product dldg, we arrive 
at (9). 


II. MAXIMA AND MINIMA . 

105. Introductory Remarks. 

We now resume the subject of maxima and minima from Art. 
98. 6 and take up the systematic discussion of the discrimination 
between the stationary values of a function f(x) in a range. This, 
as we shall see, involves the determination of the sign of the second 
or a higher derivative at the value considered of the independent 
variable. The function f(x) is assumed to be continuous in the 
range and to possess a definite first derivative throughout, except 
possibly at isolated points ; these are excluded from the following 
discussion. Suppose that there is a stationary value of f(x) at 
the value x x of x , so that Then for the determination 

of the nature of the stationary value we have the following 
criteria according to the values of the successive derivatives of f(x) 
at x v 
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106. Second Derivative Criterion. 

We assume that there is a neighbourhood of x x throughout which 
the I.D 2 .T . is applicable. If x x -f Ax is a point of this range, we have 

f{x x + Ax) =f(x x ) + £(A x) 2 f" (x x + OAx), (0 < 0 < 1), (1) 

the term Axf'(x x ) vanishing since f'(x x )—0. 

Suppose, now, that f'(x) is continuous at x x and, moreover, that its 
value there is not zero. By Art. 22. 3, there is then a neighbourhood 
of x x throughout which f"(x) has the same sign as/" (x x ). If x x + Aa; is 
taken to be a point of this neighbourhood, x x 4- 6 Ax is a point of it 
and /" (x x + 6 Ax) therefore has the same sign as /" (aq). If this sign is 
positive, the second term on the right-hand side of (1) is positive for 
either sign of Ax, and hence f(x x + Ax)>f(x x ). There is thus a proper 
local minimum value f(x x ) of the function when x = x v Similarly, if 
the sign of f"(x x ) is negative, the value f{x x ) is a proper local maxi- 
mum. If, however, f"(x x ) = 0, no conclusion can be drawn as to the 
sign of f'(x) in any neighbourhood of x x and we require to employ 
higher derivatives for the discrimination ; see below. 

Hence, if 

(i) f( x i) — 0, then f(x x ) is a local minimum, 

(ii) f(x /"( a; < 0, then /(x x ) is a local maximum. 

(iii) /'(x 1 )=0, /"(.Ci) -- 0 , then further discussion is required. 

Ex, 1 . The function x + a 2 lx, (x j= 0, a > 0). We have 

f' (x) ~ 1 - a 2 lx 2 , /" (#) = 2 a 2 lx 2 (2) 

The first derivative vanishes when x—a, x= -a; at the former value 
/" (x)>0 and at the latter /" (x) < 0. There is therefore 
a local minimum of the function when x=a, namely 
2a, and a local maximum - 2a when - a. 

Ex. 2. A circular cylindrical tank, open at the top, 
has a conical bottom. It is required to find the least 
area of sheet metal for a given volume of tank. 

This problem is most conveniently considered in two 
steps. First wo suppose that in addition to a given 
volume V of tank there is also a given radius r of 
cylindrical portion, and we determine the ratio of the 
length l (Fig. 69) of cylindrical portion to the height 
h of cone which makes the total area of surface a 
minimum. In this way we express l, h in terms of r, 
V, and the relations obtained must hold whatever the 
values of r and V . We then suppose that V only is 
given. The area of surface is expressed in terms of 
the single variable r and its minimum value investigated. 


I 
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(i) F, r given . The area of surface A is given by 

A =2arl + Jirsj(r 2 +h 2 ), (3) 

and the volume by 

F = nrH + \nr 2 h — nr 2 (l + $h) (4) 

Eliminating l between these equations we obtain 

A~nr - |/i + st(r* +fr a ) j (5) 


expressing A as a function of h alone. We now obtain 

dA f 2 h ^ d 2 A nr 2 ( 

dh~ nr \ 3 + (r 2 + h i ) 1 l i J ’ dh 2 “ (r 2 + /i 2 ) 2 / 2 1 ' 

The first derivative vanishes when 5/t 2 =4r 2 , or h = 2r/v/5~0-894r, and 
since the second derivative is positive, the corresponding value of A is a 
minimum. Hence, whatever the given value of r, the least area of surface is 
obtained for the above value of h f and, from (4), l is then given by 



?>/* 

15 


(V 


(ii) F only given . We now consider variations of r. For the above values 
of h, l, (3) gives 

2F 7i s] 5 


A= 27 ir {m*~ TfT r ) + + =; 


j — ft 

r 3 


.( 8 ) 


The derivative dAldr vanishes when — 9 + - „ 


r = 0, that is, when 


___ 3F __ 3s/5 ^ 
~~ n*J5 5ji 


■(») 


There is thus only one value of r for which A is stationary, and this corre 
sponds to a minimum, the second derivative of A being positive. 

We now find 


24 

25n 


h*=~y, i 3 =J-v, 

LOTI 


( 10 ) 


and the minimum area is (9 7isJ5 . F 2 ) 1 / 3 , or 3-984 F 2 / 3 . 

The most economical proportions are thus expressed by 

h = 2rlsJ5 =0-894r, l^r/s/5 = 0-447r, (11) 

the total height then being l-341r. 


106. 1. Case of implicit functions. The treatment of the extreme 
values of a function y given implicitly by an equation of the form 

/(M)= 0 (12) 

proceeds as above as soon as the derivatives of y with respect to x 
which are required are determined. The process of ‘ differentiating 
an equation ’ can, in simple cases, be carried out successively for 
this purpose, if we assume the existence of the function y and its 
derivatives. From (12) we get, on differentiation, an equation 
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involving x , y, dyjdx , and this in turn yields an equation involving 
x, V> dyjdx and d 2 y/dx 2 . Putting dyjdx = 0 in the former of these, we 
get an equation which, with (12), determines the stationary values, 
and the signs of d 2 yjdx 2 at these values can be obtained from the 
latter of the two equations mentioned. 

Introducing partial derivatives, we have, as in Art. 88, 

d l + d l d l = 0 

dx ^ dy dx 9 

3 2 / JJ1 , 9 2 / \ dy d 2 f /dy\ 2 dj d*y I 

dx 2 \ dy dy ) dx dy 2 \ dx / dy dx 2 9 ) 

and on putting dyjdx — 0 in each of these, we get the two equations 
mentioned above in the forms 



df_ d*f dfd*y_ 
dx ’ dx 2 + dy dx 2 


(14) 


We here assume that dfjdy does not vanish at a stationary value. 


Ex. 3. The equation x 2 +xy +y 2 - 1=0 (15) 

Here we have, on differentiating, 


When dyjdx— 0 we have 

2x +y =0, 


d 2 y 

dtf 


__ 2 _ 

x + 2y~ 3.r * 


(17) 


Putting y — -2x in (15), we find x 2 - 2x 2 + 4a; 2 -1=0, so that x = ± 1/^/3, and 
hence y — T 2j ^3. These give the stationary values. Tor the upper signs, 

d 2 yjdx 2 is positive and the value is a mini- 
mum ; for the lower, d 2 yjdx 2 is negative and 
the value is a maximum. 

The equation (15) represents an ellipse of 
semi-axes V 2, /s/f. The axes of the ellipse 
bisect the angles between the coordinate 
axes, (Fig. 70). The above solutions give 
the positions of the points of the ellipse which 
are farthest from Ox. 

106. 2. Change of independent variable. 
The discussion of the maximum and 
minimum values of a given function 
fig. 70. can frequently be simplified by the 

introduction of an auxiliary variable 
which may be treated either as an intermediary variable (case of a 
function of a function), or as a new independent variable (case of 
parametric specification). 
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In the first case, let y—f(t), t=<p(x ), so that y=f{<p{%)}. Then 

dy dy dt d 2 y_d 2 y (dt\* dy d 2 t 

dx ~ dt dx’ dx 2 ~ dt 2 \dx) ^ dt dx 2 


If we suppose that dt/dx 0, the stationary values of y with respect 
to x correspond to the stationary values of y with respect to t . 
When dyjdt = 0 , the sign of dhy/dx 2 is the same as that of d 2 yjdt 2 . 
Hence if y is a maximum (minimum) with respect to t it is also 
a maximum (minimum) with respect to x. Suppose, next, that 
dtjdx — ^ and dyjdt ^0. The nature of each of the corresponding 
stationary values of y is now determined from the sign of the product 
of dyjdt and d 2 tjdx 2 . 

In the case of parametric specification by equations of the form 
y=f(t), x — \p(t ), say, we have 

d 2 y dy d 2 x 
dy _dy I dt d 2 y dt 2 dt dt 2 
dx~~dx/dt’ dx 2 ~ fdx\ 2 (dx \ 3 

\Jt) \dt) 


We must here suppose that dxjdt ■=£ 0, the stationary values of y with 
respect to x corresponding to those with respect to t. The second 
equation shews that if y is a maximum (minimum) with respect to t , 
it is also a maximum (minimum) with respect to x. 


Ex. 4. The function y—(a 2 -x 2 ) x -4c 6 (a 2 -x 2 ), (a 2 >c 2 ). Putting t=a 2 -x 2 , 
we have y =t* - 4c 6 £, and hence 

»— * »=-*• a- 4 '’- 4 * v ~ m ' < 20 ' 

The stationary values 1 of y with respect to x occur when dyjdt = 0, that is, 
when t ~c 2 and x = ± <J(a 2 - c 2 ) ; and when dtjdx— 0, that is, when x=0 and 
t—a 2 . Since d 2 y/dt 2 > 0, the values x = ± *J(a 2 -c 2 ) correspond to minimum 
values of y. Further we have 

$£ — *(«• -4* (21) 

and when t—a 2 > the sign of this expression is negative. The corresponding 
value of y is therefore a maximum. 

106. 3. Absolute extreme in a range. The following Example illus- 
trates the determination of an absolute extreme value of a function 
in a given range. 

Ex. 5. If the function sj( 1 +# 2 ) is replaced by the approximation 0*93 + 0-43# 
in the range (0, 1) of find the greatest fractional error committed. 

1 These have already been investigated in Art. 94. 1, Ex. 2. 
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We may take the fractional error E to be given by 

V(1 4-# 2 ) - (0*93 +0*43#) _ 093 4-0-43# 

V(l-f# 2 ) s/(l4-# 2 ) K ' 

The stationary condition dE\dx =0 gives 

n/(1 +z 2 )(0-43) - (0-93+0-433;) =0, (23) 

so that 0-43 -0-93#=0, or #=0*46, approximately. It is easily shewn that 
for this value of x, d 2 E/dx 2 > 0, so that the corresponding value of E is a local 
minimum. This value is approximately - 0 03. 

At the lower end of the range (x =0) we have E = 1 - 0-93 =0*07, while at 
the upper end (x = 1) we have E — I - l-36/s/2~ 0 04. The greatest fractional 
error is therefore about 7 per cent., and it occurs at the lower end of the 
range. 


107. Third Derivative Criterion. 

We here consider the case in which /"(a^) -0 as well as f(x 1 ) = 0, 
and suppose that there is a neighbourhood of x x throughout which 
the I.D^.T . is applicable. If x x 4- Aa; is in this range, we have 

f(x x 4- Ax) =f(x x ) + 1 (A*) 3 /'" (x x + 6 Ax ), (0 < 0 < 1) (1) 

Suppose now that f"{x) is continuous and different from zero at 
x v Then there is a neighbourhood of x x throughout which f"'(x) 
has the same sign as f n/ (x 1 ). If x x + Ax is taken to be a point of 
this neighbourhood, the sign of f'" (x x -hOAx) is the same as that 
of f'"(x i). The increment f{x 1 -i-Ax)-f(x 1 ) has then the sign of 
(Aa;) 3 /'"^). Since this sign changes with that of Ax, the stationary 
value f(x x ) is neither a maxi- 
mum nor a minimum. If j/f 
/'"(a?!) is positive (negative) / \ 

the function /(x) is strictly _^L^L V /i 

up-way (down-way) in the 

neighbourhood of x x referred / f(<X]) f( x y) \ 

to. ► — \— ^ 

0 X o x y \ X 

Interpreted graphically, 

xi . , /T r . Fig. 71. Fig. 72. 

the point P x (Figs. 71, 72) is 

a point of contraflexure with horizontal tangent. In Fig. 71, the 
third derivative is positive at P x , and in Fig. 72, negative. 

If /"'(£i) = 0, we must proceed to a fourth derivative criterion. 
This is included in the general criterion given below. 


Ex. 1. The function # 3 . We have 

f'(x) =3# 2 , /"(#) =6x, f"'(x) =6, 
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and hence, for the value 0 of x , 

/'( 0)=0, /"( 0)=0, =6 (3) 


The stationary value at x — 0 is therefore not an extreme and the function is 
strictly up-way in the neighbourhood of that point. 

108. General Form of Criterion. 

We now consider the case in which the first n - 1 derivatives vanish 
at x— x x and suppose that there is a neighbourhood of x x throughout 
which the I.D n .T. is applicable. If x x + Ax is in this range, we have 

/K + Ax) =/(x x ) +,|, (Ax) n /W(x x + OAx), (0 < 6 < 1) (1) 

If/ (n) (a;) is continuous and differs from zero at x x , we conclude, as 
before, that for sufficiently small values of Ax, the sign of f^ n) (x x -f OAx) 
is the same as that of f (n) (x x ). Hence the sign of the increment 
f(x 1 + Ax) -f(x x ) will, for such values of Ax, be the same as that of 
(A x) n f( n )(x x ). 

If n is even, this latter expression has the same sign as / (n) (#i)- 
If this sign is positive, there is a minimum value of f(x) at x x , and 
if negative, a maximum. 

If n is odd, the sign of the expression changes with that of Ax. 
The stationary value at x x is therefore neither a maximum nor a 
minimum. This corresponds graphically to a point of contraflexure 
with horizontal tangent. The ordinates of the graph continually 
increase if f (n) (x x ) is positive, and continually decrease if / (n) (#i) is 
negative. 

Ex. 1. The function .r 4 . ITore we have 

f( 1 )(x)=4x 3 , f( 2 )(x) = \2x\ f(S)(x)=2±x, f( 4 Hx) =24 (2) 

Since /(*)( 0) =0 =/( 2 )(0) =/( 3 )(0), /( 4 )(0)>0, there is a minimum value 0 when 
x — 0. 

Ill . FORM OF A CURVE RELATIVE TO THE TANGENT AT 
A POINT OF IT. CONTACT OF TWO CURVES . 

109. Inferences from the Sign of the Second Derivative. 

Let P x , (x l9 y x ), be a point on the curve y—f(x) at which there is a 
definite tangent, which is at first supposed not parallel to Oy, so 
that /'(#x) is finite. 1 If the I.DN.T . is applicable to a range 
(x x , x x + Ax), we have 

f(x x + Ax) =f(x x ) + Axf (x x ) + \ (A xyf" (x x + OAx) ( 1 ) 

Suppose now that f'(x) is continuous at x x , its value there being 

1 The case in which the tangent is parallel to Oy is considered in Art. 114. 1. 
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different from zero. Then for sufficiently small values of Ax, the sign 
of /" (a^ + 6 Ax) will be the same as that of /" (a^). We conclude that 
if this sign is positive (negative), the difference 

+ -{/(xJ + Axf'fa)} (2) 

is positive (negative). 

Referring to Fig. 73, and recalling the results established in Art. 

103.2, we have f(x 1 -f Ax) = M P, 
f(x x ) = M x P l9 A xf (x x ) = LR, and 
therefore, with the aid of (1) we have 

RP = \{Axff f '{x l ^OAx). ...(3) 

The distance RP therefore corre- 
sponds to the difference (2). If 
f"(x i) > 0, it follows that MP >MR, 
while if/"(x 1 )<0, then MP < MR, 
whether M lies to the right or left 
of M v 



110. Sides of a Line. 

It is now found convenient to define the positive and negative 
sides of a straight line with respect to a given direction. To do this, 
we consider the two half-planes bounded by the line. If a point 
moves in the given direction and crosses 1 the line, it passes from 
one half-plane to the other. In the half-plane which it enters it is 
said to be on the positive side of the line with respect to the given 
direction, while in the other half -plane it is said to be on the negative 
side of the line. The half-planes themselves can clearly also be 
distinguished as positive and negative with respect to the given 
direction. A configuration lies on the positive side of a line, or in 
the positive half-plane, if all its points do so. 

With these definitions, the theorem of the preceding Article can 
be stated in the form that if /"(#i) is positive (negative), there is 
a neighbourhood of the point M x , (x x ), for which the curve lies on 
the positive (negative) side of the tangent at P x with respect to the 
direction Oy. 

Owing to the practice of drawing Oy in the direction described 
as ‘ upwards ’ on a sheet (or board), it is customary to say that in 
the neighbourhood of P x the curve lies above {below) the tangent at 
P\ if/' O^i) * s positive (negative). 

1 If the given direction is parallel to the line, the distinction to be defined does not 
exist. 
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111. Relative Position of Arc and Chord. 

We now prove that in a range for which f"(x) is positive (negative), 
any portion of the curve lies below (above) the chord joining its 
ends. 

An informal demonstration may be given on the following lines. If f"(x) 
is always positive, the gradient of the curve is strictly up-way with respect 
to x . Thus if we draw the tangents at the ends, (x x , y x ), (x 2) y 2 ) say, of an 
arc, (where x 2 >x 1 ), and a set of intermediate tangents, the open polygon 
formed by these tangents and terminated at the ends of the arc lies below the 
chord joining these ends. If f"{x) is negative in the neighbourhood, the 
polygon lies above the chord. Since the points of the curve can be made to 
approximate as nearly as we please to such a polygon by increasing the 
number of its sides, the required result follows. We now proceed to a formal 
proof. 

Taking (x X) y x ), ( x 2 , y 2 ) as the coordinates of the ends of an arc of 
the curve and (x, y) as the coordinates of an intermediate point, the 
theorem is proved by shewing that the gradient of the chord joining 
the points (x x , y x ), ( x , y) increases (decreases) continually as x 
increases from x x to x 2 if f"(x) is positive (negative) throughout 
(# 1 , x 2 ). 

The gradient of this chord is {f(x) - f(x x )}/(x - x x ), where x x < x < x 2 , 
and its rate of increase with respect to x is 

(x -^ X )f^x) -f(x)j-f(x x ) m 

(: x-x x f “ ' K ) 

Now 

f(xj) =f{x -(x- Xj)} —f(x) -(x- xjf (x) + \{x - xtff” (x), ... .(2) 

where x lies in [x l9 x]. The rate (1) can therefore be written lf''(x), 
which is positive (negative) if f"(x) is positive (negative) in (x x , x 2 ). 
Thus all the points such as P, (x, y) } 
lie below (above) the chord joining 
(x x , y x ) and (x 2 , y 2 ) if f"(x) is positive 
(negative) ; see Fig. 74. 

112. Concavity and Convexity of a 
Curve. 

The properties proved above are 
those associated with the notion of 
concavity (or convexity) of a curve. 

We describe a curve as concave or convex, with respect to an assigned 
direction, at a 'point P x on it , according as its deflection in the 
neighbourhood of P x from the tangent at that point is on the 

q M.B.M.A. 
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positive or negative side of the tangent with respect to the assigned 
direction. Referring to Fig. 75, the curve is concave at P x and 
convex at P 2 with respect to the direction of the axis Oy . For the 

reason already explained, a curve which 
y a a a P 0 ^ on concave (convex) with 

p respect to the direction Oy is described 

as concave {convex) upwards at the point. 
s^ + \ The above argument shews that if there 

~ is a continuous second derivative at the 

point, the curve is concave (convex) up- 
~q\ J wards there if the sign of this second 

FI °- 75. derivative is positive (negative). 

The notion of concavity with respect 
to an assigned direction is also applied to a curve in a finite range. 
Thus we describe a curve as concave (convex) with respect to the 
assigned direction in a range if it is concave (convex) with respect 
to this direction at all points of the range. Taking the direction 
of the y - axis as that to which the concavity is referred, it follows 
that if there is a continuous second derivative throughout the range, 
the curve is concave (convex) upwards in the range if the second 
derivative is positive (negative) throughout. 


Ex. 1. Examine the form of the curve y =x 3 - 2x 2 -\-2x - 1 in the neighbour- 
hood of x = 1. 

We have f'{x) — 3# 2 - 4x -f 2, f"(x) — 6x-4. When # = 1, the sign of the 
second derivative is positive and the curve is therefore concave upwards. 
Also /(l) =0, /'(l) = 1, so that the ordinate to the 
point is 0 and the gradient there 1, that is, 
tany> = l, \p -~\n (Fig. 76). 

112. 1 . Case in which f ' (x 1 ) is definite-infinite . 

In the above discussion we have assumed that 
f"{x) is continuous and therefore finite at x v 
The following Example illustrates the deter- 
mination of the form of a curve relative to the 
tangent at a point where the second derivative 
becomes definite-infinite. 

Ex. 1. The equation y - y x —g v (x -ah) +h(x -x^ 171 . 

Here k, m are disposable constants and g x is the Eig. 76. 

gradient at x v Differentiating, we get 

g - g l —Tcm{x (1) 

Now dgldx , or d 2 yjdx 2 , will become definite-infinite at x x if the graph of 
the function g(x) is continuous and has a vertical tangent (and a point of 
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contraflexure) at x v For the sake of definiteness consider the casein which 
m —4/3, km — 1, so that g -g x —(x This 

gives 

* ~9i)* ( 2 ) 

The graph of g(x) is then of the form shewn in 
Fig. 77, (where x k = 1, g x = 1). From (2) we havo 

dg 1 

dx 3 (x-x x ) 2 / 3f 

so that dgjdx is positive and finite except at x ]y 
where it is definite -infinite. 

It follows that the graph of the function 


•(3) 



y ~Vi +gd* -a?i) + \(x -x x y 12 (4) 

is concave upwards in the neighbourhood of x x , 
as shewn in Fig. 78, (where x x — 1, y x =1), but at 
this point it has a (positive) definite-infinite value 
of the second derivative. 

113. Use of the Third Derivative. 

Suppose, next, that f"(x 1 )= 0, so that, 
assuming the I.D 3 .T. applicable to the 
range (x ly x x + Ax), 



f(x 1 + Ax)=f(x 1 ) + Axf (xJ + Uteyr'fri + OAz), (0 <6 < 1 ). ...( 1 ) 

If f"'(x) is continuous at x x and /'"(xj ■=/- 0, we conclude, as before, 
that for suitably restricted values of Ax, the difference 


f(x 1 + Ax)-{f(x 1 )+Axf'(x 1 )} (2) 

has the sign of (Ax) z f" r (x^), which changes when that of Ax 
changes. 

Referring to Fig. 73, p. 240, we now have the result 

RP - 1 (A xff , "{x l + OAx) (3) 


It follows that for all points M of a certain neighbourhood of M x 
within which the sign of f"'(x) is constant, the sign of RP is that 
of the product of the (algebraic) increment M X M and If 

f"'( x i)>0, then MP>MR to the right of M x and MP<MR to 
the left. If f"(x i)<0, then MP<MR to the right of M x and 
MP>MR to the left. In each case the curve crosses its tangent 
at P x and there is a change in the sense of bending as we pass 
through Pj. This point is therefore a point of contraflexure on the 
curve (Art. 94), and the above argument shews that if the second 
derivative is continuous at such a point, its value there must be zero. 
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The abscissae of the points of contraflexure of a curve are thus to be 
sought among the values of x which satisfy the equation 

/"(*)= 0 (4) 


Employing the language of the preceding Articles, we say that 
the form of the curve relative to the tangent at P x changes from 
convex upwards (on the left) to concave upwards (on the right) if 
/'''(X}) is positive, and from concave to convex upwards if/'"( x x ) is 
negative. These cases are illustrated in Figs. 79-82. 




Fig. 79. Fig. 80. Fig. 81. Fig. 82. 

114. General Criterion. 

If/< 3 ^(a; 1 )=0, the form of the curve may be decided by appealing 
to the sign of the fourth derivative at x x , and so on. If the first of 
the derivatives of f(x) } after / (1) (a;), which does not vanish at x x is 
the nth, we have, on assuming that there is a neighbourhood of x x 
within which the I.D n .T. is applicable, 

f(x 1 + Ax)=f{x 1 ) + bxfi»(x 1 ) + ±(&x)"f( n '>(z l + Obx), (0<0<1). ...(1) 

We conclude that 

PP= n l ,( Ax)”f<>»(x 1 + 0Az) (2) 

Assuming f (n) (x) continuous at x x , then for a certain neighbour- 
hood of x x the sign of f^(x x -{-0Ax) is that of / (n) (#i)> and for points 
in such a neighbourhood the sign of RP is that of (A x) n f^(x x ). If 
n is even, this sign is that of / (w) ( x i), an d the curve lies above or 
below its tangent at P x , (that is, is concave or convex upwards 
at P x ), according as this sign is positive or negative. If n is odd, 
the curve crosses its tangent at P x , which is therefore a point of 
contraflexure. 

Ex. 1. Examine the nature of the graphs of the following functions at 
x = l : (i) a; 3 - + 2x + 1, (ii) x 4, - 4x 3 + 6x 2 - 3x + 3. 

(i) We have 

/(>) (x) = 3z a -6* + 2, fW(x)=6x- 6, /( 3 )(#) =6 (3) 

Therefore = /(^(l) = - 1,/( 2 )(1) = 0,/( 3 )(l) > 0. The point (1, 1) is thus 

a point of contraflexure at which the gradient is - 1 . 
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(ii) Her© w© have 

/( 1 )(®)= 4a; 3 - 12a; 2 4- 12.r - 3, /( 2 )(a;) = 12a; 2 -24a; + 12, j (4) 

/( 3 ) (a?) = 24a; - 24, /< 4 ) (a;) =24-/’*’ 


These give /( 1 ) - 3, /<*) ( 1 ) - 1 , /< 2 ) ( 1 ) = 0, /< 3 ) ( 1 ) = 0, /( 4 ) ( 1 ) > 0. The curve is 
concave upwards in the neighbourhood of (1, 3), the gradient there being 1. 


114. 1. Case in which the tangent is parallel to Oy . The simplest 
procedure in this case is to treat y as the independent variable, 
the equation of the curve being supposed expressed in the form 
x ~f(y)* The discussion is thus brought back to that of the 
maximum and minimum values of x with respect to y , for we 
now have fM(y 1 ) = 0. Assuming a continuous second derivative 
f (2) (y) at P l9 we may state that there is a neighbourhood of P x 
in which the curve is concave or convex with respect to the direction 
Ox according as / (2) (?/i) is positive or negative. If, however, 
f (2) (yi)=o, /<»(*,) 0, there will be a point of contraflexure at P l9 

and so on. 


115. Contact of Two Curves. 

We now consider a simple extension of the above discussion to 
the investigation of the position of a curve relative to another curve 
in the neighbourhood of a point of 
meeting. 

Let AB , CD (Fig. 83) be the curves 
y—f(x), y~(p{x) 9 which meet at P l9 
(x x , l/i)> so that 

f( x i)-<P( x i) = 0 (1) 

Let P, P 9 be neighbouring points 
on the curves, having coordinates 
(x 9 f(x)) } (x,cp(x)), where x = x x + &x. 

Then we have 

P'P =f(x) -<p(x) =f(x, + Ax) -(fix, + Ax) (2) 

Suppose, now, that there is a neighbourhood of x x in which the 
I.D n .T. is applicable for each of the functions /(x), cp(x), and hence 
for the difference /(x) -<p{x). If x x + Ax is in this neighbourhood, 
then 

/(x 1 + Ax) -cp(x 1 + Ax) — {/(Xj) -^(Xi)} + Ax{/< 1 >(x 1 ) -^^(Xj)} 

+ !,( + 

+ i(A x)»{/<»)(x) -<pW(x)}, (3) 
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where x lies in [x 1} .r x -f A#]. The first term in braces on the right- 
hand side vanishes, according to (1), since the curves intersect at P x . 

(i) Suppose, at first, that /(^(aq) ^^(^(aq). The curves do not 
then touch at P x , but cross at an angle. Taking n — 1, (3) gives 

P'P = Ax{fW(x) -q> {1) (x)} 9 (4) 

so that, assuming continuity of the first derivatives at x l9 P'P is 
ultimately in the ratio of {/ (1) (^ x ) -<p (1) (a; x )} to A# and is thus 
of the first order of smallness if | Ax | is small. The separation of 
the curves as we proceed from JP X is ultimately proportional to Ax. 

It follows from (4) that in a certain neighbourhood of x l9 the 
algebraic distance P'P has the same sign as Ax{f^(x x ) -^(aq)}. 
If f {1) (x 1 )>(p^ 1) (x 1 ) 9 as in the Figure, P lies above P' when these 
points are to the right of P l9 and below when to the left. If 
f (l) (x i) <(p^(x x ), these statements are reversed. 

(ii) Suppose, next, that f (1) (x 1 )=q? (1) (x 1 ) 9 but /< 2 >(aq) 

Then, taking n — 2 in (3), we have 

P'P = \(Ax) 2 {fW(x) -cp™(x)}, (5) 

so that, assuming continuity of the second derivatives at x l9 P'P is 
of the second order of smallness if | Ax | is small. The curves now 
touch at P 1 and their separation is ultimately proportional to (Ax) 2 . 

It follows from (5) that in a certain neighbourhood of x l9 the 
curve y=f(x) lies above (below) the curve y=y(x) on both sides of 
p i ify , ( 2 )(a; 1 ) is greater (less) than <p (2) (x x ). 

(iii) If, however, / (2) (aq) = 9 ? (2) (aq), but / (3) (aq) 7 ^ (3) (aq), we have, 
taking n~3 in (3), 

P'P = U Ax)*{fW(x) -cpW(x)}, (6) 

and now P'P is of the third order of smallness^if | Ax | is small. 
The separation of the curves is ultimately proportional to (Ax) 3 and 
the curves cross each other at P x . 

(iv) Generalizing, it appears that for a given small advance Ax 
from the point M ± along Ox, the distance P'P varies ultimately as 
the nth power of Ax when the first n - 1 derivatives of the two 
functions are respectively equal at x L and the nth derivatives are 
unequal. In this case the curves are said to have contact of the (n-\ )th 
order at (x l9 y x ). In particular, if f {l) (x x ) ^<p {1) (x x ), the order of 
contact is zero, while if / (1) (aq) =(p^)( Xl ) but f (2) (x ± ) ^ <p (2) (#i)> the order 
is the first, and so on. The curves cross or not according as n is odd 
or even, that is, according as the order of contact is even or odd. 
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The phraseology here introduced is applicable to the case con- 
sidered in the first part of the present division, the tangent to the 
first curve, y=f(x) say, replacing the second curve y=(p(x). There 
is contact of the (n - l)th order at x x if the first of the derivatives 
after f (1) (x x ) which does not vanish is the nth. For example, at a 
point of contrafiexure there is contact of the second order, at least. 

Ex. 1. Find the constants of the parabola y —a +bx 4-c.r 2 in order that it 
may have contact of the highest order with a given curve y ~j(x) at x v 

The highest order will, in general, be the second since for the parabola we 
have d n yldx n ~0 when n > 2. The equations to determine a, 6, c are thus 


f(x l )=a-]-bx l -\-cx l 2 f /'(a?i) =b + 2cx l9 f"(x l )-~2c (7) 

These give 

a=f(x 1 )-xj'(x l ) + lx 1 *f'(x l ), \), c-{j"(x^), ...(8) 

and the required equation becomes 

y -f(x i) + (X-X 1 )/'{x 1 ) + i (x (9) 


Thus the approximation obtained by replacing the curve by this parabola 
is equivalent to replacing f(x) by its Taylor polynomial of the second degree. 

The question of finding the circle having contact of the highest order witli 
a given curve is discussed in Chap. V, Art. 136. 


116. Distance between Curve and Tangent Measured Parallel to the 
Axis Ox. 

Let the curve AB (Fig. 84) pass through the origin 0 of coordinates 
and have slope there. If P, (x, y), is any 
other point on the curve, the distance | PQ 
between P and the tangent at 0, measured 
parallel to Ox , is equal to | x - y cot y> 0 1 . 

Now, by the I.D 2 .T. 9 we have 

fdx\ 


x — 


y 


=® 


t d 2 x 9 
y 1 2 dy 2 V ’ 

x 1 yi y r- 


•( 1 ) 

■( 2 ) 



the second derivatives being taken at (different) intermediate points. 
From these we find, in turn, 


| x-y cot f 0 \ =\ 



| x-y cot ¥> 0 1 — I 


d 2 y 


«*. ...(3) 


Now, by Art. 89. 3, we have 

d 2 x _ d 2 yjdx 2 _ _ f”(x) 
dfi~ ” Cdy/dxf- {f'(x)} 3 ’ 


(4) 
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\x-y cot ¥> 0 1 = £ 
| x - y cot fo\ = h 


\r_m, 

\rmf y ’ 

n««) 


tan y) 0 


( 5 ) 

■(«) 


Hence, if \f"(x) \ u is an upper barrier to | f"(x) | in the range OP 
and \f(x)h a lower barrier to \f'{x)\ in the same range, we have 


the inequalities 

|f!l< »imi r* <7) 

wKi'ifSI;*’ (8) 


These results are employed in the following division, Art. 119, in 
connection with the estimation of the error in Newton's method of 
approximating to a root of an equation. 


IV. NEWTON'S METHOD FOE APPROXIMATING TO A 
ROOT OF AN EQUATION. 

117. Description of the Method. 

We here investigate a method, due to Newton, of approximating 
to a root of an algebraic or a transcendental equation. Let the 
equation be f(x) = 0, and suppose that x x is an approximation to a 
root, found tentatively by substituting a succession of values for x 
in the function f(x) or by sketching the graph of the function and 
observing the abscissae of the points of intersection with Ox, or 
in any other way. If the actual root in question is x 1 -\-h, then 
f(x 1 -\-h)~ 0, and, assuming the existence of a definite derivative 
f'(x) in the neighbourhood of x l9 we have, by the I.D V T., 


f(x 1 + h)=f(x 1 )+hf'(x) = 0, (1) 

which gives 

*=-/(*! )/m ( 2 ) 


where x lies in the range [x l9 x 1 + K]. 

On account of the presence of the undetermined number x, this 
equation is not immediately applicable to the determination of h. 
An approximation to the true value is, however, obtained if, with 
Newton, we neglect the variation of f'(x) in the range (x l9 x 1 ph), as 
in Art. 103. 1, and take its value as equal to /'(Xj). Employing the 
same symbol h to denote this approximate correction to the value 
x l9 we have 




( 3 ) 
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x. 


( 4 ) 
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and the resulting value of + h, namely 

fail 

7'(*i)’ 

is Newton’s formula for a second approximation to the root in 
question. 

We now examine conditions under which this value is a closer 
approximation than x x to the root, that is, under which the success 
of Newton’s method is 
assured . For this purpose 
we consider the geometrical 
equivalent of the process. 

Let the root in question be 
the value a of x , and let R 
(Fig. 85) be the point of 
intersection x~a of the 
graph of the function f(x) 
with Ox. The point P x on 
the graph corresponds to 
the value x l9 the first 

approximation to the root a. Draw the tangent P 1 T 1 to the curve 
at P x to meet Ox in T x . Then if %p x is the angle xT x P ly we have 

M X P ! __ f(x x ) 

T X M X ~T X M X 

so that 

M 1 T 1 — - T 1 M 1 — -f(x x )/f(x x ) = h (6) 



f '( x i) = tan xp x - 


( 5 ) 


Therefore T x is the point of abscissa x x + h. 

Thus Newton’s approximation x x -f(x x )/f'(x x ) to the root a is 
obtained, geometrically, by proceeding along the tangent at P x (to 
reach T x ) instead of along the curve itself (to reach R). 

Now for the case illustrated, it is seen that starting from P x , (or 
from any point between R and P^, we necessarily obtain a closer 
approximation in this way, but if we start from a point to the left of 
P, such as P', the corresponding point T' reached may be farther 
from R than M' and the method may accordingly fail to give a 
closer approximation. The curve in Fig. 85 is concave upwards 
throughout, so that f"(x) is positive, and it appears that if we start 
from a point on the curve for which f(x) is also positive, we must 
get nearer to the root. 

We may now state generally that a closer approximation is 
assured if at the starting point x x the values /" (x x ) y f(x x ) of the second 
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derivative and the function have the same sign, provided that there 
is not a point of contraflexure between the point x x and the root a . 

In Fig. 86 the case of f"(x) negative throughout is illustrated, 
while in Fig. 87 there is a point of contraflexure C between P x and 
R , and the method may, in consequence, be unsuccessful. This 
happens when P x is taken as the starting point, even though f(x ), 



f'{x) are both positive there. When P' is the starting point, how- 
ever, the method does succeed. 


118. Iteration of the Process. 

Newton’s method may be employed to obtain successive approxi- 
mations to the root by iteration. Having determined the second 
approximation, x 2 say, by means of the formula 

Xt = Xl-f(*l)lf(Xi), (1) 

we take this as starting point and a third approximation x 3 is then 
given by 

x 3 =x 2 -f(x 2 )/f'(x 2 ), (2) 

and so on. The geometrical equivalent of this iteration process is 
that at each stage we find a further approximation to the root by 
going along the tangent at the point corresponding to the last 
approximation found. 

If we consider the case in which the second derivative has a con- 
stant sign throughout a range which includes the point x x and the 
root a, the second approximation x 2 is certainly closer to the root 
than x x> provided that the signs of the second derivative and the 
function at x x are the same. The same conditions are now evidently 
satisfied for all points in the range (a, x x ), and hence each approxi- 
mation will be closer to the root than the preceding one. This is 
illustrated in Fig. 88, where f(x x ), f" (x x ) are both positive. 
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The objection may be raised to the above discussion that although it shews 
that each approximation is nearer to the root 
than the preceding one, it does not shew that the 
sequence {x n } of the approximations converges 
to the root rather than to another value on the 
same side of the root as x v But the convergence 
of {x n } requires that successive approximations 
x n> x n-\ i should close up to equality as n is 
increased indefinitely. Now the Newton formula 
x n+i ~ x n = ~f( x n)lf'( x n) shews that this closing 
up cannot occur inside a range in which /' (x) is 
finite and f(x) different from zero ; that is, the 
convergence can only be to the root. This argument can be readily followed 
on a graph. 



If the signs of /(ah), /"(sq) are opposite, the point x 2 reached may 
not be nearer to the root than x l9 but if the constancy of sign of 

f"(x) extends from x ± to x 2 , each of the 
tj successive approximations after x 2 is 
^ >K P 2 J closer to the root than the preceding one. 

J This is illustrated in Fig. 89. 

/ If the second derivative does not pre- 

serve a constant sign, the above simple 

mk criteria do not apply. 

0 Mq x 

* 3 If f( x \), f"( x i) have the same sign and if the 

sign of f"(x) is constant in the range (a, aq), so 
VlG * 89, that the iteration process is successful from the 

beginning, a simplification 1 in the numerical 
work involved in any practical case may be effected by taking the denomin- 
ator in each correction term to be f'(x i). Geometrically, this is equivalent 
to replacing the tangents at the points P 2 , P 3 , , (Fig. 90) by lines parallel to 

the tangent at P 1 . The number of successive 

approximations will, in general, be increased , 

in this way, but the total amount of calcula- jf 

tion involved in arriving at a given degree of 

approximation will probably be diminished. / 

Ex. 1. The equation x* - 2a; 3 - 2a; + 1 = 0. We ^ 2 >y 

have proved, Art. 95, Ex. 7, p. 206, that there M 

are two real roots, one lying between 0 and I — — 2 — £__J ► 

7 ./ o q XX X X 

and the other being its reciprocal. We 3 2 1 

approximate to the root in the range (0, 1). Fig. 90. 

We have 

f'(x) =4# 3 - 6x’ 2 - 2, j" (x) = 12a; 2 - 12a; (3) 

Let us try x x = 1/2 as the first approximation to the root. We have 

f(i)— ~ 3/16, /'(i)--3, /"(*)- -3 (4) 

1 See Whittaker and Robinson, Calculus of Observations , (1929), Chap. VI, Art. 48. 
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Since f"(x) does not vanish in the range ' L 0, 1], there is no point of contra- 
flexure between x x and the root, and the process described gives 

-1/16- -0-0625, (5) 

so that the second approximation 

x 2 =0*5 - 0*0625 = 0*4375^0*438, say, (6) 

is also a closer approximation. 


Repeating the process with x 2 =0*438 as starting point, we have 


/(0-438) _ - 0*007251 _ 
/'(0-438)" - 2*814953 ~ 


-0*002576, 


(7) 


and hence the third approximation x 3 is given by 

x z =0*438 - 0*002576 =0*435424 (8) 

We shall shew below that this approximation is not in error by more than 
4 in the sixth decimal place. 


119. Error in the Newton Approximation. 

If AB (Fig. 91) is the graph of the given function f{x) in the 
neighbourhood of the point R, where the curve intersects Ox , upper 
barriers to the error committed in the determination of the root 
of the equation f(x) — 0 by taking it as the abscissa of T instead of 

that of R may be found from the 
formulae (7), (8) of Art. 116, which in 
the present case become 

-< 1 > 

RT<il jrUt {RM)2 ’ (2) 

respectively. 

a'^~7T' IP In using the result (1), the upper and 

fig. 91 . lower barriers must be taken for an arc 

PP r extending from P to a point P ' 
chosen beyond R , since R is unknown. Such a point P f will be 
known from the preliminary discussion in which a range of x contain- 
ing R is determined. 

In the result (2), RM is unknown so that the formula cannot be 
employed directly. Suppose, however, that we apply the result to 
the part PP f of the curve. Then we have 

RT < P'T’ < i 

This result can be used instead of (1). 



( 3 ) 
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Ex . 1. The equation x x - 2x z - 2x -f 1 =0. We test the accuracy of the 
approximation 0-435424 to a root, found in Ex. 1 above. The root lies 
between 0-43 and 0-438, for we find 

/(0-43) —0-0152, /(0-438)^ -0-0073 (4) 

Now in the range (0-43, 0-438), | f'(x) |, \f"(x) | are both up-way. We may 
therefore take 

I /"(*) |u = ir (0-438) I =2-954, \f(x) \ t = |/'(0-43) | =2-791 (5) 

The above formula (1) now gives 

o. QPJ4 

RT <i(2^T)3(0 0073)2< 3-7X 10-«, (6) 

while, taking P'M ' = 0-438 -0*43=0 008, the formula (3) gives 

9.054 

RT < £ 2. 79l (0-008) 2 < 3*4 x 10~ 5 (7) 

This, however, is not so good an estimate of the error as (6). 


It thus appears that the approximation 0*435424 is not in error by more 
than 4 in the sixth place of decimals. 

[An independent chock is afforded in this Example in the following manner. 
Since /( 0)=/=0, we can divide throughout by x 2 to obtain the equation 
x 2 + 1/x 2 - 2(x + 1/a;) =0, and, on putting y—x + l/x , (y > 0), this becomes 
y 2 - 2 - 2y =0, or (y - l) 2 =3. Taking the positive root for y , we are led to 
the equation x + l/x = 1 + ^/3, and the root in question, found from this 
equation, is given by 

35 = i ( 1 + n/3) - 4 . 12 1 / 4 (8) 

From the tables we have ^12 =3-464101615, whence 12 1 / 4 = 1-8612097. Also 
1 4- V3 =2-73205081, and therefore ic =0-4354205.] 

120. Condition for Success of the Newton Approximation when f(x) 
and f"(x ) have Opposite Signs. 

Wo have seen that if f(x), f"(x) have the same sign and if there is no point 
of contraflexure in the neighbourhood of the root, the success of Newton’s 
method is assured. We now investi- 
gate a sufficient condition for the 
success of the method when the signs 
of the above numbers are different. 

It will sometimes be found that the 
numerical calculations are consider- 
ably simplified by approximating 
4 from the wrong end ’. 

Let AB (Fig. 92) be the graph of the 
function f(x) which, in the neighbour- 
hood of the root R , has a positive 
second derivative ,f"(x). Let OM be 
an approximation to the root, the 
ordinate MP being negative. The second approximation to the root is given 
by OT, and the condition that it should be a closer approximation is expressed 
by MR>RT . 
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Now in the Figure, PM is positive and d 2 xfdy 2 negative. Therefore, having 
regard to the senses of the lines, 

RT —MT - MR ~PM cotip -MR, (1) 

and, according to (1), Art. 116, 

/72, r 

MR =PM cotip + £~~(PM) 2 , (2) 

the second derivative being taken at an intermediate point. Therefore 

/72 ry. 

MR -RT=PMcoty> + “-* (PM) 2 , (3) 


d^x 

and this expression is positive if cot y +^2 PM > 0, that is, if 
PM < - cot or if |/M | , and hence if 

l /( ' r ) l < /"( a.-) u /{/'(^) l ! 3 (4) 

All cases are covored by writing, instead of (4), 

\f( x) 1 < ]/" (xj Mf'wy* (6) 

The required condition is thus expressed by 

l/(*)U/"(*) (6) 

In practice it is usually sufficient to replace \f"(x)\ u , \f'(x)\i by their 
values at P, the condition (6) then becoming 

I /WMfWKt/'W} 2 (7) 


Ex. 1. The equation x A - 2a; 3 - 2x + 1 = 0. Suppose that we start with 
x x =0-43 as a first approximation to the smaller root. We have/(0*43) =0*0152, 
and as above we may take | f'(x) |$ =2-791, | f"(x) | w =2*954. These give 

\f(x x ) I • !/"(*) \u =0*0152 x 2*954 =0*0449, | 

\i} s l\f'( x i ) ! ={/ , (0-43)} 2 =2-791 2 =7-790, / (8) 

and the condition (6) is satisfied. 

Newton’s method thus gives, as a closer approximation, the value 
*2 —0*43 -/(0*43)//'(0*43) =0*43 - (0*0152)/( - 2*791 ) 

= 0*43 4-0*00544 =0*43544, (9) 

which is actually correct to four places of decimals. 


Ex. 2. Shew that if there are two nearly equal roots x v x 2 of f(x) =0, so 
that there is a root x 3 oif'(x) =0 between them, then x l9 x 2 are given approxi- 
mately by Xq ±V{ -2f(x 3 )if"(x 3 )}. 

[The I.D 2 .T. is here applied and the variation of f"(x) from its value at x 3 
is neglected. A limiting case is that in which the two roots x v x 2 close up to 
equality with x 3 , so that f(x 3 ) =0 as well as f'(x 3 ) =0.] 
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V. THEORY OF PROPORTIONAL PARTS. 

INTERPOLATION . 

121. The Method of Proportional Parts. 

The method of proportional parts, here referred to by the 
abbreviation M.P.P. , is most naturally explained by considering a 
function which is tabulated only for a limited number of values of 
the argument in a certain range although it is defined for all values 
of the argument in that range. The tabular results are, in general, 
approximate, to a degree depending on the number of figures (places 
of decimals) used. The method in question is concerned with a rule 
for finding, from the tabulated values, intermediate values correct 
to the same number of places. The process of finding intermediate 
values is called interpolation , and the application of the rule here 
discussed is described as interpolation by ( the method of) proportional 
parts. 

The use of interpolation might conceivably be avoided in such a 
case by tabulating the function for so many arguments that its value 
at an intermediate value of the argument could be taken as equal to 
either of the adjacent tabulated results, but this would usually 
require quite unnecessarily extensive tables. For example, in an 
ordinary seven-figure table of common logarithms of integers from 
10,000 to 100,000, the difference of consecutive logarithms at the 
beginning of the table is about 0-000,04, and the difference of 4 in 
the fifth place of decimals shews that the arguments are not close 
enough there for more than four-figure accuracy if interpolation is 
not employed. 

The*method of proportional parts supposes the possession by the 
function of the property that between two consecutive values of 
the argument the increment of the function is proportional to the 
increment of the argument to the desired degree of accuracy. Let 
f(x) denote the function and let a, a + h be consecutive values of the 
argument, f(a) y f(a + h) being the corresponding tabular values of 
the function. The value f(a + k) at an intermediate value a + Jc of x, 
where 0 < k < h, is, according to the method, to be calculated from 
the proportion 

f(a + k) -f(a) _f(a + h) -f(a) 

' k h ’ • 

that is, from the equation 

f(a + k)=f(a) + l{f(a + h) 


( 2 ) 
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This is another example of the use of a linear law of variation in 
approximation, the gradient being now taken as the ratio of the 
increase of the tabular value to the increase of the argument. 

In a graphical representation, the right-hand side of equation (2) 
is the ordinate at a + k of the chord joining the points a, a + h on the 
graph of f(x). Thus in the application of the method, the ordinate 
of the graph at a + k is taken to be equal to the ordinate of the chord. 

A table of a function is regarded as complete when intermediate 
values can be calculated to the accuracy of the tabulated results by 
this process, that is, by first differences , as it is commonly called. 
The condition of completeness of such a table is obtained as the 
result of the investigation of the following Article. 

Ex. 1. Find ^(2-1469), given v/21460 = 146-492321, ^21470 = 146-526448. 

We have, in this case, 

a =2-1460, h = 0001, k =0-0009, , 

/(a) = 1-46492321, /(a + A) = 1-46526448. ) 

Hence, by the M.P.P., wc have 

f(a + k) =/(o) + £{/(« + h) = 1-46492321 + * x 0-00034127 

-C 

= 1-46492321 + 0-00030714 = 1-46523035 

The accuracy of this result is investigated subsequently, Art. 123. 4. 


(3) 


(4) 


122. Error made in the Application of the Method. Uncertainty of 
the Interpolated Value. 

We proceed to find an expression, involving an intermediate value 
of f"(x) in the range (a, a + h), for the error made in interpolating 
by the M.P.P. for the value of the function when x = a + kt The 
expression so found leads to a formula for an upper barrier to this 
error. 

Taking the excess of f(a -f k) over the value obtained for it by the 
M.P.P . , according to the formula (2) of the preceding Article, as 
the error E involved in applying the method, we have 

E=f(a + k) -[f{a)+\{f{a + h) -/(a)}], (1) 

or (JM0) (2) 


Introducing the function <p(x) defined by 


<p(x) = 


f(a +x) -f(a) 


(x ¥= 0), 


x 


( 3 ) 
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we have 

E/k=<p(k)-<p{h) = (k-h)<p'(£), 

by the I.D ± .T., where f lies between k and h. Also 
^ / _ /(«) -f(a + x)+ xf (a + x) 

(p\X)— ^2 , .... 

and employing the LD 2 .T ., we can write 

f(a) ~f(a +x-x) —f(a + x)- xf (a+x) + \x 2 f’(a + x), (6) 

where a + x lies between a and a + x. Thus (5) becomes 

9>'(3)=i/"(« + ®), ( 7 ) 

and, in particular, 

?>'(f)=*r(»+f)> w 

where lies between a and and therefore between a and 

a + h. 

Hence, using (4) and (8), the error may be written 

E ~\k(k ~h) f" (a + Qh), (O<0<1), (9) 

and its magnitude is given by 

\E\=\k(H-k)\f'(*+6h)\, (10) 

which is the expression sought. 

Interpreted geometrically, this is an expression for the magnitude 
of the difference between ordinate of curve and ordinate of chord 
at the intermediate point a-\-k in the range (a, a + h). 

To investigate an upper barrier to the value of | E | in the above 
range, we observe that since k lies in the range [0, A], the greatest 
value of k(h-k) is corresponding to the value \h of k. The 
magnitude of the error at any point of the range does not, there- 
fore, exceed \f"(x) \ maXi where \f"(x)\ max is the greatest value 
of | f"(x) | in the range. 

The greatest numerical error which can arise in this way in the 
interpolated value of f(x) in the range (a, a + h) is called the uncer- 
tainty , (or magnitude of uncertainty ), of f(x) as determined by the 
M.P.P . Denoting this uncertainty by U , we have the formula 

U — ^h 2 \f"(x) \ max (11) 

The validity of the method of proportional parts in any particular 
case is therefore demonstrated by shewing that the uncertainty V is 
less than the permissible error. If this condition is satisfied the table 
is complete. For example, if the tabulated values of f(x) are correct 
to n decimal places in a range including (a, a 4- h), the permissible 

M.B.M.A. 
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error in the intermediate value f(a + k) is 5 x 10 _(n+1) , and for com- 
pleteness, U must be less than this number. In estimating U it is 
usually sufficient to replace \f"(x) \ max by | f"(a) |. 

The above discussion refers only to an upper barrier of the absolute 
error committed in the application of the rule to a table of a function. 
The question of the fractional error may be dealt with in a similar 
way. If the absolute error is E , the magnitude of the fractional 
error is | E \/\f(a + k) |, and this is not greater than U/\f(x)\ min , 
where | f(x) \ min is the least value of | f(x) | in the interval (a, a + h). 
We define this expression to be the fractional uncertainty of f(x), as 
determined by the M.P.P. , and denote it by U f . Thus 


TJ — 1^2 !/ ( X )\m ax 

/_ " 8 | m\ mi n' ( ] 

which, for purposes of estimation, can usually be replaced by the 
formula 

Uf — \h 2 \f''{a) \/\f(a) | (13) 


In the discussion of this Article the difference between the actual 
value and the tabulated value of f(a) or of f (a + h) has been treated 
as negligible. Any adequate discussion of the combination of errors 
arising from different sources is outside the scope of this Book. The 
student may be referred to Liiroth, Numerisches Rechnen, Kap. VI. 


123. Application to Algebraic Functions. 

We now apply the above considerations to certain tables of 
algebraic functions. Tables of other functions are dealt with as the 
functions are introduced. 

123.1. Tables of Squares. (Barlow. 1 ) We have f(x) —x 2 , f"(x) = 2. 
The uncertainty U of an interpolated value of x 2 , as determined by 
the M.P.P. , is therefore | h 2 x 2, that is, \h 2 , while an upper barrier 
to the fractional error is \h 2 ja 2 , where a is the starting point for 
the application of the rule. 

In Barlow’s tables the squares are tabulated accurately for the 
integers from 1 to 10,000. The uncertainty of an interpolated value 
is 0-25 throughout the whole table, and interpolation by the M.P.P. 
is therefore justified if accuracy is merely required to the nearest 
integer, the permissible error then being 0-5. For example, if the 
value of (475*4) 2 is found by the M.P.P. from the tabulated values 

475 2 = 225,625, 476 2 = 226,576, (1) 

1 Barlow, Tables of Squares, Cubes, etc., London, 1930. 
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then, to the nearest integer, 

(475-4) 2 = 225,625 + f V x 951 = 225,625 + 380 = 226,005 (2) 

From the table we find 4, 754 2 — 22,600,516, so that the error intro- 
duced in (2) is only 0-16. 

Practically, interpolation need only be carried out in the part of 
the table between 1,000 and 10,000. This fact is of importance as 
diminishing the fractional uncertainty, which is greatest when a has 
its least value and is 2-5 x 10“ 7 . It follows that the fractional 
uncertainty cannot affect the sixth place of decimals even in the 
lower part of the range stated. 

123.2. Tableof Cubes. ( Barlow .) We have /(a:)— x 2 ,f"(x) = 6x. The 
uncertainty of an interpolated value of x 3 is here lh 2 x 6 (a + h), that 
is 0-15h 2 (a + h), while the fractional uncertainty is 0'15h 2 (a + h)/a 3 . 

In Barlow’s tables the cubes are tabulated accurately for the 
integers from 1 to 10,000. For interpolation by the M.P.P. in the 
portion of the range from 1,000 to 10,000, the fractional uncertainty 
is about 7-5 x 10~ 7 . 

123. 3. Table of Reciprocals. ( Barlow , Oakes, 1 Cotsworth. 2 ) We 
have f(x) = l/x, f"(x) — 2/x 3 . The uncertainty of an interpolated 
value of l/x is 0-2 5A 2 /a 3 , and the fractional uncertainty is 0-2 5h 2 /a 2 . 

In Barlow’s tables the reciprocals are tabulated for all the 
integers from 1 to 10,000 to seven significant figures. In practice, 
interpolation is carried out in the part of the table between 1,000 
and 10,000, the tabulated results being correct to ten decimal places, 
so that the permissible error in interpolation is 5 x 10“ n . If we put 
0-25/a 3 = 5 x 10 _u , we get a^l,710. Therefore the table is complete 
only if x> 1,710. When a— 1,000, the uncertainty is 2-5 x 10~ 10 , 
and accuracy to nine places only is assured when x lies between 1,000 
and 1,710. 

123. 4. Table of Square Roots. ( Barlow , Milne-Thomson . 3 ) Here 
f(x)—Jx. f"(x)= -l/(4x 3/2 ). The uncertainty of an interpolated 
value of Jx is ^ \h 2 \a V2 , and the fractional uncertainty is ^h 2 /a 2 . 

The range of the tables is the same as before, the values being 
given correct to seven places of decimals for values of x between 1 
and 1,000, and to six places of decimals for values of x between 1,000 
and 10,000. The permissible error in interpolation in the latter 
range is therefore 5 x 10~ 7 . If we interpolate by the M.P.P. in this 

1 Oakos, Tables of Reciprocals. 2 Cotsworth, Direct Reciprocals. 

^Milne- Thomson, Standard Table of Square Roots. 
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range, the uncertainty of the interpolated value will vary from 

^2 x i^p' or about 10-6 > when * = 1 ’ 000 ’ to 3^ X 10^0P' 2 ’ ° r 
about 3 x 10 -8 , when x = 10,000, being 5 x 10“ 7 when x& 1,575. The 
table is therefore only complete when x lies between 1,575 and 10,000. 

A table of ^/(lOa;), correct to six places of decimals, is also given 
for values of x ranging from 1,000 to 10,000. Writing 10#=#', the 
common difference of argument, h' say, being now 10, the uncer- 
tainty of an interpolated value of ^/(lOa;), that is of Jx', is given by 

W 2 \f”( x ')\ max, and it therefore never exceeds ^ * io^pa ’ or 

3 x 10~ 6 , corresponding to the value 1,000 of x or 10,000 of x'. For 

the value 2,000 of x , the uncertainty is of the order of ^ x qqq 3 / 2 > 

or 10~ 6 . We conclude that the uncertainty of the result (4), Ex. 1, 
p. 256, is about 10~ 8 . 

124. Interpolation with the Use of Second and Higher Differences. 

124. 1. Use of second differences . In many cases where the use of 
proportional parts, or first differences, does not lead to the necessary 
accuracy, it is sufficient to employ a formula involving second 
differences. Suppose that the variation of f(x) is represented in 
the double interval ( a , a + 2h) to the required degree of approxima- 
tion by a quadratic expression 

A + B(x -a) + C(x -a) 2 , (1) 

and that this formula reproduces the tabulated values of f(x) for 
the values a, a -f h, a + 2h of x. Then we have 

f(a) = A, f(a + h)=A + Bh + Ch 2 9 f(a + 2h)=A + 2Bh + &Ch 2 , ...(2) 

whence we find, on eliminating A , 

f(a -f h) ~f(a) — Bh + Ch 2 > f(a + 2 h) -f(a 4- h) — Eh + 3Ch 2 . ... (3) 

On eliminating B we now find 

f(a + 2 h) - 2f(a + h) +f(a) = 2Ch 2 , (4) 

and the values of A, B, C are thus determined. With the use of the 
difference symbol A, as applied to starting point a and increment h, 
we have the results 

A=f(a), C = ±A*f(a), B=\ A/(a) -1 A’/(a), (5) 
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and the approximation formula becomes 

/(*)«/(«) +*~ a {A/(a) - *A*/(a)} + A 2 /(a) 

=/(«) + A/(o) + — - AW, (6) 


or /(a + jfc) «/(a) + * A/(a) + A 2 /(«), 


( 7 ) 


on writing # = a-f k. This is the interpolation formula sought. 

124. 2. Use of higher differences. The interpolation formulae of 
Lagrange and Newton. It is unnecessary to proceed to find a formula 
for the uncertainty of f(a + k) as determined by the above approxi- 
mation, as we now investigate a polynomial approximation of the 
nth degree in which the above quadratic approximation is included 
and for which an expression for the error will be found. 

We begin with a formula given by Lagrange for the polynomial 1 of 
degree n - l in x which is such that its values at the values a l9 a 2 , ... , 
a n of x are equal to those of the function f(x), that is to /(flq), f(a 2 ), 
... ,f( a n ), respectively. We shall suppose a x <a 2 < ... < a n _ x <a n . 
The formula in question is 


cp(x)~ 


(x-a 2 ){x-a 3 )...(x-a n ) 

( a i ” a 2 ) (a 1 ~a 3 ) ... (a x - a n y 1 

+ (x -affix -a 3 ) ... (x-a n ) 
(a 2 -a 1 )(a 2 -a 3 ) ... (a 2 -a n ) 

+ + (x-ajix-aj . 

{a n -a l ){a n -a 2 ) , 


fK) 

.. (aj-an-i) 

. . . ( a n — a n _f) 


f K). ...(8) 


The expression <p{x) has a term corresponding to each of the values 
fi a i)> f( a 2 )? ••• 9 f( a n)- The denominator of the fraction multiplying 
f(a r ) is obtained by subtracting from a r each of the numbers of the 
set a ly a 2 , ... , a r _ x , a r+li ... , a n and forming the product. The 
numerator is formed by subtracting the same numbers from x 
instead of a T . 

The correctness of this formula is easily verified. If we put x — a l9 
all the terms except the first vanish because they contain the factor 
x -a v The first term becomes /(oq), and thus <p{af) ~f{af). In the 
same way we shew generally that cp(a r ) =f(a r ), (r = 1, 2, ... , n). Each 
term of <p (x) is a polynomial of degree n - 1 in x so that <p (x) is not 
of higher degree, and it is the unique polynomial satisfying the given 

1 The word polynomial is here used, for brevity, as equivalent to rational integral 
function. 
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conditions because two different polynomials of the (n-l)th (or 
lower) degree cannot be equal to one another for n values of the 
variable, otherwise their difference would have n roots. 

The interpolation formula of Lagrange is arrived at by assuming 
that f(x) is represented with sufficient accuracy by the polynomial 
(p(x) in the range (a l9 a n ), that is we put 


/(*)« 


(* -«i) 


s y 

r=l (®r ~ a l) 


■ ( x ~ Q>r— l)( x ^r+l) ••• ( x ^«) \ /m 

(«r ~~ ^r— l)(^r — ^r+l) (^r ~ ^n) 


We now proceed to find an expression for the magnitude of 
the error committed in this approximation. Let R(x) denote the 
difference f(x) -<p(x). Observing that this difference vanishes for 
the values a x , a 2 , ... ,a n of x, we may write 


R ( x )~hS x ~ a i)i x ~ a i) ••• ( x ~ a n)f( x ), ( 10 ) 

where y>(x) is a function of x which we determine as follows. Con- 
sider the function 


F(S)^m -P(f) - M \ (f - <*,)(£ -«,) ... (I -«,)y(*), (11) 


where £ is another variable in the same range (a l9 a n ). This function 
vanishes for the values a l9 a 2 , . .. , a n of £ and also for the value x of 
£ since F (x) =f(x) - cp (x ) - R (x) - 0 by definition of R (x) . Therefore by 
Rolle’s Theorem, i 1(1) (£) must vanish for at least n values of £ lying 
between the successive zeros 1 of i^(£). In the same way we find that 
F (2) (£) vanishes for at least n - 1 values of £ lying between the suc- 
cessive zeros of F (1) (£), and so on. Finally we find that F (w) (£) must 
vanish for at least one value of £ in the range [a l9 a w ]. Let x be 
such a value. Now the nth derivative of ~(£ -%)(£ -a 2 ) ... (£ -a n ) 
with respect to £ is plainly 1 and the nth derivative of <p(£) vanishes 
since it is a polynomial of degree n - 1 . Therefore 

fW(x) -ip(x)= 0, (12) 

and hence, from (10), 


R ( x )=--nl( X ~ a l)( X “«*) •" (* -«n)/ (n) (*)> ( 13 ) 

where it is to be noted that x is a function of x. 

The magnitude of this expression for R(x) gives the magnitude of 
the error in f(x) as determined by the interpolation formula (9). 

We now write 

f(x)=<p(x) + ±(x -a x )(x -a 2 ) ... (x -a n )/< n >(x), (14) 

1 A ‘ zero ’ of a function f(x) is a value of x for which f(x) vanishes, that is, it is a 
root of the equation f(x) =0. 
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which is the expression of Lagrange's Interpolation Theorem , where 
x lies in the range [a lf a n ]. 

Let us now suppose that a 2 -a x —a 2 -a 2 = ... ~a n -a n _ x — h y say. 
We get, on writing a for a l9 

f(x)=<p(x)+^ (x -a)(x -a - A) ... {x -a - (n - l)h}f M (x). ...(15) 
In this case the polynomial <p(x) can be written in the form 

w-w +i--“ 4W + ... 

+ r» - 1 !)! 4-/w. ...d«) 

To shew this, observe that the polynomial on the right is of degree n-~ 1 
inx, and when x has the successive values a, a+h, a + 2h , ... , a + (n - l)h 
it takes the successive values /(a), f(a) + A /(a), /(a) + 2A f(a) + A 2 /(a), 

... J(a) + (n- l)A/(a) + ^ ~ ^ A 2 /(a) + ... + A "^/(a). Now ac- 

cording to Art. 60. 2, these latter values are f(a) y f(a + h) y f(a + 2h) y 
... ,/{a + (ii - 1)A}, so that the polynomial takes the required values 
at the respective values of x. Since the polynomial in question is 
unique, the identification with the Lagrange polynomial for this 
case is complete. 

The interpolation theorem of Lagrange now becomes 

m =/«o + V A/w + l (*-«)<*-«-*) a + ... 

, 1 (x-a)(x-a-h)...{x-a-(n-2)h} f 

+ (V-1)! h n ~ l ~ ~~ A m 

+ d ( {x -a)(x -a -h) ... {x -a -(n - l)h}f M (x), (17) 

where x , x lie in the range [a, a-f (n -l)h]. The theorem in this 
form is also known as the Gregory -Newton Interpolation Theorem} 

In the case of interpolation with second differences, the theorem 
takes the form 

/<*>=/<«> A/w+r, ( * aw 

+ 2 1 (x -a)(x - a -h)(x - a -2 h)f (3) (x), (18) 

1 The following book may be referred to in the present connection, F. Klein, 
Elementary Mathematics , etc., (1932), p. 229. 
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or, if we put x=a + k 9 

f(a + h) =f(a) + 1 A f{a) + 1 h) A *f(a) 

+ ^Jc(k-h)(k-2h)fW(x) (19) 


Since the greatest value of | Jc(Jc -h)(lc -2h)\ in the range (0, 2h) 
of 1c is 2A 3 /(3 n / 3), this result shews that the uncertainty in f(a-\-k) as 


determined by the interpolation formula (7) is ttto 1/ (3) (^) I 

9 o 


where |/ (3) (^)Uox * s the greatest value of \f (3) {x)\ in the range 
(a, a + 2 h) of x. For purposes of estimation the uncertainty can 
usually be taken as J z h 3 |/ (3) ( a ) I* 


125. Tabulation of Inverse Functions. Tables Used in Reverse. 

A table of a function f(x ), or y, for a range of the independent 
variable x is usually constructed for equidistant values of the argu- 
ment. A separate table of the inverse function arg/(y), or x , if 
constructed, will thus naturally proceed by equidistant values of 
the variable y , which is now the argument. Usually, however, a 
separate table is not constructed but the table for f(x) is employed 
for the inverse function also, being read backwards, or in reverse, to 
find x when y is given. The student is familiar with this process in 
the case of a table of common logarithms. If the given value of y 
occurs in the table, the value of the argument x against which it is 
tabulated is taken as the value of the inverse function. 1 When the 
given value of y , say y *, falls between the two consecutive tabulated 
values y l9 y 2) the value x* taken for the inverse function is found by 
interpolation between the values x l9 x 2 of the argument against 
which y l9 y 2 are tabulated. If we interpolate by the M.P.P . , we 
have 

x*=x 1 + y j ^(Xjs-aa) (1) 

Vi ~Vi 


Two questions which now arise are considered in turn. 

125. 1. The uncertainty of x x taken as the value of the inverse func- 
tion corresponding to y v Suppose that the tabulated values of y are 
correct to n decimal places, so that the uncertainty of y x is 
5 x l(H n+1) . The variation of y x by this amount corresponds to a 


variation of x x by the amount J x 5 x 10 -(n+1) , if we neglect 


dy'y 


1 If the given value of y occurs more than once we may take any one of the values 
of the argument x against which it is tabulated or, better, their mean. 
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the variation of dxjdy in the small range of y . Thus the uncertainty 

of x 1 is of amount .-%• ~i~ y- x 5 x l(H n+1 > ; it is large compared with 
(cLy/cLx)x 1 

the uncertainty of y x only if (dy/dx) Xl is small. 

The meaning of this result is easily seen from a graph of the 
relation y =/(#), in which equidistant points of division of the axis 
Ox correspond to equidistant arguments of the table, and the 
tabulated values of y are represented by the ordinates of the graph 
through these points. The use of the table in reverse corresponds to 
the determination of the value of the abscissa x when the ordinate 
y is given. Now it is evident that it is in the part of the range where 
y varies slowly, that is, where dyjdx is small, that uncertainty in the 
determination of x is large. The extreme case is that in which y 
remains constant in a part of the range, so that dyjdx = 0 and x 
becomes uncertain to the complete extent of that part. 

125. 2. The uncertainty of an intermediate value x* determined by 
the M.P.P. According to the general formula of Art. 122, the error 
involved in finding x*, corresponding to y*, by this method, is not 

^ X ' ., where k is the difference | y 2 - y x | of the 


greater than \k 2 


dy 2 


tabulated values between which y* lies. Now 


d 2 x 

dy*~ 


dhj jfdy \ 3 
dx 2 / ' dx. 


•( 2 ) 


and if h is the common difference of the argument x, we have 


* = 1 2/2 “2/il 


(*V) 

' dxK 


h, 


.(3) 


ignoring the variation of dyjdx in the range (x ly xf). Thus, if we 
ignore also the variation of d 2 yjdx 2 in the same range, we get the 
formula 



for the uncertainty of the value x* which is involved in the inter- 
polation. 

The ratio of the uncertainties for direct and inverse reading has 
therefore in both of the above cases the value | {dy/dx) Xl \ 9 or k/h, 
that is, the ratio of corresponding small increments of the function 
and its argument. 

If we denote the uncertainty of x x (or x 2 ) taken as the value of 
the inverse function corresponding to y x (or t/ 2 ) by U, and that 
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of an intermediate value x* determined by the M.P.P. by U*, the 
condition of completeness for inverse reading of the table is expressed 
by U * < U . The value of x* is then given to the same accuracy as 


x 1 (or x 2 ). Since the factor 1 


appears in both C7* and U, the 


condition of completeness for inverse reading is equivalent to that 
obtained in Art. 122 for direct reading. 


126. Taylor's Series and Taylor's Theorem. 

We have seen how Taylor polynomials of low degree may be used 
for the approximate evaluation of functions. It remains now to 
consider the case, (which is of the greatest interest from the analytical 
point of view), where the approximate evaluation for a given value 
of x can be carried to any desired degree of refinement by sufficiently 
increasing the degree of the polynomial whose value is taken for 
that of the function. 

The question here discussed is not whether, for a given value of x, 
a value of n can be found such that the difference between the 
function and the polynomial of degree n - 1 is less than an assigned e 
(however small), but whether a value of n can be found such that 
the difference between the function and each of the 'polynomials of 
degree not less than n - 1 is less than e. Stated concisely, what is 
required is that the Taylor remainder B n (x) should converge to zero 
as n increases indefinitely or that the sequence of values of the 
successive polynomials should converge to a focus (or limit) which is 
equal to the function. Since the remainder in question lies between 
| — mx n | and | ~ Mx n | in the case of the polynomial of degree n- 1, 
it is sufficient for the purpose that both these numbers should be 
less than e for values of n greater than an appropriate integer N. 
Here ra, M are the algebraically least and greatest values of f (n) (x) 
in the range (0, x). 

It should be noticed that if this condition is satisfied for a certain 
value x x of x, it is satisfied for all values of x in the range (0, aq), 
for | x n | decreases as | x | decreases and m cannot decrease nor M 
increase because they are extreme values for the whole range. 

When the sequence of values of the successive polynomials con- 
verges in the manner described, we may say that the function 
is defined by the polynomial of indefinitely high degree, since 
the sequence of polynomials is obtained from it by stopping at the 
successive terms. In other words, we can obtain the value of 
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the function to any desired accuracy by taking enough terms of the 
indefinitely continued polynomial. 

The expression arrived at in this way, namely 

m +*P>(0) +f-*/< 2 >(0) + ... + ( ^!/ ( ->(0) + ... , (1) 

is called the Taylor Infinite Series , or the Taylor expansion , of the 
function for the range in which the convergence holds. 1 

In the same case the function is said to be equal to the Taylor 
Series, the equality being expressed symbolically by the equation 

m =/( o) +V (1) ( o) + ... + + (2) 

This equality, or the symbolic expression of it, is called Taylor's 
Theorem. 

When the remainder R n (x) after n terms is inserted on the right- 
hand side, the equation 

f(x) =/(0) + */<»(0) + ... + - ( ^” _ 1 1 y ! / ( ”- 1 )(°) + R„(x) (3) 


x n 

is called Taylor's Theorem with Remainder. The value ^ f {n) (0x) of 

R n (x) is called Lagrange's Form of Remainder for Taylor’s Series, 
and with this form of R n (x ), Taylor’s Theorem is said to have the 
Lagrangian Form. 

It is to be observed that it is a necessary, but not a sufficient, con- 
dition for the convergence of R n (x) to zero when n-+cc that the 

X** 

term of the nth degree in the Taylor polynomials, that is, --j/ (w) ( 0), 
should converge to zero when n - > o o . For 

/j-n 

) = R n (x)-R n+1 (x), (4) 


and if R n (x), R n+1 (x) converge to zero, so does the difference. 


127. The Binomial Theorem. 

Many illustrations of Taylor’s Theorem will be given later. We 
here consider the function f(x) = (1 + x) m , the starting point being 
x — 0. When m is a positive integer, the result obtained constitutes 

1 The student should note that it is not proved (and, in fact, it is not true) that 
the value of the function considered is given by Taylor’s Series merely in virtue of its 
convergence. It is necessary and sufficient that the remainder term should converge 
to zero as n is indefinitely increased. See, for example, Pierpont, Functions of a Real 
Variable , Vol. II, p. 214. 
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the Elementary Binomial Theorem. We may suppose this known 
and proceed to the discussion when m is positive and fractional, or 
negative. 

As in Ex. 1, Art. 86, p. 181, 

f( r \x)=m(m -1 )...(m -r + l)(l 4-#) m-r , (1) 

and we therefore have the following results 

/( 0) = 1, / (1) (0)=m, ..., /(»- 1 )(0) = m(m -l)...(m + 2),] 

fW(0x)=m(m - 1) ... (m - n + 1)(1 4* 0x) m ~ n . j 

The expression of Taylor’s Theorem with Remainder in this case is 
thus 

( 1 4- x) m = 1 4- mx 4- 1 | x 2 4- . . . 


where 


( 3 ) 




(i) Suppose, at first, that 0<a;<l. We can write R n (x) as the 
product, P say, of n terms of the form 


m + 1 
r 


x 

1 +6x’ 


(r = 1, 2, ... , n), 


multiplied by (1 4 -0x) m . Here m may be positive or negative. 

Writing | m 4- 1 1 =//, we have 


| /m 4-1 , \ x 

! \ r ) 1 4- Ox 


< 



and if we take a number £ between x and 1, we have 


(5) 


x <£ provided r > l 1 ^ x (6) 

Let r x be the smallest value of r for which (6) is satisfied. Then 
supposing, as we may, that n> r x - 1, we have 

\P\<\Q\^-r>+\ (7) 

where Q is the product of the first r 1 - 1 factors of P and is indepen- 
dent of n. We conclude that 


\ Xn (*)\<\ Q \( l + Z )'*?- r *+ 1 ( 8 ) 

Since f<l, £ n ~ rrfl diminishes indefinitely as n increases in- 
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definitely, and R n (x) can be made less than an arbitrarily assigned 
number s for all values of n greater than N by taking 

\Q\{l+x)'*£*-*+'<e, (9) 

an inequality which can always be satisfied by (an appropriate) 
choice of N. The condition for Taylor’s Series is therefore satisfied 
in this case, and we can write 

(1 +a:) m = l +mx + — # 2 -h ... 

m(m-l)...(m-n + l) xn + 

nl v 7 

This equation expresses the Binomial Theorem for a positive value 
of x less than 1. 

(ii) If x is negative, the above method of examination of R n (x) 
succeeds only if |#|<l/2. Writing x = -x', we have, with this 
restriction, 

I x x' x r _ 

| lTte " l^-W < 1-X i<1 * * 

Putting x'/(l -x') —r), so that rj <1, the above argument applies if we 
introduce rj for x in the inequalities ; thus we have 


1 +6x 


and + provided r >f i g~~> (13) 

where r)<£ <1. The equation (10) thus still holds if <x<0. 
It is proved below, Art. 128. 1, that it is also valid if -1 <x<0. 


(iii) We consider finally the case where | x | > 1. The Taylor poly- 
nomials do not now satisfy the necessary condition for the validity of 
Taylor’s Theorem that the general term l)...(m-7i+ l)a; n 

should converge to zero when n -> <x> . For if we write 


u »=n\ I m ( m + ( 14 ) 


we have 


u n+1 _\n-m\. , 


(16) 


which is greater than 1 if n is at once greater than m and 
(m \x\ + l)/(\x\-l). 

Thus, after a certain value of n, | u n | increases with n and there- 
fore cannot converge to zero. The Binomial Theorem, as expressed 
by equation (10), therefore does not hold if | x | > 1. 
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The Binomial Theorem also holds when x = 1 provided that 
m > - 1, and also when x— - 1 provided that m> 0. The proofs of 
these latter statements cannot, however, be given at this stage ; 
see Chap. XVIII, Art. 347. 1. 

If the function considered is (a + x) m , the corresponding Binomial Theorem 
is obtained by writing the function in the form a m ( 1 -\-xja) m , or a m (l +x') m 


say, where x' =x/a. We then have 

(a + x) m = a m { 1 + mx' + — ^ x' 2 + . . . } 

=a m +ma m - 1 x + -^^^a m - 2 x 2 + ... , (16) 

the remainder after n terms being given by 

R n ( x ) — ~j m ( m -!)■•• - w + l)# n ( a 4*0x) w_n , (O<0< 1) (17) 


Ex. 1. Expansion of N /( 1 +a;). Here m — \> 0, and the infinite series is 
valid if - 1 ^ x ^ 1. We have 

(i +*)v* = i+^+ii^*2 + 4LiMzil a: 3 + ^( ~ “)^ 4 + ••• 

, 1( -t)- (t -» + D j. | ... 


1 + i* 222 ! 3:2 + 2 3 3 ! *' 


1.3, 1.3.5 


+ ( _ 1 ) 


1 . 3 . 5 ... ( 2n - 3 ) „ 


The first four Taylor polynomials are 

(i) 1 + %x, (ii) 1 + \x - \x 2 , (iii) 1 + \x - \x 2 + 
(iv) 1 + ix - Jx 2 4- 




3 



Fig. 93. 


(18) 

(19) 


The closeness of approximation of these polynomials to the function is 
illustrated in Fig. 93, where the heavy line is the graph of the given function 
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and the lightly-drawn numbered lines are those of the successive polynomials. 
The range of convergence, ( - 1, 1), is clearly indicated. 

Ex. 2. Expansion of l/\/(l -fa;). Here m— -\> - 1 and the infinite series 
is valid only for the range [ - 1, 1) of x. Wo have 

a +*)-* = i - - ... +<--*!< =li^\=k=*±n+ + ... 


= 1 - lx -f 


1.3 


1.3.5 


2 2 2!~ 2 3 3! + '*‘ ^ 2 u n\ 


, n ..l) a » + ... . (20) 


Ex. 3. Expansion of 1/(1 -fa;) 2 . Here m 
valid in the range [ - 1, 1] of a;. We have 


2 and the infinite series is only 


(1 -fa;) -2 = 1 - 2a? -f 


( -2)( -3)_ 2 , (-2)(-3)(-4) 


2 ! 


x* + 


3! 


x 6 -f . . . 


+ r-2)(-3).,(-n^ n + ^ 
n! 


= 1 -2a? + 3a; 2 - 4a; 3 + ... f ( - l) n (n + l)a; n + . 


.( 21 ) 


Ex. 4. A circle of radius r touches the axis Ox at the origin 0 (Fig. 94) 
and P is the point ( x, y) on it. Shew that 
the ordinate y is approximately equal to 

5!+®? when -is small. 

2r 8r 3 r 

From the Figure we have 
y = OA -NA —r - sj(r 2 -x 2 ) — r -r(l - a; 2 /r 2 )V 2 


==r ~r( 1 


2 r 2 8 r 4 +iV j 


r* x* r> 
— + 7 ,—o — r h , 
2 r Hr 3 


.( 22 ) 



where, using the Lagrange form of remainder, 


IP I 


1 a ; 6 


l 


1 a; 6 


1 


.(23) 


16 r 6 (1 - (Pa; 2 /r 2 ) 5 / 2 " 16 r® (1 - a; 2 /r 2 ) 5 / 2 ’ 

For small values of x/r , the remainder is small compared with the other 
terms and we may writo 

.,.2 >.4 

.(24) 


a; 2 x* 


.r 4 

2r 1 Sr 3 

To take a numerical case, let r =40 feet, x = 10 feet. From (24) we have 


2/ “ 40 (r ic + r ioO = 12695 feet > < 25 > 


and the error involved is less than x 

4 


10 /1\ 6 


(i) 


x — 5 ~ 0-0007 feet. 

(1 - tV ) 5 ' 2 


128. Alternative Forms for the Remainder in Taylor’s Theorem. 

Many formulae of the same kind as Lagrange’s have been given 
for the remainder after n terms in Taylor’s Theorem. We here give 
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a demonstration of Taylor’s Theorem with Remainder which in- 
cludes the forms of the remainder most commonly employed. The 
proof depends on a rule, due to Cauchy, which follows directly from 
Rolle’s Theorem. 

Let F(x), 0(x) be two continuous functions of a; in a range (x l9 x 2 ), 
each possessing a definite derivative at all points in the range 
[x l9 x 2 ], We construct a function 

F(z)+AG(z) + B, (1) 

linear in F(x) } 0(x) and which vanishes at the ends x ly x 2 of the 
range. This requires that the disposable constants A, B should 
satisfy the equations 

F(x 1 )+AG(x 1 ) + B = 0, F(z t ) + AG(z t ) + B = 0, (2) 

whence, supposing G(x 2 ) G(x 1 ), we find 

_F(x 2 )-F(x 1 ) 

, 3) 

z? — v(~ \ i F(x 2 ) - F(x 1 ) . 


0 ( Xl ). 


G’(x) = 0. 


The required function is thus 

*■<*> -*<*>> -«(*■» <‘> 

By Rolle’s Theorem the derivative of this function vanishes for 
some value x in the range [x x , x 2 ] } and we therefore have 

W 

Suppose, now, that G'(x) does not vanish in [x l9 x 2 ], so that 
G'(x) ^0. Then replacing x 2 by a variable end point x in the range 
[x l9 x 2 ) } we deduce, from (5), the relation 

<?(*) - '<?(**) = G'[J) ’ ^ G{pc ^’ °'^ ^ °*’ (6 * 

where now x lies in [x l9 x]. This is the symbohc expression of the 
required rule. To secure the satisfaction of the inequalities in (6), it 
is sufficient that the derivative G'(x) should be one-signed in \x l9 x 2 ]. 

For the present purpose it is sufficient to suppose the lower 
terminal x x of the range to be zero, and we choose the functions 
F(x), G(x) in such a way that F(0) = 0, G( 0)=0. We then have, 

from (6), F'(6x) 

F(x) = G(x)^ ( gj, (0 <0 < 1) (7) 


{G(x)^G(x 1 ), G'(x)^ 0>, 


(0 <0 < 1 ). 
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Now let /(#), the function to which it is proposed to apply Taylor’s 
Theorem, possess definite derivatives of all orders up to the (n - l)th 
inclusive at all points in the given range (0, x 2 ) and a definite nth 
derivative throughout [0, x 2 ]. From f(x) define a function y(x ) by 
means of the equation 

?»(*)=/(*! I"*). ( 8 ) 

so that as x ranges from 0 to x 2) cp(x) ranges from/(# 2 ) to/(0), that 
is, (p(x) takes on the same values as the function f(x) in the range 
but in the reverse order. The introduction of the function cp(x) 
effects a simplification in the succeeding investigation. 

In order to lead to the standard forms of Taylor’s Theorem with 
Remainder, we choose special forms for the functions F(x ), 0(x). 
The function F(x) is expressed in terms of <p (x) and its derivatives 
by means of the equation 

F(x) = -<p(0) + <p(x) -xy( l) (x) + |-j<p< 2) (#) - ... 


+ ( - i )"- 1 ¥ n ~ l ) i x )> (9) 

and we take 

G(x)—x p f (p a positive integer), (10) 


which is a choice of G(x) consistent with the conditions imposed on it. 
From these we have F( 0) = 0, G(0)—0. The function F(x) possesses 
a definite derivative at all points in [0, x 2 ] and it has been so formed 
that its first derivative involves the nth derivative only of q?(x ). 
We have, in fact, 

^ (1) (*) = (- l) n - 1 ^ = 1 y,y (B> (*) (11) 

On applying the rule (7), we now obtain the result 


- 9 ?( 0 )+ 9 >(x) -x<p™{x) + ... +( -l) n_1 (^_- 1 )|9 ?( "" 1> ( a: ) 

=( - i)n ~ i p e ^?i)-y n){ex) ’ (°< 0<i ) ( i2 > 

This gives 

<p{0)=<p{x) -xcpW(x) + ...+(- l) n_1 (^Ti)i9 ,<n_1> ( a; ) 

(13) 


M.B.M.A. 
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and, in particular, 

9 ,( 0 ) =<p(x 2 ) -x 2 <pW(z 2 ) + ... + (- I)” -1 <p (n ~V(x 2 ) 

(14) 


This result is now to be expressed in terms of the original function 
f(x) and its derivatives. Since <p{x)—f(x 2 - x ), we have the results 

<p^(x)=(-iyr r) (x 2 -x), <p^(x 2 )=(~iyfM(Q), I 

(p ( - n \dx 2 ) = ( -l) n f M (x 2 -0x 2 ) = ( -l) n /<">(&r 2 ), say, J :> 

where 9- = 1 - d, so that 0 < 9- < 1 . We therefore obtain 

/(* 2 ) =m+*j w (o) +^>>( 0 ) + ... + 

+ 

which is Taylor’s Theorem for a starting point 0 and end point x 2 
with the special form of remainder sought. 

On introducing a variable end point x in the range (0, x 2 ), we have 

f(x)=f(0)+xpm+^f i2) (0) + ... + { f_~l v f^K0) + R n (x), ...(17) 

where R n {x), the remainder after n terms, is given by 

*»(*) = (18) 

This expression for R n (x) is commonly referred to as the 
Schlomilch- Roche formula for the remainder. The Lagrange formula 
is immediately recovered from it by putting p—n. A special form 
of frequent occurrence arises when p is put equal to 1, namely, 

■*„(*) y]-/ w (^)> < 19 ) 

which is known as the Cauchy formula for the remainder after n 
terms. 

128. 1. The Binomial Theorem for the range [-1, 0) of x. We 
can now supply the demonstration that the Binomial Theorem 
for the expansion of (1 +x) m holds when x lies in the range [ - 1, 0). 
Using Cauchy’s formula for the remainder for the range stated, we 
have 

«.(*)= ”*<” - -”- 1 - *» »-(i-9)-(i +»*)—. ...(20) 
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As in Art. 127, we can write this as the product of n - 1 factors of the 
form^ - l)^TjT^'»( r= 1> 1), multiplied by mx(l -f {hr)™ -1 . 

Writing | ra | — p, we have 

I ( m _ A *(Ll&) I - 1 m , I MU M, , /o,x 

r / l+&x 


1 I x\ 


<(i+n\x\, ....(2i) 


since $ | x | < $ < 1. The discussion then proceeds exactly as before. 


129. Taylor Polynomials for Combinations of Functions. 

It is often convenient to obtain the earlier Taylor polynomials 
of a combination of functions by algebraic operations from the 
Taylor polynomials of the separate functions instead of by direct 
determination of derivatives. For this purpose the following 
elementary theorems are employed, the starting point being always 
x — 0. 

Theorem I. If u , v are two functions of x , the Taylor polynomial 
of degree n for the function u + v is the sum of the Taylor polynomials 
of the same degree for u and v. 

This is clear from the definition of the polynomials. 

Theorem II. The Taylor polynomial of degreen for the function uv 
is found by forming the product of the Taylor polynomials of degree n 
for u and v, and rejecting the terms in it of degree higher than the nth. 

This follows since, by Leibniz’s Theorem, Art. 90, the rath deriva- 
tive of uv is given by 

i (uv) (m) = \ U (m) V + — _ .. U {m ~ l) V {l) -f Jr , — 1 U (m ~ 2 ) V (2) + ... 

ra! ra! (ra- 1)! 2 ! (ra — 2) ! 

+ — , uv (m \ (1) 

ra! 

and if ra<w the right-hand side is the coefficient of x m in the product 
(u + U W X -f ~ U ( 2 ) X 2 + ...+-. U^X”) 

x (v + v w x + v (2) x 2 + . . . + v {n) x n ^j ... (2) 

of the Taylor polynomials for u and v. 

Theorem III. The Taylor polynomial of degree n for the function 
u/v is found by dividing that for u by that for v and rejecting terms in 
the quotient which are of degree higher than the nth. It is here assumed 
that v does not vanish at x = 0. 



276 


MATHEMATICAL ANALYSIS 


[CH. IV 

Let a 0 -f-ai# + ... +a n x n be the polynomial obtained by dividing 
the Taylor polynomial for u by that for v, as described. The coeffi- 
cients a 0i a lf ... , a n can be obtained by equating the coefficient of 
each power of x, up to the nth, in the product 

(v+v (1) x + ... + *iV (n )ap)(a 0 + a 1 x + ... + a n x v ^j, (3) 

to the coefficient of the same power of x in the polynomial 
u+u^x-i- ... + * u (n) x n . This gives n + 1 linear equations to 
determine a 0 , a x , ... , a n . Now according to Theorem II, if we 
write u/v=w, so that vw—u, the coefficients of the Taylor poly- 
nomial of the nth degree for u are equal to the respective co- 
efficients of the powers of x in the product 

(v -b V^X -f- ... + ^ V^X^ (w + w^x + ... + w^x^ (4) 

Thus the same set of linear equations is found for the coefficients 
w, w (1 \ ... , L w (n) as for a 0 , a x , ... , a n , to which, therefore, they are 
respectively equal. 

Generalizing these results, we deduce that a Taylor polynomial 
for a function compounded algebraically (by addition, multiplication 
and division) of a set of functions may be obtained by algebraic 
operations applied to the Taylor polynomials of the functions of the 
set. 

In a similar manner, Taylor polynomials for algebraic expressions 
which contain powers of polynomials can be found algebraically, the 
Taylor polynomials for the rational powers being found by the use 
of the Binomial Theorem. 

Ex. 1. Find the Taylor polynomial of the third degree for l/\/(l + x), given 
that the corresponding polynomial for ^(1 +x) is 

1 + \x - £r 2 + ^\x 3 (5) 

According to Theorem III, the required polynomial is given correctly by 
dividing 1 by the expression (3) and rejecting terms in the quotient which 
involve powers of x higher than the third. The result obtained in this way is 

1 -%x+§x 2 -ft** (6) 

See also Ex. 2, p. 271. 

Instead of dividing out, we may employ the method of disposable coeffi- 
cients and use Theorem II. Thus, assuming the form a + fix 4- yx 2 + dx 3 for 
the polynomial sought, we are to have 

(a + px +yx 2 + dx 3 )(l + \x - \x 2 -f^a 3 ) = 1, (7) 

where in the product we reject terms involving powers of x above the third. 
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The process of equating coefficients of powers of x on each side of (7) then 
leads to the equations 

a = l, /? + £a=0, - \y 4- ir^a =0, (8) 

whence we find a = 1, p = - 1/2, y = 3/8, d = - 5/16. 

Theorem IV. Taylor polynomial for a function of a function . Let 
the function f(y) and its first n derivatives with respect to y be 
finite at y — 0. Also let y=q>(x), where 9 ?( 0 ) = 0 and q?(x ) has its first 
n derivatives with respect to x finite at x = 0. Then there is a Taylor 
polynomial of the nth degree, 

Pn(y) =/(0) +/®(0) y +^,/ (2 >(0) y 2 + ... + n 1 ,/<" > (0) y\ (9) 

for f(y), and a Taylor polynomial of the nth degree, 

Qn(x) = 9> (1) (°) x + 21 <p (2) (0) x 2 + ... + 9? (n) (0) x n , (10) 

for cp{x) or y . We shew that the Taylor polynomial of degree n for the 
function f{cp{x)} is also the Taylor polynomial for the function P n {Q n ( x )}> 
and it can therefore be found by substituting Q n (x) for y in P n (y) 
and neglecting powers of x higher than the nth. 

To prove this statement we have to shew that the first n derivatives 
of f{cp{x)} at x = 0 are respectively equal to the first n derivatives of 
P n {Qni x )} there. Consider the mth derivative of f(y), or f{cp (x)}, with 
respect to x , where m <n. It is found, by repeated differentiation, 
as a polynomial in the first m derivatives of f(y) with respect to y 
and the first m derivatives of y , or cp (x), with respect to x. Also, the 
first m derivatives of <p(x) and Q n (x) are respectively equal at x = 0, 
and the first m derivatives of f(y) and P n {y) with respect to y are 
equal at y =0 and therefore when x—0, since 9 ?( 0 ) =0. 

Therefore the mth derivative of f{(p{x)} at x = 0 is correctly found 
by replacing f(y) by P n (y) and cp(x) by Q n (x). Since this is true 
provided m<n, the identity of the nth polynomials for f{<p{x)} and 
P n {Qn{ x )} is demonstrated. 

We proceed to illustrate two methods of applying this theorem 
to the determination of Taylor polynomials of a function defined 
implicitly. 

Ex, 2. Find the Taylor polynomial of the sixth degree for y when y is 
defined implicitly in terms of x by means of the equation 

y + >J( 1 +y) = l +iz\ 
with the condition y =0 when x =0. 


( 11 ) 
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This equation can bo solved for y and the function for which the Taylor 
polynomial is to be found is l ( .‘1 +a; 2 ) - Js/(9 +2x 2 ). Thus the results obtained 
below can be derived by means of the Binomial Theorem. The Example is 
used here to illustrate methods which can be employed also where the function 


cannot bo explicitly expressed. 

(i) The method of disposable coefficients. Assuming a form 

y = a x x -f- a 2 x 2 + a 3 x 3 + a 4 a; 4 + a^x 5 + a 6 # 6 , (12) 

equation (11) gives 

l+y=(l+ix*-y)\ (13) 

that is 

1 + a x x 4- a 2 x 2 + a 3 x 3 + a 4 rr 4 + a s x 5 + a G x 6 

= [ 1 - {a Y x + (a 2 - i ) x 2 + o$x 3 + a A x* + a 5 x 5 -f a 6 # 6 }] 2 , (14) 


where on the right-hand side terms involving powers of x higher than the 
sixth are to be rejected. Comparing coefficients we get the set of equations 

~~ 2cq, ci 2 — — 2 (a 2 — ^), a 3 — 2 cq (ti 2 — ^) — 2n 3 , 'j 

a 4 = 2a 1 a 3 + (a 2 - 1) 2 - 2a 4 , a 5 =2a A a 4 + 2(a 2 ~ |)a 3 - 2a 6 , V (15) 

a G = 2a 1 a 6 + 2 (a 2 - £ )a 4 -f a 3 2 - 2a 6 , J 

whence we find 

a 1 =0=a 3 =a 5 , a 2 = 1/3, a 4 = 1/108, a 6 = - 1/972 (16) 

The required Taylor polynomial is therefore 

y = \ x2 + xi - 9^2 ** < 17 > 

It may be remarked that since even powers only of x occur in the develop- 
ment of (13), the powers of x of odd indox in (12) could have been omitted. 

(ii) The method of successive substitutions. An alternative method is to 
proceed in steps, employing the Taylor polynomials for the function */(l +y) 
in terms of y of increasing degree at each step. The earlier polynomials are 
obtained from Ex. 1, Art. 127, p. 270. Employing tho polynomial of the 
first degree, 1 -f \y , the Taylor polynomial of the second degree for y in terms 
of x is given by 

y = l+hx*-(l+ly) (18) 

and is therefore \x 2 . If we employ the polynomial i +hy -W for VC +y)> 
writing y = 1 + |a; 2 - (1 + \y - \y 2 ), that is, 

y=W+&y 2 ( 19 ) 

the Taylor polynomial of the fourth degree for y in terms of a; is given by 

y = $x*+ ^ ( \x 2 ) 2 = $x 2 + l fax* (20) 

Similarly, writing y = 1 + Ja: 2 - ( 1 + \y - \y 2 + Aj/ 3 ), that is, 

y=W + hy* -A 2/ 3 (2i) 

the Taylor polynomial of the sixth degree for y in terms of x is obtained from 
the equation 


y = W + A (W + As * 1 ) 2 - it (i* 2 + iL-x 4 ) 3 


(22) 
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when we reject terms involving powers of x higher than the sixth. This gives 

y = hx* + ihs xl -V7i x6 > ( 23 ) 

as before. 


130. Extreme Values of a Polymetric Function. 

An adequate treatment of the extreme values of a polymetric 
function on the same lines as that given for a monometric function 
belongs to a later stage as it requires the employment of the Theorem 
of Intermediate Derivatives (Taylor’s Theorem with Remainder) for 
polymetric functions. It seems desirable, however, to consider here 
the stationary conditions which are constantly employed to determine 
the positions of extreme values. As in the case of monometric func- 
tions, the special features of a particular geometrical or physical 
problem often enable us to decide the nature of the extreme values 
without the application of general criteria. These are examined here 
only so far as to find the second-derivative criteria for a dimetric 
function. 

A polymetric function/^, x 2 , ... , x n ) is said to have a proper local 
upper extreme or maximum at a point A , (a lf a 2 , ...,a n ), if there 
exists a neighbourhood 1 of the point such that the value of the 
function at any point of it other than A is algebraically less than the 
value at A ; the inequality being reversed in the case of a proper 
local lower extreme or minimum. 

For simplicity we consider, at first, the case of a dimetric function 
f(x , y) and suppose that it has a maximum value at (x x , y x ). Then, 
treating x, y as rectangular coordinates in a plane, there must exist 
a neighbourhood, which we may take to be a circle with its centre 
at (aq, y x ), such that the value of the function at any other point of 
it is less than that at the centre. Consider, now, the points of the 
neighbourhood which are on the line y—y x through the centre. The 
monometric function f(x, y x ) is a maximum at (x x , y x ), since its value 
at any other point of the line, inside the circle, is less than the value 
at the centre. It follows, from Art. 94, that the derivative d f/dx, 
which is assumed to exist, must vanish at the centre. The same 
argument applied to the line x— x x shews that the derivative df/dy 
must vanish at the centre. If the argument is applied to any other 
line through the centre, no additional conditions are found. To 
shew this, take a line at an angle a with the axis Ox. Along it 
y—y x + (# -x x ) tan a and on substituting this value of y in f(x , y) 

1 A neighbourhood is here some domain within which (a lt a 2 , ...» a n ) lies. It may- 
be defined, for example, by the inequation (x 1 - a 1 ) 2 -\~(x 2 - a 2 ) 2 -f- . . . -f {x n - a n ) 2 < r 2 . 
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we obtain a function of x, cp(x) say, which, as before, is a maximum 1 
at the centre. Thus 9/ (x) must vanish at that point. Now according 
to Art. 82 , 


i-u - 

= + a tan a, 

ox oy 


•( 1 ) 

•( 2 ) 


and the condition (p'(x x ) = 0 is consequently satisfied in virtue of the 
conditions df/dx = 0, df/dy — 0 , already laid down. The above argu- 
ment clearly applies equally if the function f(x , y) has a minimum 
value at (x x , y x ). 

The conditions 


(V) 

V dx/( Xu y x ) 


-0, 


m 

Kd y\x u vj 


=0 


(3) 


thus obtained are called the stationary conditions and the value of the 
function at a point where they are satisfied is called a stationary 
value . In simple cases these conditions usually determine only a 
finite number of points at which the function may have an extreme 
value. 

In the case of a polymetric function f(x l9 x 2i ... , x n ), exactly the 
same argument can be applied. If there is an extreme value at A, 
( a l9 a 2 , ... , a n ), the monometric function f(x l9 a 2 , ... , a n ) has an ex- 
treme value when x x ~a x and the partial derivative dfjdx 1} assumed 
to exist, must vanish there ; similarly for the other variables 
x 2 , ... , We thus obtain the stationary conditions 


3/ = 3Z = _ = 0/ = 0 

dx x dx 2 ' * * dx n ’ 


(4) 


where the values of the derivatives are those at (a l9 a 2 , ... , a n ). As 
in the case of a dimetric function, no other conditions are found in 
this manner. In simple cases these stationary conditions usually 
determine only a finite number of points at which the function may 
have an extreme value. 


Ex. 1. Find the values of the n positive numbers x l9 x 2 , ... , x n for which the 
product x x x 2 ... x n is greatest, the sum s of the numbers being given. 

Here we have x x +x 2 + ... +x n =s, a given number, and we can therefore 

1 The distance of any point of the line from the centre is ( x -x x ) sec a, not x f but 
the use of this variable instead of the distance does not affect the argument. 

It may be recalled that the conditions under which the equation (1) is valid have 
not been examined in Art. 82 and, in fact, it has only been proved for a special form 
of f{x , y ). 
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write x x x 2 ... x n —x 1 x 2 ... x n _ x (s -x 1 -x 2 - ... -av_i). Denoting the lost func- 
tion by f(x l9 x 2 , ... , x n _ x ), the stationary conditions are 


a/ 

c f~~x 2 x 3 .. 
dx x 

• x n- i( s - x i ~ x a 

... x n— 1 ) x i x 2 

x n—l 


=x 2 x 3 . 

• • x n—l x n X x X 2 .. 

• x n-l =0, 


(5) 

3/ 

W 2 =x ' x ’~ 

•• x n~l x n "¥a •• 

■ x „-l=0, 


(6) 

3/ 

— =x t x 2 . 

cx n-l 

•• x n—2 x n ~ x i x 2 •• 

• x n~ 1 = 9 


(7) 


Now for the required solution the numbers are all positive, and on removing 
common factors in these equations, we get 

x x ~-x 2 — x 3 — ... ~x n (8) 

Each of the numbers sought is therefore sjn and their product is s n /n n . This 
must correspond to a maximum value of the product, which evidently exists. 

130. 1 . Discrimination of extreme values of a dimetric function. The argument 
applied above shews that if the function f(x, y) is a maximum at (x lt y x ), the 
monometric function f(x, y x ) is a maximum at x x and, if the conditions of 
Art. 106 are satisfied, it follows that d 2 f/dx 2 must be negative or zero at (x l9 y x ). 
We will suppose that the latter (critical) value does not occur. 1 In the same 
way, excluding the critical case, we find that d 2 fjdy 2 must be negative at (x l9 y x ). 

If, now, we apply the same argument to the corresponding monometric 
functions along all lines through (x lf y x ), we find an additional condition. 
Considering, as above, the line for which y =y x +(x -aq) tan a, we have, as 
in Art. 88, 


0 V = L( d l' 

dx' 2 dx\dx y 
d 2 f 


| + tan a „ 


-ft 

dy\dx 
3-f 


) +tana {£(|) 


+ tan a 


A( d l 

8y\8y 


)} 


d 2 f 


.( 9 ) 


— ~ 4+2 tan a ~--’i + tan 2 a -x— » , 
ox 2 ox dy dy 2 

and again excluding the critical case, this function must be negative at (x lf y x ) 
for all values of tan a. 

According to the theory of quadratic expressions, this gives the additional 


condition that 


ay 8 y , 8 y 

dx 2 dy 2 \0.r dy 


must be positive. Hence, with the exclusion 


of the critical case, we arrive at the second derivative condition for a maximum, 


d 2 f 
dx 2 


< 0 , 



a 2 / a 2 / / a 2 / y 

dx 2 dy 2 \dxdy 


( 10 ) 


Similarly, for a minimum we arrive at the conditions 


ay 

dx 2 


> 0 , 



ayay / ay y 

dx 2 dy 2 \dxdy) 


( 11 ) 


In either case the conditions stated are sufficient for a maximum (minimum) 
at (x l9 y x ), provided that the second derivatives are continuous in a neigh- 
bourhood of that point. The proof is not completed here. 


1 When it does occur, further discussion, for which we are not prepared, is required. 



282 MATHEMATICAL ANALYSIS 

Ex. 2. The function x 2 y 2 - 4x 2 - Gxy - 4 y 2 . We have 


[CH. 


d l 

dx 

d 2 f 

dx 2 


— 2 xy 

— 2y 2 - 8, 


Hx 


-6y, ^=^2x 2 y -6x -By, 

d ll-2x 2 - 
dy 2 




8 . 


.( 12 ) 


The stationary conditions xy 2 -4x-3y=Q, x 2 y-3x-4y=0 give, on sub- 
tracting, 

xy(y ~ x ) + (?/ ~ x ) "0, (13) 

from which we find y —x or y — -\jx. These lead to the values 
x —Q, y ~0 ; x— ±*J7, y = ; ®"±1, j/ = Tl. 

(i) When x~0 ~y we have d 2 f/dx 2 =- 8, d 2 fjdy 2 ~- 8, d 2 fj(dxdy)= - 6 


, d 2 / d 2 f 
and 

fore a maximum. 


Yjyy 

\dx dy) 


>0. The corresponding value of the function is there - 


(ii) When a; = ±sjl =y, d 2 f/dx 2 = 6, d 2 f/dy 2 =--Q and d 2 f/(dx dy) -22. There- 


fore 


0 2 / 0 ^ 
dx 2 dy 2 
an extreme. 


\dx dyj 


< 0. The corresponding value of the function is not 


(iii) When x— ±1, y- = =F 1 , we have d 2 f/dx 2 = -6, d 2 fldy 2 = -6, 
d 2 fl(dx dy) = - 10. The corresponding value of the function is not an extreme. 


EXAMPLES XVII 

DISTRIBUTION OF ROOTS OF EQUATIONS 1 

1. Investigate the distribution of the roots of the following equations: 

(i) x 2 + lx - 1 “0 ; (ii) 4a: 3 - Ifxr 2 + 12a: + 1 r-0 ; 

(iii) a: 4 + 2a: 3 + 7a: 2 + 4a: - 5 =0. [(i) One; (ii) three; (iii) two roots.] 

2. Shew that the equation a: 4 + 4px 3 -\-q= 0, (p, q >0), has two real roots or 
none according as 27 p 4 <q. 

3. Prove that the equation (a: + l) 5 =m(x? -f 1) has three real roots only if 
0 <m< 16 and one only (equal to - 1) if m< 0 or m>16. 

4. Prove that if (n - 1 )a l 2 -2na 2 < 0, the number of real roots of the equa- 
tion x n + cqa: n-1 -f . . . + a n = 0 is loss than n. 

[The condition makes the roots of the equation f( n ~ 2 )(x) —0 imaginary.] 

5. Shew that the reduction of the equation f(x)==x 2 + 3ax 2 + 3bx+c=0, 
(a, b, c real), to the form £ 3 +a£ 2 +y=0, (a, y real), by writing x=£+h, is 
possible only when the roots of the equation f'(x) =0 are real. Verify that in 
this case h+a= ± sj(a 2 - b). 

1 These Examples are intended to be treated as in Art. 95. 1. General theorems 
for the determination of the number and the distribution of the real roots of an 
equation (Sturm’s Theorem, etc.) lie outside the scope of this Book ; see Perron, 
Algebra , Vol. II. 
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EXAMPLES XV11I 

INTERMEDIATE DERIVATIVE THEOREMS 


1. Assuming that the fourth derivative /( 4 )(a;) of a function f(x) has the same 
sign throughout the range ( x -h, x +h), shew that 

I /(*) - !/(•» + ih) - %f(x - \h) + M(x +h) + lf(x -h)\< feh* \ fW(x) \ max . 

2. In the expression / (a + h) =/ (a) +hf'(a) + \h 2 f"(a + 0h) of the I.D 2 .T., 

shew that as h~> 0, assuming that f"'(x) is continuous in the range 

(a, a +h). 

If /(« + h)= (a +h) n , provo that when \hja\ is small, a second approxima- 
txon to 0 is 3+ vjg -• 

3. Establish the result l /'(0)} hy"'(0h), (0< 0< 1). 

4. Provo that if the first three derivatives of f(x) are continuous in the 
range (0, h), 

J(x) -/( 0) = \ U(h) -/(0)} + \x(x -h)fX 0) + !*(** 
where 0< 0< 1 and 0 <x<h. 

5. A chord of the curve y ~f(x) parallel and near to the tangent at P, (£, r}), 
meets the curve at the points Q , R, near to P. Prove that the gradient of 
the lino joining P to the middle point of QR is approximately 

/'(£) -3{/"(f )} 2 //"'(£). 

6. If/(0)=0 and f"(x)> 0 in the positive range (0, a), prove that /(^)/a? 
is up -way in the range. Explain the geometrical significance of this result. 

7. Prove that the polynomial a; 3 - 6a; 2 + 15a; -f 3 is up-way in any range of x. 

8. Investigate the ranges in which the polynomial 2a; 3 - 9a; 2 4- 12a; - 6 is 
one-way. [Up-way in tho ranges [ -<x> , 1), (2, <x> ] ; down-way in (1, 2).] 

9. At two points P x , P 2 of a curve, straight lines are drawn making equal 
angles a with the corresponding tangents and on tho same sides of them. 
Find the coordinates of their ultimate point of intersection when P 2 moves 
up to P x . 


Qrake axes along the tangent and normal at I\. The required coordinates 


are then given by i 


sin a cos a 


{d*yldx*) x ’ 1 (d 2 yjdx 2 ) 1 


10. Through the points of a curve y=f(x) straight lines are drawn, the 
gradient of the line through P, ( x , y)> being y(x), a given function of x. If 
P ls P 2 are any two points on the curve, find the coordinates of the point of 
intersection of the lines through P v P 2 , and the coordinates of the ultimate 
point of intersection when P 2 moves up to P v 

[Taking axes as in the preceding Example, f -(jfyjfe) ’ r > • ] 

11. A plane curve C is slightly changed by shifting each point of it a small 
distance which varies in magnitude and direction in a continuous manner 
along the curve. Shew that a point of C which is shifted in the direction of 
the tangent to C is a point of ultimate intersection of C with the deformed 
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curve. What form does the statement take if each point P of C is shifted 
along the tangent at P ? 

12. At each point P of the lino AB, whose equation is x~h, a line Q'PQ 
is drawn of gradient y connected with the gradient g of the line OP, drawn 
from the origin O, by the relation y~,f(g). Shew that the ultimate inter- 
section of the line Q'PQ with the corresponding lines from adjacent points 
on AB has coordinates ( x , y) given by x =h{ 1 - l/f'(g)}> y =h{g -f(g)lf'(g)}* 

Hence shew that if the relation between g and y is 

l/y 2 - y 2 lg 2 =/i 2 - 1, (y >1, y >0), we have y — -h( 1 - l/y 2 )g 3 . 

[The special relation between g and y is that for the refraction of light at 
the boundary AB of a medium whose coefficient of refraction is y. The 
formulae determine the focus after refraction of a narrow pencil of light in 
the plane xOy and emanating from O.] 


EXAMPLES XIX 


APPROXIMATIONS. SMALL CORRECTIONS 


1. Use the approximation (27), Art. 103, to find approximations to the 
values of ^3, s/5, $1, *Jl\. Find an upper barrier to the error in each case. 

[If N — 3 take a =2, so that s/3 « ^1 5 ©tc.] 


2. Obtain the approximations s/f « 0-8452, « 0-6125, s/2 ^1*4142. 

[Write */-§■ = 7\/(l ~ 3*6), s/f — iV(l ~ AL \/2 = \/f^f = Ms/(1 — tIo)* an d employ 

Taylor polynomials of the first degree in each case.] 

3. Shew that (26-834) 1/3 »2-99385 with an orror less than 1-5 x 10~ 6 and 
that (27-166) 1/3 s=^3-00615 with an error less than 2 x 10~ 6 . 


4. Shew that the Taylor polynomial of the second degree for s/(x t +h) is 

, ■ h h 2 
^ Xl + '2x 1 l ' i SXj 312 ' 

Employ this polynomial to find an approximation to -s/50. Find the error 
in this approximation, given that s/2 — 1-4142136. 


5. Shew that the Taylor polynomial of the second degree for (x x +h) 113 is 

h h 2 

a? x 1/3 + ■ £- 2 y a - • Use this polynomial to find an approximation to $10. 

Investigate also the corresponding polynomial for (x x 4 -h) llm . 

6. Calculate 1000/988 correct to six places of decimals by writing it in the 

form 1 j ^1 - and employing the Taylor polynomial of the third degree 

for 1/(1 -x). [1-012146.] 


7. Shew that the 
$(9 + 5x) . (1 -x 2 ) 21 * 
( 8 -x)*i* 


Taylor polynomial of the second degree for the function 
. 3 / 4 1645 a \ 

18 16 C 1 + 9* 2592* J ’ 


[Employ the theorems of Art. 129 with Taylor polynomials of the second 
degree for each of the factors.] 
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8. The measured value of the radius of a sphere is subject to an error of p% 
at most. Find the greatest percentage errors in the calculated values of the 
volume and surface. [3 p, 2 p.] 


9. Justify the approximation 


(1 + x) m (\ +y) n 


■ 1 +mx +ny - pz . 


(l+*) p 

The work that must be done to propel a ship of displacement D for a 
distance s in time t is proportional to s 2 D 2l2 /t 2 . Find approximately the 
percentage increase of work necessary when the distance is increased by 1 %, 
the time diminished by 1% and the displacement diminished by 3%. Com- 
pare with a direct calculation employing four -figure logarithms. 


10. A formula for tho number Q of cubic feet of water passing per minute 
over a weir of breadth b feet and depth h feet is Q =3-33 (b -0*2 h)h 212 . If 
b is measured as 8 and h as 1-25, determine the maximum error made in 
estimating Q due to errors of 1 inch in the measurements of both b and h . 

[3-9 cu. ft.] 

11. The side a of the triangle ABC is calculated from the formula 
a 2 = b 2 +c 2 - 2bc cos A. If there is an error dc in tho measured value of c, 
find the corresponding error 6a in the calculated value of a. 

If the triangle is nearly equilateral, shew that 6a^\dc. 


EXAMPLES XX 

EXTREME VALUES OF MONOMETRIC FUNCTIONS 

1. Investigate the local extreme values of the following functions : 

(i) x+a 2 /x 2 ; (ii) 2 A r (x r -a;) 2 , (X r constants) ; (iii) x/(a 2 +x 2 ) ; 
r=l 

(iv) x n + a 2n /x n ; (v) 2.r 3 - 3a; 2 - 36a; + 10 ; (vi) Xs/(ax -x 2 ), (a >0) ; 

(vii) xj(a+x) n ,(n> 1) ; ( viii) a;*+4a; 3 +5; (ix) (a? + 1) 4 (# - 2) 3 ; 


(x) x 5 - 15x’ 3 + 3 ; 


(xi) 


x 2 - 8 

(.r-3)(;r-4) ’* 


(xii) 


(x 4 - 1) 5 
x b + 1 


(xiii) 


(x +a)(x -1-6) 


, (a, b >0) ; (xiv) s/{x(x - 1) (2 - x)}. 


(x -a)(x - b ) 3 

2. Find the greatest and least values of the polynomial x 3 - 18a; 2 -f 96# in 

tho range (0, 9) of x . [160, 0.] 

3. Shew that the difference between the extromo values of the function 

(a -x — l/a)(4 — 3a; 2 ), (a constant), is * (a + 1/a) 3 . For what values of a is this 
difference least ? [a= ±1.] 

4. The value a is an approximation to a root of the equation f'(x) =0. Shew 
that, in general, f(a) - {f'(a)} 2 lf"(a) is a closer approximation than f(a) to the 
corresponding stationary value of f(x). 

Hence determine, correct to two places of decimals, the minimum value of 
2# 4 - 58a; 2 + 133a; which occurs in the neighbourhood of x = 3. [38*99.] 

Q2Q 2 2hx -j- b 

5. Investigate the extreme values of the function 2Hx + B * w ^ ere ^ 

are positive. Shew that the only case in which there is no extreme value 
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occurs when the numerator and denominator have real roots, those of the 
numerator separating those of the denominator. 

If the (real) roots of the numerator are a, ft and those of the denominator 
are a', ft\ sketch the graphs of the function for the cases (i) a< ft< a'< ft', 
(ii) a'< a< ft< ft', (iii) a <oc'<ft<ft'. 

If the function is denoted by y and the stationary values y x , y 2 exist, prove 
that (Ax 2 +2Hx +B)dy/dx =ks/{(y 2 -y)(y -yx)}, and find the value of the 
constant k. 


6. Shew that if 0 <ft<a< \n , the maximum and minimum values of the 


function 


1 4- 2x cos a 4 x 2 
1 4- 2x cos ft + x 2 


are 


1 -cos a 
I - cos ft 


and 


l 4- COS a 
1 4- cos ft 9 


respectively. 


7. Find the shortest distance of the point ( h , k) from the line ax 4 -by 4 c =0. 
[Minimize the square of the distance of (h, k) from any point ( x , y) of the 
line.] 


8. Find the lines of stationary length drawn from the point (5a, 2a) to the 
parabola y 2 —4ax. Shew that there is ono extreme length and discuss the 
results obtained. 

[Factorize the equation in y corresponding to the stationary values.] 

9. If ax 2 4 -2hxy +by 2 —c, investigate the extreme valuos of y. 


10. Shew that the lengths r v r 2 of the semi-axes of the ellipso 

ax 2 4- 2hxy 4- by 2 = 1 satisfy the equation r 4 (ab - h 2 ) - r 2 (a 4- b) 4- 1 "0. 

Hence shew that the area of the ollipse is nlsj(ab -h 2 ). 

[Find the extremes of r 2 — x 2 +y 2 where ax 2 + 2hxy 4- by 2 = 1 . Here y is 
a function of x and the stationary condition gives x 4- ydy/dx — 0 where 
ax +hy 4- (hx +by)dy/dx =0. Now eliminate dyjdx. The area of an ellipse is 
7i times the product of the semi-axes.] 

11. Shew that the areas of ellipses which pass through the points ( p , 0), ( q , r) 
and have their centres at the origin, have the minimum value 7ipr. 


12. If a, b are positive and a 4- b= k, shew that the maximum value of 
a m b n , (m, n>l), is m m n n k m + n l(m +?i) m + n . 


13. The (x, y) equation of a curve being givon, shew how to find the points 
on it which are at an extreme distance from a given line in the same plane. 

Shew that the extreme distances of points on the ellipse x 2 \a 2 +y 2 /b 2 = 1 
from the chord joining the points ( - a, 0), (0, b) are given by 

( il 7 . . . 

V(« i TP)(^ 2 ±1)- 

14. A parabola of latus-rectum 4 p moves so as always to touch two fixed 
lines at inclination arcot y. Shew that the least distanco r of a point of 
contact of the parabola with either line from the intersection of the lines is 
given by A 2 - (2 4-f// 2 )A 4-1 =0, whore (4 4-f// 2 )A = 1 4- §r 2 /p 2 . 

[If a, ft are the distances of the points of contact in any position, the length 
of the latus-rectum is 4a 2 /? 2 (1 4-^ 2 ) -1 / 4 {(a 2 4-/? 2 V(l + y 2 ) +2ocfty}~ 312 .] 


15. Find the proportions of a closed cylindrical can having the greatest 
volume for a given total area of surface. [Height equal to diameter.] 
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16. A paddock of given area is to be fenced off along the bank of a straight 

river, no fence being required along the bank. Find the proportions of the 
rectangle requiring least fence. [Length twice the breadth.] 

17. Two points A , B and a line CD are coplanar, the points being at 
distances a, b from the line and on the same side of it. If P is a variable point 
on CD, find the position of P when AP +BP is a minimum. 

[When AP, BP make equal angles with the normal to CD at P.] 

18. A fixed point A is taken on Ox and OP, PQ are equal variable distances 

along Oy. Shew that the maximum angle subtended at A by PQ is about 
19° 28'. [Find tho maximum value of the tangent of the angle.] 

19. Find the groatest difference of the angles x, #', each lying in the range 
(0, \n), which are connected by the relation tan x' — tan 2 #. 

[The groatest difference corresponds to a maximum value of tan(#-#')- 
Express this in terms of tan#, or m, and find the extremes with respect to m. 
The equation for the determination of m is m 4 - 2 m 3 - 2m + 1=0, the roots of 
which are 0-4354, 2-2967, Art. 118, Ex. 1. For the former value tho second 
derivative of tan(#-#') with respect to m is negative, which indicates a 
maximum. This value is 0-2232 radians and it occurs when # has the values 
0-4106, 1-1601.] 

20. It is required to find the semi-vertical angle of the right circular cone 
which has a maximum volume for a given area of surface (base included). 
Shew that if the ratio of the total area of surfaco to the area of base of a cone 
is denoted by #, the ratio of the square of tho volume to the cubo of the total 
area is (# - 2)/(9 nx 2 ). Deduce that the required angle is arsin J. 

21. A tree trunk of length l is a frustum of a cone, the radii of the ends 
being a, b, ( a>b ). It is required to cut from it a beam of uniform square 
section, the centre line of tho boam being along the axis of the cone. Prove 
that the beam of groatest volume has the length \all(a - b). 

22. A closed container with square ends is of a fixed capacity whose measure 
is made 1 by choice of the unit of length. The cost of tho container is esti- 
mated as 2c per unit area of surface, plus c per unit length of the seams (one 
along the length and one around each end). Shew that the cost is a minimum 
when the side # of the ends satisfies the equation # 3 (# + 1) =x + 

23. Tho area A and the semi-perimeter s of a triangle are fixed. Prove that 
for ono of the sides # to be an extremo it must be a root of the equation 
s(x ~s)x 2 +4d 2 =0. Hence show that there is one maximum and one mini- 
mum. 

24. On a given area S of land a portion S - # is used to produco a material A 
while the rest is used to obtain a material B, all of which is applied to the 
production of A . The amount of oach material produced is proportional to 
the area employed, but the amount of A per unit area is proportional to the 
ratio of two expressions each of which differs from the amount of B applied 
to it by a constant. Find the proportion of the areas for which the production 
of A is a maximum. 

25. Find the cuboid of greatest volume the total length of whose edges and 
the total area of whose faces are given. 

[Express the volume in terms of the length of one edge.] 



288 MATHEMATICAL ANALYSIS [CH. 

26. A container is in the shape of a prism of square section terminated by 
two equal pyramids on the square ends of the prism. Shew that for a given 
area a 2 of cross-section of the prism and a given volume V of the container, 
the area of its surface is least when the height of each pyramid is a/s/ 5. 

Assuming this proportion and varying a, shew that for a given volume of the 
container the area of its surface is least when a 3 =3V/*J5, and find the height 
of the prism. 

27. The gate in front of a man’s house is 30 yards from a tram line. If the 
man walks at 4 miles por hour and the tram travels at 1 5 miles per hour, where 
should ho jump off in order to reacli the gate as soon as possible ? 

[Maximize the timo saved by jumping off. Result 8*3 yards.] 

28. The sides of a wooden trough are each 1 ft. long and are equally inclined 
to the bottom of the trough, which is 9 in. wide, the ends being vertical. What 
must be the width across the top for the capacity to be a maximum ? [1*84 ft.] 

29. Through the point A , (h, k ), a straight line PAQ is drawn, intersecting 
Ox at P and Oy at Q. Find (i) the minimum area of the triangle OPQ , (ii) the 
minimum value of the sum OP I OQ, (iii) the minimum length of PQ. 

[(i) 2 hk; (ii) h + k + 2*J(lik) ; (iii) {h 2 ' 3 + & 2 ' 3 ) 3 ' 2 .] 

30. A rod PQ of length l passes through a fixed point A , the end P being on 
a fixed line Ox. Find the position of the rod when the distance of Q from A, 
measured parallel to Ox, is a maximum. 

[The distance of P from A , measured parallel to Ox, is h{(l/h) 2/3 - 1} 1/2 , where 
h is the distance of A from Ox.] 

31. Two variable radii OA, OB are drawn to a curve. The tangent at A 
intersects the line OB (produced) at C and M is the foot of the perpendicular 
from C on OA. If BN is the foot of the perpendicular from B on OA, 
shew that NB/(OA) m is stationary if the tangent at B is parallel to OA and 
OM —mMA. 

32. Two points A , B are taken in the plane of a curve C • Shew that if P is 
a point on C for which the sum of the lengths A P, PB is stationary, the lines 
AP, PB are equally inclined to the tangont at P. 

33. If ABC is a triangle, no angle of which exceeds 120°, find the position 
of a point P for which the sum of the distances PA, PB, PC is a minimum. 

[Suppose, at first, that P lies on a circle of centre A, and minimize the 
sum PB + PC. Then, according to the preceding Example, PB, PC must 
be equally inclined to AP. It follows that for the unrestricted case each of 
the angles APB, BPC, CPA is f n. The minimum valuo of the sum is 
> J{\(a 2 + b 2 +c 2 ) -2s/3S}, where a, b, c are the sides of the triangle and S is its 
area.] 

34. A straight line Ox and two points A, B lie in one plane. If P is a vari- 
able point in the plane and PM is always perpendicular to Ox, find the 
minimum value of the sum PA 4- PB + PM. 

35. A tug leaves port to intercept a liner travelling at k knots on a straight 
course which, at the nearest point, is p miles from the port. The tug starts 
when the liner is a miles from the port and has not yet reached the nearest 
point. Shew that the tug must have a uniform spoed of at least kp/a knots 
if it is to reach the liner and that its course at that speed should be per- 
pendicular to the bearing of the liner at the start. 
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EXAMPLES XXI 


CONCAVITY AND CONVEXITY. CONTACT. ROOTS OF EQUATIONS. 

INTERPOLATION 

1. Find the ranges of x for which the curve y = 2x A - 9# 3 + 11# 2 is concave 


upwards. 




27-^201 


x > 


27 + s/201 


•] 


24 * 24 

2. Investigate tho nature of the following graphs in tho neighbourhood of 
the point for which x = 1 : 

(i) 3a 4 -18® a +233-7, (ii) x(x-\) 2 , (iii) -x* - 2.r 2 + x + 1. 

3. Determine the points of contraflexure of the graphs of the functions 
given in Ex. 1, Set XX, and sketch characteristic portions of the graphs. 

4. Find tho condition that the curve x-f(t), y~<p(t) may have upward 
concavity at tho point t. 

5. Determine the point of contraflexure and sketch the graph of the function 

x 1 

given by tho equation — --y \x- -9]. 

6. Shew that the graph y =x/(x 2 +bx +c) has threo points of contrafloxuro 
if b 2 < 4c. Shew that those of the graph y = 2x/(x 2 + 2x +2) lie on a straight 
line. 

7. A curve is defined by an equation of the form 

y=a 0 + a 1 x + a 2 x 2 -ya 2 x 2 +a 4 .r 4 +a 5 ® 6 . 

It passes through (1, 0), touches Ox at (2, 0) and has a point of contraflexure 
with unit gradient at O. Shew that its equation is 
y = - \{x - 2) 2 (x - \)x(2x + 1). 

Find the other points of contraflexure and sketch tho curve. 

8. Find the polynomial curve of the form y =a 0 +apc + ... +a n x tl having 

the highest possible order of contact at tho origin with the curve y ~f(x) which 
touches Ox there. (The function f(x) is assumed to have derivatives of any 
desired order.) [a r =/( r )(0)/r!.] 

9. Shew that tho parabola bx 2 -2 a 2 (b -y) — 0 has third ordor contact with 
the ellipse x 2 ja z + y 2 /b 2 — 1 at the point (0, b). 

10. The equation of a curve is of tho nth degree in x , y, and of the form 

a 0 + cijX + b x y + a 2 x 2 + b 2 xy + c 2 y 2 + . . . = 0. 

Find the conditions that must be satisfied by the coefficients in order that the 
curve may have second order contact at the origin with a circle whose centre 
is at ( - 1, 1). [a 0 =0, a x +6 X =0, a x -a 2 - b 2 -c 2 =0.] 

11. Two curves y=<p(x), y --f(x) meet at the point P x . A line P'P", of 
slope 0 to Ox , cuts the curves at P', P", respectively, this slope being different 
from the slope v ; i of tho curve y =/ (a*) at P v If P', P" have coordinates 

v)> (x, y), respectively, use the method of infinitesimals to shew that when 
P', P" are close to P v 

p, p „ /(g) -y(£ ) 

sin 6 - /( x )(Xi) cos 0 * 

Find the least distance of P' from the curve y~f(x) and shew that the 

t M.B.M.A. 
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direction of the shortest distance is approximately normal to the curve 
y =f(x) at P x . 

12. Shew that the equation x 3 - 2x 2 -f 3a; - 4 =0 has only one real root* 
near 1-7. Shew that two successive applications of Newton’s method leads 
to the approximation 1*650631 to the root, and that the error of this approxi- 
mation is less than 1*23 x 10 -6 . 

13. Shew that 0*85 is a rough approximation to the positive root of the 

equation x 3 (x + 1) =x + J and employ Newton’s method to find the root 
correct to four decimal places. [0*8398.] 

14. Interpolation by the method of proportional parts is made in the 
interval (a, a +h). Show that if \f"(x) | takes its greatest value at tho middle 
of the interval the greatest error allowed by the formula (11), Art. 122, may 
be made, but that for the function f(x) =x* with interpolation between x—0 
and x — h the greatest error is, in fact, 

ft 2 I /"(*)! max 

16 x4 1 ' 3 ’ 

15. Given 

^1246 = 35*29872 51909, ^1247 = 35*31288 71660, ^1248 « 35*32704 34655, 
find, by interpolation with the aid of second differences, the value of *J 1246* 54 
to ten decimal places, and estimate tho uncertainty of the result obtained. 

[35*30637 33624 ; 4*5 x I0 -10 . The result correct to ten decimal places is 
35*30637 33623.] 


EXAMPLES XXII 

BINOMIAL EXPANSIONS 

1. Investigate the Binomial Series for the following functions, stating the 
ranges of convergence : 

(i) 1 / n/( 1 +^ 2 ) ; (ii) 1/(1 +#); (iii) 1/(1 -ax), (a>0); (iv) 1/(1 +x 2 ) ; 

(v) (l+x) 1 ^; (vi) (vii) (1 -a;) 2 / 3 , (viii) (1+a;) 1 / 3 ; 

(ix) 1 /n/(1 -x) ; (x) v/(l -2a?). 

2. Calculate n/ 600 and 1/V600 correct to six decimal places by means of the 
Binomial Theorem. 

3. Find tho Taylor polynomial of tho second degree for »/(l +a?) by the 
method of disposable coefficients. 

[Assume V(1 +#) — 1 +ax +bx 2 , square both sides and ignore terms involving 
powers of x above tho second. Then equate coefficients.] 

4. If N =x n (l + £), ( £ small compared with 1), shew that 

— ( n ~ l)# n + l jjV 
Xl ~ X (n + \)x n +(n - 1 )N 

is an approximation to N lln correct to the second order in e. 

Taking x = 1 *4, find an approximation to »J2 in this way. 

[The expression for x x reduces to x | ~ " ij/n * Using the Taylor 

polynomial of the second degree for the denominator, shew that this expression 



EXAMPLES XXI-XXIII 


IV] 


291 


takes the same form, to the second ordor, as that obtained by expanding 

X(l + e) 1 /”.] 

5. If y is expressed as a power series in x of the form 

V - b ± x 2 - b 2 x 3 - 6 3 .t 4 

shew how to express x as a power sories in y of the form 
x =y + c x y 2 + c 2 y 3 -f-r 3 7/ 4 + ... , 

where c x — b x> c 2 = b 2 + 2b 1 2 , c 3 = b 3 + 5 b 1 b 2 f 5 fq 3 , 

c 4 — ^4 + 66 x 6 3 -f 3 b 2 2 +2lb 1 2 b 2 + 146 1 I . 

6. If the length l of a metal bar at temperature 0 is given by l — a +b0 + c0 2 , 
find the coefficient of expansion at this temporaturo. Shew that to tho second 

degree in 6 , this is equal to ^ |l +(^ -^0 + ^ ~ h )^ 2 } * 


EXAMPLES XXIII 


EXTREMES OF D1METRI0 FUNGI 1 IONS 


1. Shew that the loast value of the sum of the squares of the perpendiculars 

d 4 _|_ _|_ £>4 

from a point inside a trianglo to tho three sides is \{a 2 + b 2 + c 2 ) - ^ a Y^ 2 ’ +c 2 y 


where a, b , c are tho lengths of the sides. 

2. Find the least distance of tho point (x v y v z x ) from tho plane 
ax +by +cz +d =0, assuming that tho coordinates are such that the square of 
the distance between tho points (x 19 y v z 1 ), ( x 2 , y 2 , z 2 ) is 


^^11(^2 ^1)“ + 22^23 (Z/2 y l)(~2 Z l )' 


Shew that the result takes the form (ax x -\-by 1 +cz 1 +d)/sj(a 2 +6 2 -f c 2 ), when 
krr ~ 1> ^ ts~ 9» 

3. A water channel having a flat bottom and flat sloping sides is to bo mado 
so that for a given capacity the surface wotted shall bo as small as possible. 
Shew that if a is the area of tho surface wetted per unit length tho required 
capacity per unit length is a 2 /(4 N /3). 

4. A piano makes positive intercepts on the axes Ox, Oy, Oz. A point P, 
whose coordinates x, y, z are all positive, lies on tho piano and through P 
planes parallel to the coordinate planes are drawn. Find the position of P 
so that the cuboid formed has the greatest possible area of surface. 

[If the plane is lx + my +nz~ 1 , the roquired coordinates are in the ratios 
m+n - l : n + l - m : l +m -n, provided these numbers are positive.] 

5. Find the position of a straight line in the piano xOy such that tho sum 
of the squares of the distances of the points (0, 0), (a, 0), (0, a) from it is a 
minimum. 

[It makes equal angles with tho axes and is at tho distance 2 from the 
origin.] 

6. Prove that the point P within a triangle, such that the sum of the squares 
of the distances from P to the vortices is a minimum, is tho centroid. Shew 
also that if P is restricted to lie on a given circle, it will lie on the line joining 
the centre of the circle to the centroid. 
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7. If z—(p/x) k +(x/y) k +(ylq) k , prove that z has a stationary value when 
p, x, y, q are in a geometric progression. 

8. Straight lines are drawn from the origin to points on the surface 
x* + 7y‘ + 4z 2 + 8xy =c 2 . Shew that there are two stationary lengths, namely 

Jc, Jc. 

9. A tent has a rectangular floor of length y and breadth 2x, and the shape 
of each end is a rectangle of width 2x surmounted by an isosceles triangle of 
vertical angle 20, the mean height of the tent being u. Find the volume V 
and the area S of canvas, and shew that 


S = 



2 - cos 0 
2 u sin 0 


V + 4 xu. 


Find the value of 0 and the ratios x : y : u for the tent using least material for 
a given volume. 

10. Shew that the distance of a point P of the surface 2z =x 2 /a +y 2 /b, 
(a, b> 0), from the point (0, 0, c), (c >0), has a minimum value when P is at 
the origin, provided that a, b are each greater than c. 

11. Shew that the distance between two points, one on each of two given 
curves, is stationary if the join of the points is normal to both curves at the 
ends. 

12. Find the stationary point for the function 

x 2 -4xy + 6y 2 + 3z 2 -zx - 18// + 3. [(12, 5*5, 2).] 

13. Find the stationary values of z, where 

2x 2 + 4 y 2 + z 2 + 8 yz + 6zx + Qxy + 12 0 . [ ± 2 .] 

^ 14 . Find the least value of the sum 2 ( x r ~ x ) 2j r 2 ( Vr ~V) 2 + 2 ( z r ~ z ) 2 > 

r= 1 r=» 1 r= 1 

where {x v y v z x ), (x 2 , y 2 , z 2 ), ... , (x n , y n , z n ) are the coordinates of n points 
each of which lies on the piano ax -{-by +cz +d —0. 
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CHAPTER V 

CURVATURE OF A PLANE CURVE. CARTESIAN 
COORDINATES 

131. Introduction and Definition of Curvature. 

In ordinary language the word curvature, as associated with a 
line, is merely an equivalent of non-straightness. In Mathematics 
we are concerned with curvature as a measurable quantity, that 
is, with the introduction of measures of curvature . 1 We consider in 
the present Chapter the measure of curvature at a point of a plane 
curve. The measure of curvature of any finite portion of a curve is 
considered later, Chap. XII, Art. 284. 2. 

The notion of greater or less curvature at a point of a curve is 
commonly associated either with greater or less rapidity of recession 
(or deflection) from the tangent at the point, or with greater or less 
rapidity of change of direction of the curve (rotation of the tangent) 
as the curve is continuously described. In the present Chapter 
the curvature at a point is defined by a consideration of the recession 
from the tangent of arcs having one 
end at the point. The treatment is 
based on the formula for the devia- 
tion of a curve from its tangent which 
has been investigated in Art. 103. 2 
and which we now proceed to put 
into a form suitable for the present 
purpose. 

Considering a curve AP X B (Fig. 95), 
suppose that rectangular axes Ox, Oy 
are chosen so that Ox is parallel to 
(or coincides with) the tangent at P lf the point at which the curva- 
ture is to be considered. Let the equation of the curve referred to 
these axes be y=f{x). The coordinates of P 1 are (x l9 y x ) and those 
of P, a neighbouring point on the curve, {x x + A#, y x -\- A*/). The 

1 As in all similar cases, the word curvature is constantly used alone for measure of 
curvature where no misunderstanding can arise. 
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tangent P X N at P x meets the ordinate MP to P in N. We have 
f'fai) — 0, and, from the LD^.T., supposed applicable to the range 
(x lf x x + Ax), we deduce the result 

NP=f(z x + Ax) -f(x 1 ) = l(AxYf' / (x 1 ^dAx) 9 (0 < 0 < 1) (1) 

If, now, we suppose that f"{x) is continuous at x 1 and take for 
Ax an increment dx so small that the variation of f"(x) in the range 
(x l9 x 1 + 0dx) can be neglected, the formula (1) gives 1 

NP^m 2 f''(Xi), (2) 

the corresponding exact formula being 

2NP 

lim =/"(a?!) (3) 

Thus for the case considered, the deflection of the curve from the 
tangent at P x for a given small advance \dx\ in either direction 
along the tangent, is proportional to the value of the second deriva- 
tive of f(x) at P x . 

Now the measure of the curvature is chosen so that it is greater or 
less according as the deflection from the tangent is greater or less 
for a given small advance along the tangent. Hence we may, in the 
present case, take the measure of the curvature as proportional to 
the magnitude of the second derivative at P x . In practice, the 
factor of proportionality is taken to be unity, so that the measure 
of the curvature is actually equal to the magnitude of /"(aq). 

The definition of curvature as an algebraic quantity is completed 
by taking into account the sign of the deflection. For the case 
considered, the curvature is taken positive or negative according as 
the deflection NP is positive or negative with respect to the direction 
Oy . The algebraic curvature is therefore measured by the algebraic 
value of f"(x) at P x . Denoting this measure of curvature by the 
letter k } we have at P x , 

«i=/"(*i), W 

and k is therefore positive or negative according as the curve is 
concave or convex upwards at P v 

Since f"(x) =dg/dx , where g is the gradient dy/dx , we can write (4) 
in the equivalent form 

K 1 = {dg/dx) 1> (5) 

which expresses the curvature at P 1 as the value there of the rate 

1 If P l is taken as the origin of coordinates, the axes being along the tangent and 
normal, the approximation becomes NP^%{dx) 2 f"(Q). 
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of increase of the gradient with respect to x. This applies to any 
point of a curve when the axes of coordinates are chosen in the 
particular manner described above. 

We are now prepared to give a formal definition of the measure of 
the curvature at any point of a curve. The curvature of a curve at 
any point is measured by the rate of increase there of the gradient of the 
curve with respect to distance along the tangent at the point . 

It is sometimes necessary to consider one-sided curvaturos at a point P of a 
curve. A one-sided curvature is defined by means of the change of gradient 
or the deflection from the tangent in proceeding along the part of the curve 
on one side only of P. If P is the end point of the curve or a branch of the 
curvo, the one-sided curvature is called an end-curvature. In the formulae for 
one-sided curvature, one-sided derivatives take the place of ordinary deriva- 
tives. 

Ex. 1. Curvature at the vertex of a parabola. Taking the axes along and 
perpendicular to the tangent at the vertex, the equation of the parabola 
may be put into the form y —ax 2 . We then have d 2 y\dx 2 = 2a, and hence at 
the vertex, where x =0, wo have 

*o =2a (6) 

Ex. 2. Curvature at any point of a circle. Taking the axes Ox, Oy along 
the tangent and normal at P l (Fig. 96), the equation of the circle is 
x 2 + (2/ ~ a ) 2 = or 

x 2 + y 2 - 2ay = 0, (7) 

where a is the radius. On differentiating this equation we find 

<»> 

and when x — 0, y — 0, these give (dyldx) 0 =0, ( d 2 yjdx 2 ) 0 = 1/a. Hence 

* 0 = l/a (®) 

This formula is evidently true for all points on the circle, since equation (7) 
is the same wherever P x is chosen on it. The curvature of a circle is thus 
equal to the reciprocal of its radius when the axes are chosen so that Oy is 
drawn into the circle, as here. If Oy is drawn outwards from the circle, 
k = - 1/a. In either case the magnitude of the curvature is equal to 1/a. This 
property of a circle is utilized subsequently in defining the radius of curvature 
of a curve, (Art. 134). 


132. Newton’s Formula for the Curvature of a Curve. 


The equation 


lim 

A£-*o 


2 NP 

(Ax ) 2 


=/"(* i) 


of the preceding Article can now be written 


/<!= lim 

p,n-. o 


2NP^ 

(/yv) 2 ’ 


(i) 


( 2 ) 
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and this expresses the curvature in a form substantially due to 
Newton. This form is plainly applicable to the curvature at any 
point of a curve since it involves only 
distances along and perpendicular to the 
tangent at the point considered. 

/ In the principles of Dynamics of Huyghens and 

/ \ Newton the curvature of a curve plays an essential 

[ 2 a I part. The force required to hold a particle of mass 

l J m moving with velocity v to a curved path is oukv 2 

\ y at right angles to the path, k being the curvature at 

P the point considered. 

0 NX Ex. 1. Curvature at any point of a circle. Referring 
to Fig. 96, we have, from elementary Geometry, 

P X N 2 =NP . NQ, (3) 

Q being the point where NP, produced, meets the circle again. Newton’s 
formula now gives 

r 2 NP v 2 2 1 

o(W* F$toNQ-Pi<ii~* ( } 

where P X Q V the diameter through P, is of length 2a. 


133. Formula for the Curvature of a Curve Referred to any Rectangular 
Axes. 

In the preceding discussion the formula for the curvature has been 
given with respect to special axes. We now proceed to express the 
curvature in terms of coordinates referred to general rectangular axes. 

Let the equation of the curve AB (Fig. 97) referred to any 
rectangular axes Ox, Oy be 
y—f(x), and suppose that at 
P x , (x ly y x ), the point at 
which the curvature is to 
be considered, the gradient 
g ly or tan xp ly is positive and 
finite, so that the corre- 
sponding slope y) x lies in the 
range [0, |^r]. Through P x 
draw axes P ± x', P x y f ', the 
former along the tangent to 
the curve at P l9 as shewn, 
and the latter along the normal, being obtained from the former by 
rotation in a positive (counter-clockwise) sense through a right-angle. 

Let P, a neighbouring point on the curve, have coordinates (x, y), 
(x\ y') in the respective coordinate systems, the slope of the tangent 
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there being xp relative to Ox and xp’ relative to P x x ' . If g , g' are the 
corresponding gradients, we have 

tan xp' — tan (xp -^) = (tan^ -tan^i)/(l -ftan^tan^i), ( 1 ) 

and thus g -gi m 

9 1 +ggi M 


Now according to the general definition of curvature given in 
Art. 131, the curvature at P x is measured by the value of dg'jdx ' 
there, that is, 

K \ — (dg jdx (3) 

We can write this 



From ( 2 ) we have 


(£)„= {r+W -»■> + <» -»■> i nk) ,, 

_ ( dg/dx) Xl 

l+ 0 i 2 ’ 


( 5 ) 


since < 7 = 9 ^ when Now from Ex. 8 , Art. 71, p. 133, we have, 

for the particular case here considered. 


x'={x -x x ) cos V’i + (y - 1 / 1 ) sin yq, j 
(dx'/da;) :ri =sec ^ 1 = v /(l +(/ 1 2 ), 1 

so that 


/ dx \ _ 1 

\dx'J x -j( r+7i 2 ) 

Hence we may write (4) in the form 

_ (dg/dx) Xl 
1 (1+fiT! 2 ) 312 ’ ' 


( 6 ) 

( 7 ) 

(8) 


which gives the algebraic curvature at 1\ under the convention of 
sign introduced in Art. 131 for the special axes P x x' , P x y' . 

On writing dy/dx for g and dropping the indication of the special 
point P u this formula becomes 



( 9 ) 


The magnitude of the curvature at any 1 point P on the curve is 
obtained from the same formula. The question of the sign to be 

1 Provided the gradient there is finite. The case of an infinite gradient, that is, 
where the tangent at P is parallel to Oy , is considered in Sub -article 3 below. 
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attributed to the algebraic curvature at any point is considered in 
the following Sub -article. 

It is desirable to apply a dimensional check to an equation such as (9). 
Suppose that the unit of length is changed to 1 \k of itself. Then the measures 
x , y , x\ y' are changed to kx, ky , 1cx\ ky' and are all of the same dimensions. 
By definition, k is equal to dry' /dx' 2 and is of dimensions - 1 and dyjdx is 
unaltered, being of zero dimensions. Thus 1 + (dyjdx) 2 is of zero dimensions 
and the whole formula is of dimensions - 1, that is, of the dimensions of k. 
The equation (9) is therefore dimensionally correct. 1 

It may be observed here that since the curvature vanishes with the 
second derivative, a point of contraflexure at which there is a definite 
zero value of the second derivative is also a point of zero curvature. 

A formula corresponding to (9) for the curvature of a curve 
referred to oblique coordinates is proved in Art. 137 below. 


If, in the preceding discussion, we interchange (the rdles of) the axes Ox, Oy , 
we get the formula 

dfx 

7ly 2 


<-©r 

for the curvature, apart from sign 


.( 10 ) 


133. 1 . Different conventions for the sign of the curvature at a point. 
There are two main conventions for the determination of the sign 
of the curvature at a point of a curve. These, as we shall see, have 
their origin in two different modes of approach to the subject. In 
the first, regard is paid to the concavity or convexity relative to the 
fixed direction Oy, as explained in Art. 112. According to that 
Article, a curve is concave (convex) with respect to the direction Oy, 
that is, is concave (convex) ‘ upwards ’, if d 2 yjdx 2 is positive (negative) 
at the point considered. Under the first convention, the sign of the 
curvature is taken positive (negative) if the curve is concave (convex) 
upwards, so that k has the same sign as d^yjdx 2 , and is therefore 

g iven b y dhj 

** (ii) 


H d £)T 

dgjdx 

“(1 +g 2 ) 3 i 2 


.( 12 ) 


1 It may be well to remark that (9) is given as a general formula which is true 
whatever unit of length is chosen. If, then, k changes in any ratio on a change of 
unit, the right-hand side must change in the same ratio if the formula is correct. 
The dimensional correctness, of course, forms only a partial check. 
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the denominator being positive in all cases. The student should 
carefully observe that according to this convention, the curvature 
of a circle changes sign at the points where the tangent is parallel 
to Oy, and the same is true generally of any curve at such a 
point if it is not a point of contraflexure. The discontinuity 
in the algebraic curvature arising in this manner is considered 
below. 

In introducing the second convention, we suppose a curve to be 
described by the continuous motion of a point on it in a definite 
sense. The sign of the curvature at any point P is then determined 
relative to rectangular axes Px Py\ the axes Px' being taken along 
the tangent and in the sense of description of the curve at P, while 
the sense of Py' is obtained from that of Px' by positive rotation 
through a right-angle. The convention for the sign of the curvature 
at P relative to these axes is now the same as that introduced in 
Art. 131. Thus the curvature is to be positive when the deflection 
of the curve in the neighbourhood of P from the tangent there is in 
the sense of Py ' . In the case of a circle, the curvature now has a 
constant sign throughout, being positive if the axis Py ' is drawn 
towards the centre. 


Figure 98 illustrates the case where the two conventions lead to 
opposite signs for the curvature at P, but if, as in Fig. 99, the sense 


of description of the arc is 
reversed, the two conventions 
give the same sign for the cur- 
vature. 

In the following general dis- 
cussion the first only of these 
conventions is adopted. The 



Fig. 98. Fig. 99. 


second is considered subse- 


quently ; see Chap. VIII, Art. 204, Chap. XII, Art. 284. Some of the 
transformations employed in the present Chapter will take simpler 
forms when the differentiation of the trigonometrical functions is 
discussed; see Chap. VI, Art. 144. 
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133. 2. Case of small gradient throughout. When the gradient of a 
curve in a range is so small that its square is negligible compared 
with 1, we may employ the approximation K&d 2 y/dx 2 throughout. 

An important example of this occurs in the theory of the bending of beams, 
which, in constructional work, must remain very nearly straight when carrying 
their loads. According to the usual theory, the curvature of the axis of the 
beam at any point is proportional to the moment, about the point, of the forces 
on the part of the beam on either side of it. We suppose that the direction of 
the axis of x is chosen to make so small an angle with the tangent to the axis 
of the beam at any (every) point of its length that we can neglect ( clyjdx ) 2 
compared with 1 in the formula for the curvature. If, then, M(x) denotes 
the moment of the forces about the point x in the sense of rotation from Ox 
towards Oy , we have 

<“> 

where K is the factor of proportionality of moment to curvature and is inde- 
pendent of x if, as we assume, the beam is of uniform section. 

We now suppose that the forces acting are (or can be treated as) perpen- 
dicular to Ox , and consider two special cases. 

(i) For a part of the beam along which no external forces (loads or reactions 
at supports) are applied, the moment M (x) is linear in x 9 so that M (x) — Bx + C, 


where B 9 C are constants. 

Thus 



Kpt.,=Bx+C, 

dx~ 

(16) 

and therefore, (Ex. 3, Art. 

98. 3), 



K < ¥ = IBz*+Cx t -D 

dx “ 

(17) 


Ky =iBx* + ICx 2 +Dx+E, 

(18) 


where D, E are constants. Thus the axis of this part of the beam is (approxi- 
mately) bent to a cubical parabola. 

(ii) For a part of the beam on which the force is a uniform load per unit 
length, the moment M(x) is quadratic in x 9 so that M (x) —Ax' 1 + Bx + C 9 


where A, B 9 C are constants. Thus 

K ( £ji=Ax*+Bx+C. (19) 

and therefore 

K < i¥=lAx 3 + lBx*+Cx+D, ( 20 ) 

Ky =^Ax 4 +%Bx 3 + \Cx 2 +Dx -f E (21) 


Thus the axis of this part of tho beam is (approximately) bent to a quartic 
parabola. 

When the whole beam consists of parts for each of which either the con- 
dition (i) or the condition (ii) is satisfied, the values of the constants A 9 B , ... 
for the successive parts must be such that the deflection y and the gradient 
dy/dx are continuous. 
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Ex. 2. A uniform beam, of length l , is supported (without constraint of 
direction) at its ends and carries a single load IF at a point at distance a from 
one end, which is taken as origin. Shew that the deflection from the line of 
supports due to the load W is given by 


12 IKy = Wal(l 2 - a 2 ) + Wxa(2a -l)(a - 1) 

+ W{l\x -a\ 3 -(l - a)x 3 -a(l -a) 3 }, (22) 

y being measured downwards. 

[Here the forces of support at the ends are W (l - a) jl , Wa/l. The moment of 
the forces about the point x is - Wx(l - a)\l if x ^ a and - W (l - x) a II if x > a]. 


133. 3. Case of infinite gradient. If the tangent at P 1 (Fig. 100) is 
parallel to Oy , so that g becomes infinite 
there, the general formula (11) or (12) for 
k is not available for the determination of 
the curvature at P ± except by the applica- 
tion of a limit-process. Considering one 
side of P x we have 

dgjdx__ dg' 

(l+<7 2 ) 3/2 dx ' ' * 

Suppose that the positive sign applies, 
as at P in the Figure. Then if dg'/dx' 

varies continuously and has the finite value k x at P l9 the expression 

> being always equal to dg'jdx' on the side of P x considered, 

must have the finite limit k ± as P moves up to P v Similarly, if 
the negative sign in (23) applies on the side of P x considered, the 
expression on the left-hand side converges to - k x as P moves up 
to P v 

If in this case we employ y as independent variable, the curvature 
at P ly as defined with respect to the fixed direction Ox, is given by 



K 1 = (d 2 x/dy 2 ) 1 (24) 

The curvature is now positive (negative) if the curve is concave 
(convex) with respect to the direction Ox. 


Ex. 3. The circle x 2 +y 2 —a 2 . Here we have dyjdx — -x/y, d 2 y\dx 2 = - a 2 ly 3 , 
and hence, provided that | x | i= a, 


d 2 y\dx 2 _ a 2 ly 2 _ a 2 ly 3 _ 1 

~{1 +(dyjdx) 2 }*l 2 ~ “(1 +x 2 ly 2 fl 2 ~ ~ (c^jy 2 fJ 2 ~ T a’ 


the upper (lower) sign being taken if y is positive (negative). 
Since for y > 0 we have 


dgjdx _ 1 

(1 + g 2 ] 2 ! 2 ~ a 9 


(25) 


( 26 ) 
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the value to which the left-hand side converges when y-> 0 is - 1/a, and this 
is therefore the curvature at the points x = ±a, y— 0, regarded as approached 
from above. In the same way we prove that the curvature at these points, 
regarded as approached from below, is 1/a. 

Ex. 4. The parabola, (i) Axis parallel to Oy. If tho equation is y —ax 2 , we 
find dyjdx — 2 ax, dhyjdx 2 = 2 a, and honco we have 

k -—^L - (27) 

( 1 + 4a 2 # 2 ) 3 / 2 ( 1 + 4ay ) 3 / 2 

If we consider a range ( - h , h) of x such that 4 a 2 h 2 is nogligibly small com- 
pared with 1, tho curvature is equal to 2a throughout that range. 

(ii) Axis parallel to Ox. Taking y 2 —Iax as tho equation, we find 
dyjdx —2a\y, dhyjdx 2 = - 4a 2 /?/ 3 , and therefore, provided x^O, 

- 4 a 2 jy 3 _ - 4a 2 / ?/ 3 „ T __ 4a 2 _ . 

*" (1+4 a 2 /?/ 2 ) 3 / 2 ± (y' i + 4a a ) 3 7 2 /2/ 3 ~~ ' (y 2 + 4a 2 ) 3 / 2 [ 1 

the upper (lower) sign being taken if y is positive (negative). 

When y-± 4-0, the expression - Ia 2 j(y 2 + 4a 2 ) 3 / 2 has the limiting value 
- l/(2a). This, therefore, is the curvature at the vertex regarded as ap- 
proached from above. If the vertox is 
v approached from below, the corresponding 

limiting value is l/(2a). We obsorve that 
at 0 tho value of d 2 xjdy 2 is l/(2a). 

\ The curvature at any point P , (x f y), 

j f y N can also be expressed simply in terms of 

x the len S th of tho normal PN (Fig. 101). 

" Taking NP as of the same sign as y , wo 

have 

NP — y | sec y)\ ~ ?/>/( 1 + g 2 ), (29) 

Fig. ioi. and hence (1 +g 2 ) 3 ! 2 = (NPjy) 3 . Therefore 

_ 4a 2 /?/ 3 _ _ 4a 2 

(1 +g ,a ) 3 / 2 NP 3 K ' ’ 


Ex. 5. The ellipse and hyperbola. For the ellipse x 2 ja 2 +y 2 jb 2 = 1, we have, 
on differentiating the equation twice. 


5 4 . y dy 

a 2 + 6 2 dx 


- 0 , - 


1 1 fdy 


whence we find 


b 2 x d 2 y _ b 2 f 1 1 b*x 2 
a 2 y* dx 2 y \a 2 ^6 2 a 4 ?/ 2 . 


Therefore 




-6 4 /(a 2 ?/ 3 ) 


b*x 2 \ 3 t 2 ± (a*y 2 + b*x 2 ) 3 l 2 j(a 6 y 3 ) ~ (b*x 2 + a 4 ?/ 2 ) 3 / 2 ’ 


the upper (lower) sign being taken if y is positive (negative). 

This expresses the curvature in terms of the coordinates ( x , y). We can 
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also express the curvature in terms of the length, p, of the perpendicular OR 
(Fig. 102) from the centre O to the tangent RPT at P. We have 


p = OT sin(jr - tp) — OT sin tp f MT =y cot (n - tp) = -y cot tp, (34) 


where tan tp — - b 2 xl(a 2 y ). Therefore 


p 2 = (OM + M T) 2 sin 2 tp 
= (x - y cot tp) 2 sin 2 tp 

f x _ _y_V tan 2 V’ 

V tan tp) 1 + tan 2 y> 

~~ b A x 2 + a*y 2 9 


(35) 


so that, p being always regarded as 
positive, 



Therefore 


p 3 = a 6 6 6 / (b*x 2 + a 4 y 2 ) 3 / 2 . 


k = FF p z l{a 2 b 2 ), 

the negative (positive) sign being taken if y is positive (negative). 
Again, if PN is the normal at P, we have, as in Ex. 4 above, 

NP Z - y z (l + # 2 ) 3 / 2 , 

and hence 

-b*l(a 2 y 3 )_ b*/(a 2 y z )___ b‘ l 

K "' (!"+ </ 2 ) 3 / 2 ~ ~ ~NP 3 fy i ~ ~ a*NP 3 


(36) 

(37) 


(38) 

(30) 


The same formula is obtained for all points on the curve, the positive sense 
for the measurement of NP being that of Oy. 

The results (33), (37), (39) also hold for the hyperbola x 2 /a 2 - y 2 jb 2 = 1, and, 
recalling the result (30) abovo, we can state generally that the curvature of 
a conic section varies inversely as the cube of the normal. 

Ex. 6. A curve of the form y ~a x x 4 a 3 x z +a 5 x 5 is to touch the parallel lines 



shewn in Fig. 103 at P, P' and to 
have zero curvature at these points. 
Given OA—OA'—c, OQ — OQ' — h f 
LQAP =0 , find the appropriate 
values of the disposable constants 
a lf a 3 , a 5 . 

On account of the symmetry 
we need only consider the portion 
OP. The coordinates of P being 
{h, (h -c)tanO}, wo have, since P 
is on the curve, 

( h - c) tan 0 — a t h + a z h z + a b h 5 . (40) 

Again, since the gradient of the 
curve is tan 0 when x—h, we have 


tan 0 —a x + 3 a 3 h 2 + 5a s /fc 4 (41 ) 

Also the second derivative vanishes when x =h, since k= 0 there, and so 


0 = 6 a z h + 20 a 5 h z . 


(42) 
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From equations (40), (41), (42) we find 

=(i -^)tanO, a 3 = ^ tan 6, a s = _ tan 0 (43) 

The above conditions would naturally be satisfied by a line joining two 
parallel tracks of railway, although in practice the equation of the transition 
curve is not of the simple algebraic form assumed. 


Ex. 7. Formula for the curvature when the coordinates are given as functions 
of a parameter. If x —f(t), y = <p(t)> we have 

dy dx d 2 y dy d 2 x 

dy dt d 2 y _dt dt 2 dt dt 2 

dx dx 9 dx 2 

dt 


{dx V 

\di) 


.(44) 


Henco 


1 + 


dx d 2 y 
(I t dt 2 
(dyjdt 


\dxjdt 


dy d 2 x 
dt dt 2 

\dt ) 


dx d 2 y 
dt dt 2 


dy d 2 x 
dt dt 2 


)•) 


O' 


J*y 

b \dt 


)y 


• (45) 


whore, according to tho first convention as to the sign of the curvature, the 
upper or lower sign is to bo takon according as dxjdt is positive or negative. 

If we put x —at, y = ±bsj( 1 - 1 2 ), the curve is an ellipso, and tho student will 
easily recover tho formula (33) of Ex. 5 by means of (45). 

Ex. 8. Formula for the curvature when the curve is defined implicitly. If a 
curve is defined by tho relation f(x, y) =0, its curvature at any point can bo 
conveniently expressed in terms of the partial derivatives of f(x, y) by the use 
of the equations (4), (6) of Art. 88. We have 


dx + dy dx 9 


d 2 f ( d 2 f 


Hence k — ■ 


1 + 


dx 2 

dhy 

'dx 2 

777 


sy dp ay/dyy 

dy dx^ dx dy ) dx^ dy 2 \dx ) 


+ d J^l = 0. 

dy dx 2 


• (46) 


\dx 


aTz 


= =F 


/a/yay a/ a// ay 

\3 y) dx 1 dx dy V dy dx + dx dy 


ay 


UNIT) 


\j d iy d iL 

hfJ^Xdx) dy 2 


(47) 


where the upper or lower sign is to be taken according as dfjdy is positive or 
negative. 

a 2 / _ d 2 f 


We have already mentioned that, under normal conditions, 


dy dx dx dy ' 


134. Circle of Curvature. Its Radius and Centre. 

We have already seen that the radius of a circle is equal to the 
reciprocal of the magnitude of its curvature. We can therefore at 
once draw at any point of a curve, at which the curvature is known, 
a circle touching the curve and having the same curvature as the 
curve in the same sense. This circle is naturally called the circle of 
curvature of the curve at the point considered. If the curvature of 
the curve there is k, the radius of this circle is 1/| k |. 
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It is clear that this circle will approximate more closely to the 
curve in the neighbourhood of the point than a circle of different 
radius. For the deflections of any two curves from a common 
tangent at the same distance from the point 
of contact are ultimately in the ratio of the 
curvatures, and are thus in the ultimate ratio of 
equality if the curvatures are equal, and not 
otherwise. The circle of curvature is therefore 
also called the circle of closest fit at the point. 

The proximity of this circle to the curve in the 
neighbourhood of the point may bo investigated as 
follows. Taking axes P x x , P x y along the tangent and 
normal to the curve AB (Fig. 104) at P l9 then for 
the point ( x , y ) either on AB or on the circle of curvature at P l9 we liavo, 
by the l.D z .T , , 

2 / = **!** +*§**. ( 1 ) 



where the derivative is taken as somo point in [0, x]. If, now, x is small and 
we neglect the variation of dhjfdx 3 in the range (0, x) y wo obtain from (1) tho 
approximation 

/ y-/3,» < \ 

.( 2 ) 


y ***!* 1 +*©),**• 


Also, from the formula k — 


d 2 yldx 2 

HITT 


, we find 



so that (2) becomes 



For the circle, d^dx vanishos. Hence the difference of the ordinates of curve 
and circle is ultimately in a ratio of equality to \(dKldx) x x z 9 and is thus of 
the third order of smallness unless the rate of variation of the curvature 
of the curve AB vanishes at the point. This shews that the contact of a 
curve with its circle of curvature is, in general, of the second order only. 
We investigate below. Art. 136, conditions that the contact may be of higher 
order. 


The radius of the circle of curvature at any point is called the radius 
of curvature of the curve at the point. It is usually denoted by q. 
The radius of curvature of the curve is therefore 1/| k |, and we have 



u 


M.B.M.A, 
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The centre of the circle of curvature is called the centre of curvature 
of the curve at the point considered. Its coordinates are readily 
found. We consider, for simplicity, the case in which k> 0 and tp 
lies in the range (0, \n)y so that dy/dx> 0. If P (Fig. 105) is the 
point (x y y), and C y (f, r)) y is the centre of curvature, then GP = q = 1/k, 

and we have 



In a similar way we find 

LC i 1+ © 

r)=y + LC =y + - cosy =y + — 

dx 1 


(?) 


The formulae (6), (7) for the coordinates (£, rj) hold generally, 
whatever the signs of dyfdx or k. 


To prove this it is convenient to define xp in the trigonometrical manner as 
the angle which the directed axis Px' (Fig. 106) 
makes with the directed axis Ox. Then if k is 
the curvature at P measured with respect to 
the axes Px Py' > we have always for the coordi- 
nates (£, rj) of the centre of curvature O, the 
relations 


£ =zx — 7 sin w. 

K 


1 

rj —y H — > cos y>> 


.( 8 ) 


since PC is along Py' if is positive. 

Now it is seen at once that k — (sig cos xp) k, 
and therefore we have generally 

£=x - (sig cos v)h in V>< V=y + ( si 
Since sin xp =tan xp cos xp t these become 

f =x - -| cos xp | tan xp, r\ — y + - | cos xp |, 



.(10) 


where tan xp =dy/dx, | cos We are thus led back to the 

formulae ( 6 ), (7) above. 



ART. 134 ] 


CENTRE OF CURVATURE 


307 


It should bo observed, however, that the formulae £—x-&[ ny>/*» 
r\ ~y -fcosy/* do not hold generally under the convention previously intro- 
duced for the measurement of the slope y> of the (undirected) tangent, namelv 
that ip lies in the range (0, n). 

When y) = \n we have evidently rj — y and £=#±1/1*1 according as 
the concavity is to the right or left. 

The chord of the circle of curvature drawn in a definite direction 
through the point of the curve at which the curvature is being 
investigated is called the chord of curvature in the given direction. 


Ex. 1. The ellipse x 2 /a 2 -\-y 2 !b 2 —\. As in Ex. 5, p. 302, we have 

aW 

K ~ ZF (b i x*+a i y i ) 3 l* 


the upper (lower) sign being taken if y is positive (negative). The radius of 
curvature is therefore given by 

(b 4 x 2 4 - a 4 ?/ 2 ) 3 / 2 ^ f 

— w- (l2) - B 1 


At tlio ends of the minor axis, wliero h 

x — 0, y 2 = 6 2 , the radii of curvature arc fi f a J 

equal to a 2 jb . Also the expression on C T ?, J x 

the right-hand side of (12) has tho 

definite limit b 2 /a as y -> 0, that is, as ^ ^ 

x 2 -> a 2 , and so the radii of curvaturo at B / 

the ends of tho major axis are equal to / 

b 2 /a. Referring to Fig. 107, the centres { 'C 2 

of curvature C 19 C 2 for the points A, B ^ lw 1()7 

lie along AA', BB\ respectively. If the 

enveloping rectangle is drawn as shewn, and if a line is drawn through E 
perpendicular to the diagonal FH, this line cuts AA', BB' in tho points 
(7 X , <7 2 . For we have tan a — 6/a, so that 

AG X —b tan a — b 2 la. BC 2 —a cot a — a 2 /6 (13) 

Ex. 2. A chain is stretched botween two posts 100 feet apart and the sag 
in the middle is 1 foot. Assuming the curve to have a parabolic form, find 

the radius of the circle of curvature at 
y the middle point. Shew that the differ- 

ence between the ordinates of the two 
q 1 q curves at the positions of the posts is 

approximately 1/200 inch. 

Taking as axes tho tangent and normal 

° j at the lowest point, as in Fig. 108, whero 

P'P represents the chain (not to scale), 
Fig. 108/ the equation of tho parabola is of the 

form y —ax 2 , the constant a being deter- 
mined by the fact that P , whose coordinates are (50, 1), is on the curve; 
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thus a — 1 /2500. Since d 2 y/dx 2 = 2a we have k 0 = 2a , and the radius of curvature 
at 0 is thus given by 

0o = l/(2a) = 1250 feet (14) 


The ordinate to any point of the parabola is thus equal to x 2 I(2q 0 ), that is, 


x 2 /25Q0. 

Using ( x , y) now to denote any point on the circle of curvature, part of 
which is represented by Q'Q, its equation is, as in Ex. 2, p. 295, x 2 + y 2 - 2 g 0 y ■ - 0, 
and for it we thus have 


x 2 y 2 

V _ 2p 0 ^ 2p 0 ’ 


(15) 


When x =50 feet, we have y=MQ, x 2 I(2q 0 ) = MP — 1 foot, and the difference 
PQ between the ordinates is thus equal to ?/ 2 /(2£> 0 ), where y refers to the circle. 
In the calculation of this small term we may, as a sufficiently close approxima- 
tion, take for y the corresponding value of the ordinate of the parabola, 
namely 1 foot, and we thus obtain 


i ^% 0 = 2 i » fcot - 200 ,nc1 '- 


.(16) 


This Examplo illustrates the principle that when the gradient is small 
throughout, the original curve may be replaced by its circle of curvature at 
any point with considerable accuracy. 


135. Centre of Curvature as the Intersection of Coalescing Normals. 

We have obtained in Ex. 2, Art. 95, p. 203, expressions for the 
coordinates of the ultimate point of intersection of adjacent 
normals to a curve. We now shew that this limiting point is the 
centre of curvature at the point of the curve from which the coalesced 
normals are drawn. 

Let Pj be the point in question and let the axes of x and y be 
taken along the tangent and normal at P v The coordinates (£*, q*) 
of the ultimate point of intersection P* of adjacent normals, that 
is, the limiting position of the point of intersection R of the normals 
at P x and a neighbouring point P as P moves up to P ly are, accord- 
ing to equation (7) of the Example referred to, given by 


^ °’ n ( dg\dx )l 

Now (dgldx) 1 — K 1 and hence 

f* = 0, r/* = I=£i> 

K 1 


(1) 

( 2 ) 


and so P* coincides with the centre of curvature at P v 

It is therefore natural to speak of the centre of curvature as the 
point of intersection of coalescing 1 normals , the working notion being 


1 The traditional adjective employed here is consecutive , but it is now usually 
regarded as inappropriate. 
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that the point of intersection of the normals from two adjacent 
points on the curve can usually be taken, with sufficient precision, 
as the centre of curvature at either point, as in the case of a circle. 

Ex. 1. If PR, P'R are the normals at adjacent points P, P' of a curve and 
if the circle of centre R and radius RP intersects RP' in Q, show that the 
chords PP', PQ are ultimately in a ratio of equality when P' moves up to P, 
and that the projections of these chords on the tangent at P are also ulti- 
mately in a ratio of equality. 

Let L PRP' —<x,L P'PR =p, l QPR = y . Then 


PP' = RP\ PQ = ?Si? RQ y 
sin p sin y 


so that the ratio of the chords is 


sin y RP' 


Now when P' (and therefore also 


ou tuxct v vx itttiu kjjl uiiu io v wnuu x i unu tnui uiui u uiou 

sm p IiQ 

Q) moves up to P, R converges to the centre of curvature at P and RP' IRQ 
converges to 1. Also /?, y each converge to and therefore sin y /sin ft con- 
verges to 1. The ultimate ratio of the chords is therefore one of equality. 

Bearing in mind the cosine-law of projection, the second part of the Example 
at once follows. 


136. Order of Contact of a Curve with its Circle of Curvature. 

We have shewn (Art. 134) that, in general, a curve and its circle 
of curvature have contact of the second order. We may utilize this 
fact to determine analytically the coordinates (f, rj) of the centre of 
the circle of curvature and the radius of curvature p. Writing the 
equation of the circle as (x -£) 2 -f (y -r/) 2 = p 2 , we have 


(x-i) + (y-rj) 

II 

O 



(i) 

giving, for the circle, 




dy_ 

£ -i 

d 2 y p 2 

(2) 

dx 

y-n* 

dx 2 \y -rj) z 


If the equation of the given curve is y=f(x), the equations to 
be satisfied for contact of the second order at the point of abscissa 
x are 

(*-{)•+{/(*) /'(*) = r(x)= ~U^W 3 ’-" (3 > 

and from these we can determine f, r], p in terms of x, f{x), f'{x), 
f"{x). We find without difficulty 


f 


/>)[!+ {/W] 

/"(*) ’ 


V=f( x ) + ~ 


+(/'ML 2 

/"(*) 5 


„_[i +{/W ] 3/2 

in*) i ’ 


..(4) 


as in Art. 134. 

We now investigate conditions that the contact may be of higher 
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order than the second. We first express the successive derivatives of 
the gradient of the circle of curvature at the point of contact in terms 
of the gradient and its first derivative there, which are the same for 
the curve and the circle. To do this we observe that for any curve 
we have, writing g\ g f \ g'" for dgjdx , d 2 g/dx 2 , d z g/dx z , 


9 

(n-0 2 ) 3/2 ’ 

dK __ g" 3gg' 2 

dx ~~ (iTg 2 ) 312 ~ ( f + g 2 f 12 ’ 

d 2 * g'" Qgg'g" + 3g' 3 1 5g 2 g' 3 

dx 2 (1 +g 2 ) 312 l l+g 2 ) 5/2 ‘ (l+g 2 yi 3 ’ 


( 5 ) 

( 6 ) 
( 7 ) 


and so on. If, now, these formulae are applied to the circle of 
curvature, the derivatives of the curvature vanish, and from (6), (7) 
we havo 


d 3 y_ n "_zgg' i 

dx 3 J 1 +g 2 

d*y 3(1+ 5g 2 )g' 3 

dx 4 ‘ J {l+g 2 ) 2 ’ 


(8) 

( 9 ) 


and so on. 

Since for third order of contact of the given curve and its circle of 
curvature the third derivative of y with respect to x must be the 
same for the two, (8) must be true for the given curve and is the 
relation sought for this case. Similarly, for fourth order of contact 
the relation (9) also must be satisfied by the given curve. 


Ex. 1. Show that the curve y =~x 3 - (jx 2 + 11# - 6 has contact of the second 
order (only) with its circle of curvature at the point (1, 0). 

[We hero find dhyfdx 2 — 6 while, when 05 = 1, 3gg' 2 l(l +g 2 ) =216/5. The 
equation of the circle of curvature is found to be (x - §) 2 + (y + f) 2 = W* 
The student should draw the graphs of the cubic parabola and the circle of 
curvature in the neighbourhood of x = 1.] 

Ex. 2. The conics of third order contact and the conic of fourth order contact 
at a point of a curve. An equation 

ax 2 + 2 lixy + by 2 + 2 gx + 2 fy + c = 0, (10) 

of the second degree in x, y , can be made to represent any conic in the plane 
of the coordinate axes by appropriate choice of the ratios of the coefficients 
a, h f b f ... . On differentiating (10), we get 

ax +hy +g +(kx +by =0 (11) 

If the conic passes through the origin and touches the axis of x there, the 
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equations (10), (11) shew that c =0 and g =0. On dividing by / the equation 
(10) then takes the form 

2y —ax 2 + 2hxy + by 2 , (12) 

if we write a for -a//, and so on. 

Let y=f(x) be the equation of the given curve referred to axes along the 
tangent and normal at a point P 1 on it, and take (12) as the equation of a 
conic which touches it there. For tlio conic we have 


dy 

dx 


-ax + hy + (hx + by) 


dy 

dx * 


dhy 


3 -*(*+* 2)2 


d*y 

dx*' 


■ (13) 


At 1\, where x, y, dyjdx all vanish, we therefore have 



For the given curve we liavo from (5), ((>), (7), remembering that at P„ 
/( 0 ) = 0 , /( 1 )( 0 )= 0 , 

«i=/ (2) (0), (U\=m0). (g\‘m0)-W (15) 

Hence, for third order contact, we have, from (14) and (15), 

a~K l9 3 liKi—(dKldx) lf (16) 

and for fourth order contact we have, in addition, 


36/c l 2 



+ 3 K! 3 - 


4 fd K \ 2 
3/cj \dxj l 


(17) 


The equations (16) determine the values of a and h, and by varying 6 
arbitrarily, we get a family of conics each of which has third order contact 
with the given curve at the point considered. If, however, the contact is of 
the fourth order, the constant b is given by equation (17) and the conic is 
then completely determined. 

It is easily shewn that the centres of the family of conics having third 
order contact lie on a straight line through P v In fact, the centre (f, t]) of 
the conic of constants a, 6, h is given by 


These equations give 
whence we find 


0, h£+br] = 1 

(ab -h 2 )$ = -h, (ab-h 2 )rj=a f 


J_ h_ _ / / dK\ _1 f_d /l\\ 
tj a~~ \dxyi~3 \dx 


.(18) 

.(19) 

( 20 ) 


which proves the statement. 

The formulae (19) give the centre of the conic having fourth order contact, 
the constants a, b , h being given by (16) and (17). 
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137. Curvature in Oblique Coordinates. 

Let the curve AB (Fig. 109) be referred to oblique axes Ox , Oy , of 

inclination co, and let P Xi (x X) y x ), 
be the point at which the curva- 
ture is to be investigated. The 
gradient at a neighbouring point 
P , {x, y ), is, as in Art. 80, given 

by • dy 

sin o)-^ 

g = tany> = ( 1 ) 



1 + COS ft) 


dy' 

dx 


Fig. 109. 


From this we obtain the results 


d 2 y 

dg 8inco dtf 
dx 


i +g 2 = 


l+eos»2)’ 

l + 2 co su,f+(f)‘ 
dx \dxJ 

dy \ 2 

dx) 


•( 2 ) 


1 + COS ft) 


.(3) 


Now the curvature k x at P x is given by 

K i = (dg'/dx') x==Xl , (4) 

where ( x ', y') are the coordinates of P relative to the axes P x x ', P x y ' 
along the tangent and normal at P x , as shewn, and < 7 ' = (gr -g x )/(l + grgfj). 
At P x we thus have 


/W\ jgL dx ^ 
\dx'/„ 1 +U. 2 W#' 


r A 


f • d 2 y 

1 Sm0J dx i 


1+2 cos co~ 

^ dx 

fdyY 
^dx) , 


(a 


Also, from equation ( 12 ), Ex. 1 , Art. 80, p. 155, we have, for the 
case illustrated, 


/efo'\ _ 
\ dx) Tt ~ 




and hence 


1 +2 cos co + 

( ly) 

\dx 2 )~ 


(dy \ 2 
W. 


)■ 


sin ft) 


1 { i+2cos “(S„ + © a T'‘ 

This reduces to the formula ( 8 ) of Art. 133 when oo = %n. 


.( 6 ) 

•( 7 ) 
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The general formula 


sin co 


d*y 
dx 2 


k ~ 


[ dx \ dx, 
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(8) 


gives the curvature at any point under the first convention of 
Art. 133. 1, being positive (negative) if the curve is concave (convex) 
upwards. 


EXAMPLES XXIV 


1. Find the curvature of the curve y = a 3 /(a 2 + x 2 ) at the point where the 

tangent is parallel to Ox. [ - 2/a.] 

2. Two points P v P are taken on a curve and the chord P X P is drawn. The 
normal to the curve at P 1 meets the line drawn through P at right-angles to 
the chord P X P in the point Q. Prove that ultimately, when P converges to 
P v P X Q = 1 2/ K t |, where k x is the curvature at P v 

[Take axes along the tangent and normal at P v If P is the point ( x , y ), 
then P 1 Q=(x*ly) +y.] 

3. A curve of the form y —a+bx + cx 2 +dx 3 cuts Ox at x — 1 and has slope 
\n there ; it has zero curvature where x=2 and slope \n there. Find the 
constants a, 6, c, d. 

4. A curve whose ordinate y is expressed as a polynomial of the fifth degree 
in x touches Ox at O and has zero curvature there. The curve also passes 
through the point (1, 1) and has gradient § and curvature 1 there. Find 
tho coefficients of the polynomial and determine the points of contraflexure 
of the curve. 


5. Find the points of tho curve y — ljx 2 where the curvature is greatest. 


6. Find the curvature of the curve whose ordinates are obtained by a linear 
combination of the ordinates of a set of curves for the same abscissa. 

X4 r * r (l +g r *)W 


[if y=^ArVr’ « = 


{1 + (2A r g r y}w 


] 


7. If the equation of a curve is transformed from y —f(x) to y' —tp(x') by a 
change of rectangular axes, prove that = ± • 

[It is sufficient to suppose the axes merely rotated, since a change of origin 
alone does not affect the values of g and dgjdx. The result proves the in- 
variance of the formula for the curvature under a rectangular transformation.] 


8. Find the curvature at any point of the rectangular hyperbola 

*=(<■ + !)/(«* -1), y = 

[ ±(t 2 - 1 ) 3 l(t* + 6tf 2 -f 1) 8/2 according as Ul < 1.] 
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9. Find the magnitude of the curvature at any point of the hyperbola 

ax 2 + 2 hxy - ay 2 = 1. [(a 2 + h 2 )~ li2 (x 2 + 2/ 2 )~ 3/2 .] 

10. Find the coordinates of the centre of curvature of the semi-cubical 
parabola 9 y 2 -~4x 3 la , and hence find the locus of this centre. 

[The locus of the centre of curvature of a curve is called the evolute of the 
curve. Eliminate x between the equations 

, £=-#(1+2 x/a), y] 2 = $ ax(\\ + 4#/a) 2 .] 

1 1 . Find the curvature at the ends of the greatest and least ordinates of the 

conic ax' 1 + 2hxy + by 2 =c. r If a 3 q ~] 

L yc(ab - h 2 )J * J 

12. Shew that the curvature at the point (;]«, .]a) on the curve x 3 +y 3 = 3 axy 
is -8 V2/(3o). 

13. Find the curvature of the curve y ~ax +bx 2 + ... +kx n at the origin. 

[26/(1 +a 2 ) 3/2 .] 

14. Find tho conics having third order contact at the origin with the curve 

y ~ax 2 + bx 3 + . . . + kx n . [a 2 # 2 + bxy + hj 2 - ay — 0.] 

15. Find the points of the ellipse # 2 /a 2 +y 2 /b 2 = 1 at which the circle of 
curvature has third order contact. 


16. Show that if tho circle x 2 +y 2 -2yh=0 has second order contact with 
tho curve y~J(x) at the origin, whore f'(x) =0, thon h = l/* 0 . 

1 7. At two points P v P on a curvo straight lines P X Q v PQ are drawn making 
equal angles a with the corresponding tangents and on tho same sides of them. 
Shew that if a circle of diametor 1 1 /k x | is drawn to touch the curvo at P lt 
with its centre on tho same side of the curve as the line P x Q lf the ultimate 
point of intersection of tho lines P x Q ly PQ as P moves up to P x is the point of 
intersection of tho circle with P X Q X . [Compare Ex. 9, Set XVIII.] 

18. If in tho preceding Example a is a variable function artan y of the 
position of P on the curvo, show that the coordinates (£, ?j) of the ultimate 
point of intersection are given by 

' "(S.+o'+V).. ' ’ “ (1\ +<i 

where the axis of x is taken along the tangent at P x . 

19. A particle moves along a plane curve which touches the axis of x at the 
origin. Prove that if the coordinates (#, y) of the particle are expressed as 
functions of the time t, the acceleration along Oy when the particle is at 0 is 
given by d 2 y/dt 2 = K{dxjdt) 2 f where k is the curvature at the origin. 

[Use the result (45), Ex. 7, Art. 133.] 


20. A particle moves in a plane, the component velocities u , v at any 
instant t parallel to the axes Ox, Oy being given as functions of the position 
of the particle. Shew that the curvature of the path of the particle in the 


position ( x , y) is of magnitude 


dv r 
dx 


u 2 + 


dv 

Sy 


du\ 

dx) 


du 

UV — ;r — V 2 

dy 


\J (u* +v‘) , iK 
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21. Shew that if a curve is referred to axes along the tangent and normal, 
as in Fig. 104, the Taylor polynomial of the fifth degree for y in terms of x is 
expressed by 


1 _ 

: 2 ! 1 


1 

'3! 


((Ik' 

v , 1 

(d' l K _ ' 

\ A 1 / 

Vdr, 

)y+T! 






a; 5 . 


22. An ellipse of axes 2a, 26 always touches tho rectangular axes Ox, Oy. 
It is roquired to find the greatest and least distances from O of the points of 
contact when tho ellipse is rotated. If tho ellipse touches Ox at A and OA( = r ) 
is an extreme distance, shew that kv = cot a, where k is tho curvature of the 
ellipse at A and a is tho inclination to Ox of tho radius from 0 to its centre. 
Shew that tho coordinates (x, y) of the centre of this ellipse are to be found 
from 3y 6 - 2(« 2 +6 2 )y 4 -a 2 6 2 y 2 4 a 2 6 2 (a 2 +6 2 ) =0, x 2 4-y 2 — a a +6 2 , and find the 
relation botwoen r and y. 


23. Two arcs of circles, each of radius r , touch Ox at tho points x~c,x~ -c, 
and have their concavities in opposite senses, that of tho former being up- 
wards. A transition curvo of the form y — djX 4- a 3 x 3 is to connect the arcs, 
having the same gradient and curvature as tho arcs at the points of contact. 
Shew how to find the coefficients a l9 a 3 , the coordinates (h, k), ( - h , -k) of 
the points of contact and the gradiont at tho points. 

Shew that if c/r is small compared with 1, /i^c>/3, k~(2 - s/3)c 2 lr, 
<ti~ -i(2 - s/3 )c/r, a 3 «s/3/(18cr). 

24. Find the curvature at the origin of each of the two branchos of the 

curve x-l -t 2 , y=t -l 3 . . 1 , . , , n 

[1- when £ = ±1.] 

25. A uniform beam of length l is slightly bent by a weight W applied at 
one end, the other end being hold horizontally. Find tho doflection at any 
point. 

[The bending moment and hence the curvature is proportional to tho 
distance from the loaded end. Tho deflection at distanco x from the fixed 
end is given by 6Ky = Wx\\M - a?).] 


26. Shew that the equation of the circle of curvature at the point (£, rj) of 
a curvo is 


m 2 - y 

2 x — £ 

y ~n 

d/ii 2 

d§ 

dy 

dt 

dt 

lit 

d 2 /i 2 


d 2 rj 

~dt 2 ~ 

dt 2 

dt 2 


whore m 2 =x 2 +y 2 , y 1 = £ 2 4- y 2 and t is a parameter specifying the coordinates 
of the curve. 


27. Each point of a curve y=f(x) is transformed by the substitution 
£~ax, r)~py. Shew that tho radius of curvature is multiplied by 
(a 2 cos 2 y> 4-/? 2 sin 2 y ; ) 3/2 /( a /?)> where xp is the slope of the original curve at (x, y). 

If the original curve is the circle x 2 4 -y 2 —a 2 , employ this result to shew that 
the radius of curvature at any point of tho ellipse x 2 /a 2 +y 2 jb 2 = 1 is 
(a 2 sin 2 6 + b 2 cos 2 6) 3/2 /(o6), 

6 being the eccentric angle of tho point. 
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28. A transformation of coordinates is effected by the change from axes 
Ox, Oy , of obliquity co, to axes Ox', Oy', of obliquity co', where LxOx' — 0. 
Find the connection between the coordinates (x, y), (x', y') of a point P in the 
two systems in terms of cot %6, and shew that if the equation y =f(x) of a curve 
transforms to y' =(p(x'), then 


<Py 

dx* 


dV 

dx '* 


1+2 cos co 


Ml )T = { 


1+2 cos co 


,dy' 

dx 


3/2 * 


Ml?} 


29. If a curve is specified by the equations x = f(t ), y =cp{t) relative to axes 
of obliquity co, show that the curvature at any point is given by 

f(t)<p"(t) -f"(t)cp'(t) 


k = ± sin co 


[{f'W } 2 + 2 cos co S' (t)cp'(t) + {9?'(0} 2 ] 3/2 * 
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CHAPTER VI 

THE TRIGONOMETRICAL FUNCTIONS 

138. Introductory Remarks. 

We now proceed to consider the application of the Differential 
Calculus to the Trigonometrical Functions, which constitute the 
most familiar examples of transcendental functions. The connec- 
tion between the trigonometrical functions of Analysis and the 
trigonometrical ratios as defined geometrically has been explained 
in Chap. I, Art. 15, and the continuity of the functions has been 
demonstrated. We suppose that the student is acquainted with 
their fundamental properties as arising geometrically, and here give 
merely a short summary of such properties and formulae as are 
required below. 

139. Summary of Properties and Formulae. 

139. 1. Bounds of the functions in the range [ - oo , oo ]. The func- 
tions sin # , cos x each have - 1 as lower bound and 1 as upper bound, 
or symbolically, | sin x | ^ 1 , | cos x | ^ 1 . The functions tan x , cot x 
are unbounded above and below, while the values of sec x , cosec x 
are each restricted to the ranges [-oo, - 1), (1, oo ]. 

139. 2. Even and odd functions. The functions cos#, sec# are 
even, while sin #, tan #, cosec #, cot # are odd ; for example, 
cos ( - #) = cos #, sin ( - #) = - sin #, tan ( - #) — - tan #. 

139. 3. Periodicity and quasi-periodicity. The functions sin#, 
cos #, cosec #, sec # are periodic each with period 2jz, while tan #, cot # 
are periodic each with period n\ for example, sin (# -f 2 wtz) — sin#, 
cos (# + 2 nn) = cos #, tan (# + nn) = tan #, cot (# + nn) — cot #, where n 
is any integer. 

For sin #, cos #, cosec #, sec # the effect of changing the argument 
by an integral multiple of n is to reproduce the magnitude of the 
function, but if the multiple is odd there is a change of sign ; for 
example, sin(# + jr)= -sin#, cos (# + tz) = -cos#. This property is 
described by saying that the functions mentioned have the quasi- 
period n. 
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139. 4. Supplementary and complementary arguments . We have 
the following relations. 

(i) Supplementary arguments : 

sin (tz - x) = sin # , cos (tz -x)~ - cos #, tan (jz -x)= - tan x, 
cosec (jz - x) = cosec #, sec (tz - x) — - sec x , cot (tz - x) — - cot # 

(ii) Complementary arguments : 

sin (\tz -x) =cos #, cos (\tz -x) =sin x , tan (Jte - #) == cot #, 'j 
cosec -x) = sec a:, sec (\n ~x) = cosec #, cot (|jr -#) =tan#./ ^ 
The relations 

sin (a; + |tt) = cos x, cos (# + = - sin x , 'i 

tan (a; + ^ jt) — - cot #, cot (x + \ti) — - tan #, / 


( 3 ) 


corresponding to an increase of amount \tz in the argument, follow 
at once from the above relations. 

139. 5. Image properties. From the relations (2), (3) we deduce 
the relations 


sin ( \tz - x) = sin (\n- I-#), cos (\tz -x)= -cos (\tz-\-x) (4) 

The former of these shews that sin x has equal values for values of 
the argument as much below as above the value \tz, a property 
which is described by saying that sin x has a positive image in 
the point x = \n. In the case of cos x there is a negative image in the 
point x — \tz . 

Other image points for the above and the remaining trigono- 
metrical functions are seen at once from their graphs. 

139. 6. The Pythagorean relations. These are expressed by 

cos 2 # + sin 2 # — 1, 1 +tan 2 # = sec 2 #, cot 2 # 4- 1 = cosec 2 #. ...(5) 


139. 7. Addition Theorems. These are expressed by 
sin (#! ± # 2 ) = sin x x cos # 2 ± cos x x sin # 2 , 
cos (x 1 ± i x 2 ) = cos#iCos# 2 : Fsin# 1 sin# 2 , .. 

fan (-T. j.* = tan x t ± tan x t 

1 27 l I f : tan# 1 tan# 2 


( 6 ) 

(?) 

(8) 


(i) Special cases and extensions. We have, as special cases, 

sin 2# = 2 sin # cos #, cos 2# = cos 2 # -sin 2 #, tan2# = --^^-f- . (9) 

1 - tan 2 # v 7 

From the second of these, we obtain, with the aid of the Pytha- 
gorean relations, the important results 

cos 2 # = |(1 + cos 2#), sin 2 # — 1(1 - cos 2#), 


( 10 ) 
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which are constantly used in the forms 

1 + cos £ = 2 cos 2 !#, 1 - cos x — 2 sin 2 |# (11) 

(ii) Factorization of sums of sines and cosines . We have 

sin # x + sin x 2 = 2 sin l(x 1 + x 2 ) cos ^{x 1 -x 2 ) 9 (12) 

sin#! - sin x 2 = 2 cos i(%i + x 2 ) sin \(x x - x 2 ), (13) 

cos x x + cos # 2 = 2 cos \ (x 1 + x 2 ) cos |(# x - x 2 ) , (14) 

cos # x - cos x 2 = - 2 sin ^ (# x 4- # 2 ) s i n 2 ( x i ~ # 2 ) (15) 

Ex. 1. Prove the results 

sin. 3x — 3 sin x - 4 sin 3 x , cos 3.c — 4 cos 3 a; - 3 cos x (16) 


139. 8. Expressions for sin#, cos#, tan# in terms of tan \x. 
have 


2 tan \ 

1 4 -tan 2 -^# ’ 


cos# — 


1 - tan 2 1# 

1 4 - tan 2 1# ’ 


tan x — 


2 tan I# 

1 - tan 2 1# * 


We 

(17) 


140. Sinoidal Functions. Extension of the Term ‘ Sine Function *. 

From the physical point of view, the graph of the function sin x 
(or cos #) may be regarded as representing an infinite train of waves 
in which the form repeats itself after a distance 2 n. This distance, 
which is the wave-length of the train, is often called the wave-length 
of the graph , or the wave-length of the function. The amplitude of the 
wave is its maximum height above the mean level, and this term 
is also applied to the graph or to the function, whose amplitude is 
therefore 1 in the present case. 

If, now, we consider the graph of the function 1 a sin (m# 4- a), 
where a , m, a are constants, we see that it may be derived from that 
of the function sin # merely by adjusting the scales along the axes 
and shifting the origin along the axis of #. The points of intersection 
of the graph with the axis Ox are given by sin (m# 4 - a) =0, that is, 
by mx 4 - a = ni r, or 


x= (nn - a), 
m v ' 


( 1 ) 


where n is an integer. The form of the curve repeats itself when 
m#4-a changes by an amount 2tt, that is, when # increases (or 
decreases) by an amount 2nj\ m |, and this is accordingly the period 
for #, or the wave-length of the graph. The maximum ordinate is 
| a |, which is the amplitude of the graph or of the function. The 
constant a is often called the phase-constant. It is clear that the 

1 The notation here follows the general rule for a function of a function, thus 
sin (mx +a) =sin u f where u =wx -fa. 



320 


MATHEMATICAL ANALYSIS 


[CH. VI 

constants a, m can always be taken positive by adjusting the value 
of the phase-constant a. Further, the function a cos (mx -ha) can 
be included in the same form, for it can be written a sin (mx -f a -f \n). 

Functions of the form a sin (mx -f a) are called sinusoidal , or more 
simply, sinoidal functions of x , but when no confusion can arise it is 
common to refer to them as sine functions of x by an extension of 
the meaning of that term. Such a function is completely defined by 
its amplitude, wave-length and phase-constant. If these are a, X, a, 

respectively, the sine function is a sin x + ocj . 


Ex. 1 . Express the function a sin x + b cos a; as a sinoidal function, and 
hence shew that \a&inx + bcosx\<:>J(a 2 + b 2 ). 

We can always find constants E , a, (E >0), such that 

a ~E cos a, b = R sin a, (2) 

for if we look upon (a, b) as the coordinates of a point P in a plane, E is simply 
the length of the radius OP and a its inclination to the axis of abscissae. 
From (2) we find 

R 2 =a 2 +b 2 , tana=6/a (3) 

Wo can therefore write the given function in the form 

sj(a 2 +6 2 )(cos a sin a? +sin a cos#), or sj(a 2 +b 2 ) . sin (a? -f a), ...(4) 

It follows that its maximum value is >J(a 2 +b 2 ) and it occurs when 
x -fa =2 nn (n any integer), that is, when tan a; = cot a =a/b. 


sin x 

141. Potential Continuity of the Function — — at x = 0. 

In proceeding to the derivatives of the trigonometrical functions 
we require the following theorem : 

The function (sinx)/x is potentially continuous at # = 0, and its 
completing value there is 1. 

In the language of limits, the theorem asserts that (sin a;)/# has 
the definite limit 1 as a: converges to zero, and is represented 
symbolically by 


i . sin a; . 
lim — 1. 

x-+0 


(i) 


We shall assume that the student is familiar with the theorem in this 
form. It is proved geometrically in books on Trigonometry. An 
analytical proof would, at this stage, be rather too elaborate. 1 

1 One such method follows closely that used for the exponential function in Art. 
1 58. See Ex. 1 7, Set XXVI. 
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The e-condition for the potential continuity of the function in 
question when x = 0 is expressed by 

gin % 

1 < £) (g arbitrary), for \x\ <h, (A. appropriate). 1 ...(2) 

x 

If we denote the completed function by f s * nx \ ? we have (— — 1. 

' X ' ' X f o 

/ gin < x> \ 

A characteristic portion of the graph of the function f ) is 

' x * 

shewn in Fig. 110, the range of x being from about - 2 tt to about 2n. 



-27T -7T 0 I 7T 2 7T X 

Fig. 110. 
sin x 





142. Derivatives of the Trigonometrical Functions. 

It is sufficient to investigate the derivative of the sine function 
alone from first principles, the derivatives of the remaining functions 
being obtained immediately by the use of the general theorems 

1 Actually we shall shew, Ex. 1, Art. 146, p. 337, that | - 1 | ^ %x 2 t and therefore 

I — - 1 | < e if \ x\ < N /(6e), so that s/(6e) is an appropriate value of h. 


x 


M.B.M.A. 
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established in Chap. II for the derivatives of combinations of 
functions. 

142. 1. Derivative of sin#. Taking x x as starting point and A# 
as the increment of argument, y x and A y being the corresponding 
starting value and increment of function, we have 

y x ~ sin#!, y x + Ay — sin (x x + A#), (1) 

so that 

A y sin {x x + A#) - sin x x 
A#” A# 


2 cos (x x + |A#) sin \Ax 
A# 


. -j . . sin A A# 
- cos + 


Now cos (# 1 + ^A#), that is, cos %(x x + x), is a continuous function 

sin “A# 

of #, having the value cos#! when # = # 1 , and - x * is potentially 

■gZX# 

continuous at the value x x of # (where A# = 0), the completing value 
being 1. The right-hand side of (2) is therefore potentially con- 
tinuous for the same value of # and its completing value is the 
product of cos#! and 1, that is, cos#!. We have thus proved that 
Ay/ A# is potentially continuous and has the completing value cos#!. 
The function sin # therefore has a definite derivative at x x and its 
value is cos x x . Since x x is any value of #, we may drop the suffix 
and write 

dsin# 


dsin# 


= sin (# + \n). 


The second form of the derivative is very convenient in the discussion 
of higher derivatives. 

142. 2. Derivative of cos #. Writing cos # = sin (# + \n) — sin u, 
where u = x + \n, we have, on employing the rule for the derivative 
of a function of a function, 

d cos # _ d sin (# + %n) _ d sin u 
dx ~ dx ~ dx 

_dsinu du 
du dx 


= cos ux 1 

— cos (# -f \n) = - sin #, 


( 6 ) 
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Ex. 1. Establish the following results, where a, m, a are constants : 

(i) ~^asmx=acosx, (iii) -- a sin (?nx + <x) =tna cos (mx + a), 1 

d . I - (6) 

(ii) sin mx ~m cos mx y (iv) a cos {mx + a) = - ma sin (mx + a). I 

142. 3. Derivatives of the remaining trigonometrical functions. The 
derivatives of the secondary trigonometrical functions can now be 
written down. We have the following results : 

d sin # . d cos # 

... dt&nx d sin# dx dx 

' 7 dx ~ dx cos x ~~ cos 2 x 

cos x cos x - sin x ( - sin x) cos 2 x + sin 2 # 1 „ , 

= * 1 1 = ^ = - = sec 2 #. ( 7) 

cos 2 # cos 2 # cos 2 # v 7 

.... d cosec# d 11 

(ii) — = % - — — - - 0 -cos#= -cosec#cot# (8) 

' 7 dx dx sin # sm 2 # v 7 

..... dsecx d 1 1 . 

(m) , =j o ( -sm#)=:sec#tan# (9) 

dx dx cos # cos 2 # 7 v 7 

,. x d cot# d 1 1 . 0 

(iv) i -■-= 7 t = - ; sec 2 #= -cosec 2 # (10) 

' dx dx tan # tan 2 # v 7 


The equivalent forms 


dtan# _ , 0 d cot# 

- = l-ftan 2 #, — : 
dx dx 


(1+cot 2 #) (11) 


should also be noted. 

In cases (i), (iii), the values n of # must be excluded, and in 

cases (ii), (iv), the values nn , (n an integer), since for these values 
of # the functions concerned are undefined (infinite). 

Ex. 2. The function (sin#)/#, (#=f 0). For the derivative we have 

df sin#_cos# _sin#_#cos# -sin# 

dx x x # 2 # 2 ' 


• / sin \ T 

The derivative of the completed function f ) at # — 0 is investigated 

in Ex. 3, Art. 146, p. 338. V * J 

Ex. 3. The functions sin - , # sin - . Writing u — 1/#, we have 

# # w 

, . 1 

asm , . . j . , - % 

# asinw aw asinw / 1 \ 1 1 


dx dx dx du \ x 2 ) C0S U # 2 COS # ’ 

d . 1 . 1 d Sm x .11 1 

j- x sm =sin - + # — ; — = sm cos - 

dx x x dx xxx 
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The former of the given functions is undefined when x—0, but, as in Art. 
55, the latter is potentially continuous there, the completing value being 0. 

The derivative of x sin^ does not, however, converge to a finite limit as x-+ 0. 

Portions of the graphs of the two functions are shewn on p. 89. 


Ex. 4. The function y — sec m (ce tan lx). Writing x tan \x - -v, we have 
y —sec m v. which becomes y — u m on putting sec v—u. Then dyjdu 
du/dv =sec v tan v , dv/dx = tan \x + \x sec 2 %x. 

The extension of the rule for the derivative of a function of a function now 
gives 


dy dy du dv M . , /t . . „ , „ 

r " r r t = niu m ~ l . sec v tan v . (tan Lr + \x sec 2 lx) 
dx du dv dx v & * * 

--m sec™ (x tan \x) . tan ( x tan \x) . (tan lx + \x sec 2 \x) (15) 

Ex. 5. Find approximately the abscissae of the points of intersection of the 
line y —x + 6 with the curve y =2 sin x. 

At a point of intersection we have x + 6 =2 sin x. The distribution of the 

roots of this equation may, at 
first, be indicated graphically. 
In Fig. Ill, portions of the 
graphs of the functions x + 6, 
2 sin# are drawn, and there 
are seen to be three points of 
intersection P x , P 2 , P 3 , whose 
abscissae are approximately 
-4-2, -6-6 and -8*0. In 

applying theoretical considera- 
tions to the investigation of 
the roots, we first make use 
of Rolle’s Theorem. Writing 
f(x) —x + 6 - 2 sin#, we have 
/' (x) — I - 2 cos x, which van- 
ishes when cos x = J, or when 
x=2nn±^n, ( n an integer). 
Since | since | ^ 1, f(x) is positive if x > - 4 and negative if x < - 8. The roots 
are thus to be sought in the intervals [ -8, ~ln), ( -Jjr, - jjn), ( -§n, -4], 
The following scheme shews that thero are three roots. 



X 

-8 

-In 

— i ^ 

-4 

/(*) 

- 

+ 

- 

+ 


Approximations to these roots may be readily found with the aid of a set 
of tables in which the values of the sine are tabulated for angles expressed in 
radians. A large table in this connection is that of Hayashi, 1 in which, for 
a wide range of values of x, there are tabulated, among other functions, 

1 Hayashi, Siebenstellige Tafeln der Kreis- und Hyperbelfunktionen, Berlin, 1926. 
In using the Tables the student should be on his guard against misprints, especially 
in leading figures. 
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(i) the degree measure of x radians, (ii) sin .r, (iii) cos x , (iv) tan .r, (v) arsin x , 
(vi) arcos x , (vii) artan x , all in parallel columns. The process of using such 
a table for the purpose described is as follows. Suppose that w v e consider the 
root in the interval ( -4) and start with the value -4*1 of x. The 

value of f(x) is then -4-1 4-6 - 2x0 8 18, or 0-264. If next we try x = -4-2, 
we get f(x) -=0-056, while for x= -4-23, wo get f(x) = -0-0018. Tho root is 
thus slightly greater than - 4-23. 

Approximations to the remaining roots, determined in tho same tentative 
way, are -6-58, -7-98. Closer ap- 
proximations can now be obtained in 
each case by employing Newton’s 
method, as described in Art. 117. 

Ex. 6. Find the angles at which 
the curves y =x 2 , y — cos a? intersect. 

At a point of intersection we have 
.r 2 =cosa;, and on account of the 
symmetry, it is sufficient to consider 
the point for which x, y are both 
positive. An approximation to the p IG< U2. 

root can be made in the tentative 

way described above if we employ Barlow’s Tables of Squares , for example, 
in conjunction with Hayashi. We find, after some trials, 

x -0-824, x 2 =0-6790, cos # -^0-6793 (16) 

and the value 0-824 of x is a sufficiently close approximation for the present 
purpose. 

Referring to Fig. 112, we have 0 = tp 2 -y> l9 where 0 is the angle sought and 
tan yj l9 tany> 2 are the gradients of the respective curves y = x 2 , y =cos# at the 


point considered. Now 

tan \p x =2x = 1-648, tan y> 2 — -sin x = -0-734, (17) 

and, restricting \p x , y> 2 to the range (0, ti), wo have 

xp x = artan 1-648 = 1-025, y/ 2 = 7i -artan 0-734 =2-508, (18) 

and hence 0 — 1-483 radians =84° 58', nearly. 



Ex. 7. A rod AB, of length a, is pinned to a fixed point at A and is free to 


B 



Fig. 113. 


Denoting the distance AC (Fig. #13) 
have x — a cos 0 4- 1 cos <p, and therefore 


rotate in a vertical plane. To the 
end B is pinned a second rod BC , 
of length l (greater than a), and the 
end C is constrained to move along 
the horizontal line AC. If A B is 
made to rotate with constant angu- 
lar velocity a>, find the velocity of 
C when AB makes an angle 6 with 
the horizontal. 

by x and the angle ACB by (p y we 


dx 

dt 


. n dd 7 . dw 
-osinO . -Ismcp-f- 
at at 


(19) 
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Also asin0 =lsin (p, so that 


n d0 , dtp 
a cos 0 -=- = l cos w ~ . 
dt r dt 


.( 20 ) 


On eliminating dyjdt, we get 
dx 


dt 


= - a sin 


. n sm®cos0\d0 sm(0 4-a?) /olx 

in0 + — j- = -coa (21) 

cos / dt cos (p 


1 


Again, since sin (p = ^ sin 0 , we have cos <p - a 2 sin 2 0), and hence 

da; . a cos 0 't 

dt l sj{l 2 -a 2 sin 2 0)/ 

- 1 / 2 . 


= - coasin 0 1 1 cos 0 ^1 sin 2 0j j. 


.(22) 


To a first approximation, in which we treat ajl as negligible compared with 
1, we have 

dx 
dt " 


- ( oa sin 0 (23) 


If, next, we omit terms involving powers of a/Z greater than the third, we 
may write 


1 - ~ sin 2 0 
l z 


- 1/2 


] + 2li sin*d, 


.(24) 


and to this order of approximation we have 

-coasin0 jl +^cos0(^l -f ^ 2 sin 2 0^)| (25) 

If we now neglect a 8 // 3 as being small compared with 1, we get the approxima- 
tion 

-caasin0^1 + j cos Q^j = -wa^sin0 -f |^sin20^ (26) 

This Example finds a practical application in the ordinary crank connecting- 
rod mechanism in a reciprocating engine, AB corresponding to the crank, 
BG to the connecting rod, and G to the piston. 


143. Derivative of sin* x with respect to x. 

Using the notation sint x for the analytical function whose value is equal 

to the sine of an angle of x degrees, we have sint x =sin^^ , and therefore 

1 8U 


, . 71X 

, . . asm .-^r 
d sm t x 180 

dx ~ dx 


71 

180 


180" 


n 

180 


cost x. 


(1) 


The same awkward factor tt/ 180 appears in the derivatives of each of the 
functions cost x y tant x f cosect x f sect x , cott x. It is avoided, as we have 
seen, when the analytical trigonometrical functions are defined in terms of 
the trigonometrical ratios of angles measured in radians , and the radian 
measure is introduced into Trigonometry for this reason. 
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144. Further Formulae for the Curvature of a Curve. 

With the aid of the derivatives of the trigonometrical functions 
we can obtain some simple transformations of the ordinary formula 
for the curvature of a curve, as given in Chap. V. Starting with 


dg/dx 

K ~~(l+~g i W 2 ’ 


( 1 ) 


and introducing tan ip for g , we get 


2 dy 
sec 2 ip / 
r dx 

(1 + tan 2 ^) 3/2 


sec 2 ip 


dip 

dx 


isec 3 ip 


= ±cos ip 


dip 

dx 


■ :t 


d sin ip 
dx ’ 


( 2 ) 


where the positive or negative sign is to be taken according as ip lies 
in the range (0, %n) or ( \n , n). This is equivalent to the result 

’ given in Ex ' l> Art ' 133> l ’ p - 299 ‘ 

Again, we have 


d cos ip . dw . , dip dip d sin ip 

, r = -sint/; / — - sint/; cot t/; 7 -= -cost/; / = j — - 

dy dy r 7 dx T dx dx 


...(3) 


and we may therefore also write 


K - — 


_ d cos ip 
dy 


(4) 


where the negative or positive sign is to be taken according as ip is 
less or greater than \n. This is equivalent to the formula 

K ~ ~ dy V(1 Y(f ) ^ 

We shall subsequently introduce a more general convention for 
the measurement of the slope ip and with it a convention for the 
measurement of the curvature, whereby the formulae 


_dsmip _ d cos ip 
dx ’ K ~ dy~’ 


( 6 ) 


hold in all cases ; see Chap. XII, Art. 284. 

The above simplified formulae were referred to in Art. 133. 1, 
Chap. V. 


Ex. 1. The parabola y 2 = 4 ax, (y > 0). 


We have 


=2 a. whence 

u dx 


y = 2a cot tp. 


(7) 
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1 = - 2a cosec 2 ip ™ = - 2a cosec 3 ip sin ip - 2a cosec 3 


d cos ip 

dj~’ 


and since t/> lies in the range (0, \n)> the formula (4) gives 

sin 3 ip 

K " ~ ~2a~ 


(8) 

(9) 


145. Successive Derivatives of the Trigonometrical Functions. 

145. 1. Successive derivatives of sin x. Writing f(x)—sinx y we 
have 

f a) (x) — cosa; = sin (x + \n) y (1) 

as in Art. 142. 1, and, on repeating the process, we have 

/ ( 2 >(a;)— cos (x + \n)= sin (x + Zn) (2) 

It is plain that the successive derivatives are obtained by increasing 
the argument of the sine by \n at each stage, and the general 
derivative is therefore given by 

f(n)^ x )—sin (x + \nn) (3) 

145.2. Successive derivatives of cos a;. Writing f(x)=cosx, we 
have, as in Art. 142. 2, 

f^)(x)~ - sin x — cos {x + \n) y (4) 

and, as in the case of sin x, the general derivative is found to be 
given by 

f {n) (x) — cos (x + \nn) (5) 

145. 3. Successive derivatives of the secondary trigonometrical 
functions. No such simple formulae as the above exist for the general 
derivatives of the other trigonometrical functions. If derivatives 
of fairly low order only are required, it is usually simplest to carry 
out the successive differentiations directly, but otherwise it is more 
convenient to employ ‘ recurrence ’ formulae giving the successive 
derivatives linearly in terms of preceding derivatives. 

(i) Case of tana;. Writing y = tan a;, we can put y cos x = sin x 9 
and, on equating the nth derivatives of the two sides of this equation, 
employing Leibniz’s Theorem for the product on the left, we get 

yi(yi p 

«/ (n) cos x + w 2 / n_1) cos ( x + \n) + — - 1 /"- 2 * cos (x + ‘in) + ... 

+ y cos (x + \nri) = sin (x + \nn) . 


( 6 ) 
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A second recurrence formula is obtained by starting with the 
equation dyjdx = 1 -f tan 2 x , or 

2/ (1) = 1+2/2/, (7) 

and equating the nth derivatives of each side, using Leibniz’s 
Theorem for the product yy. We get 

y(n+ d _ y^y + ^ ^ --- + ... -+ + yy^ n \ ( 8 ) 

By giving to n the values 1 , 2, ... in turn, the successive deriva- 
tives are readily obtained from either of these formulae. 

(ii) Case of sec x. Writing y = secx, z — tanx, we have 

i/ (1) — sec x tan x — yz , (9) 

and on equating the nth derivatives, employing Leibniz’s Theorem, 
we have 

y(n+i) — y(n) z -fny( n “D^d) + y(n- 2 ) z ( 2 ) + ny {x) z {n ~ x) yz {n \ (10) 

from which the successive derivatives of sec x can be written down 
when those of tan x are known. 

(iii) Cases of cosec a;, cot a:. Since eosec x = - sec [x + \n) and 
cota?= -t&n (x + %tz), the successive derivatives of the functions 
considered can be written down as soon as those of sec x, tan x are 
known. Thus 

d n cosec x _ d n sec (x + \n) d n sec u d n cot x _ d n tan u ... 
dx n ~ dx n ~ du n ’ dx 11 ~ du n ’ 

where u = x + \n. 

Ex. 1. Verify that the first five derivatives of tan x (==/) are : 

1-M 2 , 2t + 2t 2 , 2+8J 2 + 6* 4 , 16/ + 40* 3 + 24* 5 , 16+ 136* 2 + 240J 4 + 120f>. ...(12) 

Ex. 2. The function cos 2 x. Here we have 

2/0) = - sin 2x — cos (2x + }n), y( 2 ) = - 2 sin (2x + \n) -2 cos (2x + «ji), (13) 

and the general derivative is plainly given by 

y( n ) = 2 n_1 cos (2x + \nn) (14) 

Ex. 3. The circle x 2 +y 2 —a 2 . Introducing a parameter 0 such that 
x~acosQy y—a sin 0, as in Ex. 1, Art. 39, p. 57, we have 

dx . „ du n 

-,* = -osrny, -j^=acos0, (15) 

ao at) 

dy_~dyldd~_ cos 0 _ 
dx~~ dx/dO~ sin0~ 


and hence 


( 16 ) 
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d 2 y = d d V = d . ( d y \ d0 = cosec 2 0 - 1 - 

dx 2 dx dx dO \dx ) dx -a sin 6 


— — cosec 3 6. 
a 


.(17) 


If P, ( x , y), is a point on the circle (Fig. Ill), the parameter 6 is the 

measure of the angle xOP. If 
y) is the slope at P, wo have 
tan ip --- - cot 6, so that 



tp —6 + + nn, (n an integer). (18) 

The student should shew that 
(16), (17) lead to the formula 

k = 1 1 /a for the curvature, where 
the upper or lower sign is to be 
taken according as sin 0 , or y , is 
positive or negative. 

Ex. 4. Shew that at the point 0 
on the ellipse x~acosQ, y=bsinO , 
we have 

C { \ = - -= cosec 3 0 (19) 

dx 2 a 2 


'!•"=- 6 cot 0, 
dx a 


[The parameter 6 is the measure of the eccentric angle of the point concerned. 
The ellipse is obtained from the circle x 2 +y 2 — a 2 by orthogonal projection, as 
in Ex. 6, Art. 83. 4, p. 164, and this circle is called the auxiliary circle. If Q , 
on the circle, is the point of which P, on tho ellipse, is the projection, the 
eccentric angle xOQ is equal to 0.] 


Ex. 5. The cycloid. This is the path traced out by a carried point on the 
circumference of a circle which rolls along a straight line. Let Ox (Fig. 115) 
be the given line and P, ( x , y), the position of the point when the circle has 



turned through an angle 0 , P being initially at O. If G is the centre of the 
circle and NG is the ordinate to (7, we have ON — arc PN ~ad, the distance 
rolled over on the line Ox being equal to the arc rolled over on the circle. Hence 

x —OM —ON -MN =ON -PL^aO -asin0,^ 
y =MP =NC - LC =a -acosO. / 


( 20 ) 
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Thus, for any position of P we have 


x —a{0 — sin 0), y —a( 1 - cos 0), 


( 21 ) 


which are therefore parametric equations of the curve, 
given by 

du dyldO asin0 , 

y— — == " > 1 = COt £0. .. 

ax’ dx dO a(l -cos0) * 


The derivative is 
( 22 ) 


If rp is the slope of the tangent PT at P , we therefore have tany> — cot £0, 
so that 

y)=in - 10 (23) 


It follows that if we join PN , the angle TPN is equal to \n, since the angle 
PNG is equal to \n -\0. Therefore TP is perpendicular to PN, that is, PN 
is the normal at P. 

Again wo have 

dhj _ 1 d dy _ 1 d 

dx 2 ~ dxjdi) dO dx ~ dxjdO d0 COt ~ 


1 

a ( 1 - cos 0) 


( - l oosoc 2 10) -■= - ^ cosec 4 £0 (24) 


From the formulae (22), (24) wo find for the curvature at any point in the 
range (0, 2tt) of 0 , 

rfW -4a COsec420 1 

K ' {i +{dy /(/.r) 2 } 3 ' 2 (1 + cot 2 AO) 3 ' 2 4a cosec l ® 


Hence q = 1 /| k | — 4a sin 10 (26) 

Til the above Figure, PN is tho normal to the cycloid at P and we have 
PN — 2a sin £0. Hence, if l is the centre of curvature, J lies on PN, produced, 
and is such that PI 2 PN. 


Ex. 6. Simple harmonic motion. When the independent variable of a sine 
function is taken to be the time t elapsed since a certain instant, the function 
is commonly said to have a simple harmonic variation, or to be a simple 
harmonic function of the time. Suppose, in particular, that the sine function 
gives the displacement x, from a certain origin, of a particle moving along a 
straight line, so that we may write 

x —a sin(ojM y), (27) 

where a>, y take tho place of m, a in Art. 140. The particle is then said to have 
a simple harmonic motion (S.H.M.) in the lino. Since, as t increases, sin(co£ +y) 
oscillates between -1 and +1, its values recurring after a time 2 n/co, the 
particle oscillates between x — -a and x ----- -fa and resumes its position after 
that time. The S.H.M. is therefore also described as a S.H. oscillation of 
amplitude a (the half-range), period ^njco, and phase-constant y. The frequency, 
that is, tho number of oscillations per unit time, is the reciprocal, coj2n, of the 
period. The phase-constant gives the position x 0 of the particle when £=0, 
namely x 0 —a sin y, and the times -y/w -hUTt/o) at which the particle passes 
through the origin x =0. Tho particle is at x —a when t — - y/oj + £ji/o> + 2 nn/co, 
and at x = -a when t~ - ylco - \n\( o +2nn/co. 
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On differentiating equation (27), wo get 


dx 

dt 


= coa cos (cot + y), 


cS 2 " 


— - co 2 a sin (cot +y) = -eo 2 #. 


(28) 


Thus the velocity and acceleration have S.H. variations of amplitudes coa, 
co 2 a, respectively. The acceleration is proportional to the displacement and 
of the opposite sign. It will bo shewn later, (Chap. NX), that the converse 
statement is also true, that is, if the acceleration of a particle is proportional 
to its displacement and of the opposite sign, then the motion is 8. IT. The 
importance of S.H.M. in Physics depends on this result. 


Ex. 7. Connection of S.H.M. and uniform motion in a circle. The equation 

(27) for S.H.M. in a straight line Ox 
may bo written 

x ~a cos (cot + y - %n) (29) 

Suppose, now, that a radius OQ, of 
length a, rotates in a fixed plane through 
Ox and with uniform angular velocity 
o) (Fig. 116). Then if y - \n is the 
inclination of the radius to Ox when t = 0, 
the inclination at time t is cot -\-y -\n, 
and hence the point P on Ox, for which 
x —a cos (cot + y - In), is the orthogonal 
projection of Q on that line. It follows 
that a S.H.M. may be defined as the 
motion of the projection on a fixed line of a point which moves uniformly in a 
circle. The velocity of P at any time is, according to (28), proportional to the 
ordinate PQ. 

Ex. 8. Simple harmonic motion produced by a rotating plate. 

(a) Two fixed planes LOx, MOx intersect along the line Ox (Fig. 117) and 
are inclined at an angle a. A radius OP, of length a, rotates with uniform 
angular velocity co in the plane LOx so 
that its inclination to Ox at time t is 
( ot+y. The perpendicular PQ to the 
plane LOx intersects the plane MOx in Q. 

Shew that PQ has a S.H. vibration of 
period 2n/co and of amplitude a tan a. 

Let the plane through PQ perpendicu- 
lar to Ox meet that line in N. Then 
L PNQ —oc and 

PQ —PN tan a ^ 

— OP sin POx tan a l (30) 

— a tan a sin(a>£ +y)) 

The last expression for PQ shews that its variation possesses the properties 
stated. 

(b) If the planes LOx, MOx rotate together with uniform angular velocity co 
about a fixed line Oz perpendicular to the plane LOx, while the points P, Q, 
in the respective planes, remain in a parallel fixed line, the length of PQ is 
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given by the samo expression as in (a). Hence, since P is now a fixed point, 
Q performs a S.H.M. in a fixed line, the amplitude being a tan a and the 
period 2 7i/(o. 

( c ) In the piston-slant (crankless) mechanism the geometry of (a) or (6) is 
utilized. The plane MOx is materialized as a plate (slant) which rotates 
uniformly about Oz , and PQ is a piston-rod which is made to oscillate in a fixed 
line by constraining the point Q of it to remain on the plane face of the slant. 
The motion of the point Q (or of any other point of the piston-rod) is then 
S.H.M. 

(d) In (a) the line PQ lies always on a circular cylinder of radius a , on which 
LOx traces a normal section and MOx an oblique section. If this cylinder is 
developed into a plane, the normal section develops into a straight line and 
the oblique section into a sine-curve. Lot P'Q'> in the developed cylinder, 
correspond to PQ. Then the motion of Q ' is prescribed by making P' move 
with uniform velocity cud along the straight line on which it lies while the 
point Q', which lies on a perpendicular line, moves along the sine-curve. 
These results follow at once from the facts that the distance of P' from an 
appropriate origin on its line of motion is a (oil +y) 9 or x' say, and that 

P'Q' — PQ —a tan a sin (w^ +y) —a tan a si n(x' /ct) (31) 

146. Application of the General Intermediate Derivative Theorem to 
the Primary Trigonometrical Functions. Taylor’s Theorem for 

sin x and cos x . 

Taking 0 as the starting point and any finite value of x as the 
end point, the general statement of the I.D n .T. is 

/(*) =m+xp\0) + ^p>(0) + ... + (w x ri )! / ( "“ 1)(0) + S /( ” >(to) ’ — (1) 

where 0 < 6 < 1 . 

146. 1. The I.D n .T. for sin#. Quoting from Art. 145. 1, we have 
f r) (x) = sin (x + \m), / (r) (0) -^sin \rn , (2) 

and the theorem (1) thus becomes, in the present case, 

^2 

sin x = sin 0 + x sin -f ^ sin | ti + ... 

sjpll — 1 J sjqTI 

+ (n -l) i 8in — 2~ 71 + n \ Sin + ^ 

Two cases thus arise according as n is even or odd. 

(i) n even . We here have 

M I 

sin- re = ( - !)<»-*)/*, sin (dx + ^nn) = ( - l)"' 2 sinflx (4) 
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On omitting the vanishing terms, the formula (3) now becomes 

/y»3 /y*5 /yfl — 1 

sin x = x - gj + gj - . . . + ( - 1 ) (n “ 2)/2 (n _ l ) , + ( - 1 )"■'* n j sin Ox. ... (5) 


(ii) n odd. We now have 

.71 2 . , v / q\/0 .71 1 _ 

sm ^ 71 — ( ~ l) (n-3)/2 , sm —— 7t — 0, 




sin (Ox 4- \rm) = ( - D/ 2 cos 0#,J 


and the formula (3) becomes 


/y*3 sy 5 2 

sin *=* - g-j + g-, 1 )("- 3 )' 2 ( - _ 2) j + ( 


l) (n ~ 1)/2 ^l cos Ox. ...(7) 


It appears that odd powers only of x occur in the expansion, 
apart from the remainder term. The Taylor polynomials for sin x 
are thus all of odd degree, that of degree 2p - 1, in which there are 
p (non-vanishing) terms, being 


x 3 x r> 
X ~3l + 5! 


l) p 


X‘ 2 p 1 

( 2 p - 1 ) ! • 


(8) 


Equation (7) shews that the excess of sin x over this polynomial, 
that is, the remainder term in Taylor’s Theorem with Remainder for 
sin x , may be taken to be given by 


£2?> + l 

■B«p+i(*) = ( ~ 1 ) , ’(22> + l)! COsto 

Now | cos Ox | ^ 1, and therefore 

I X I 2 P+1 

< 10 ) 


Thus the error made in using the polynomial (8) as an approxima- 
tion to sin x is not greater than the magnitude of the last term 
in the Taylor polynomial for sin x of degree 2p + 1 . 

146. 2. Taylor's Theorem for sin x. We now shew that these 
Taylor polynomials satisfy the condition for arbitrarily close approxi- 
mation to the function sin x, in other words, that the condition for 
the validity of Taylor’s Theorem is satisfied. We consider the upper 
barrier to the remainder given by (10) and shew that a positive 
integer, P say, can be found 1 such that 

I x 1 2j>+1 

(2 pV i ) ! £ ’ ( e arbitrar y)> provided p > P (11) 


1 The investigation given is intended meroly to demonstrate the existence of 
suitable values of P, not to find the smallest value. 
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If | # | <1, it is plainly sufficient to choose P so that 

| x |2P+1 < e 

If | x | = 1, it is sufficient to choose P so that 

1 

(2P + l)! <e 

If | x | > 1, let r be a number between 0 and 1 (for example £), 
and let k be the smallest positive integer such that | x \/k ^ r. Then 
if 2p + 1 ^ k, we have 

I x 1 2v+1 _ I x l fc_1 \ x \ 1^1 \ x \ 

(2jpTl)] ~ (F- 1 jl k k + l **’ 2jp + 1 


.( 12 ) 

.(13) 


< 


I5I* -1 /Mi 

(Jc-l)l { k j 


2 p+2 — k 


|fc-l 


r 2p+2~k 


: (At — 1) ! * ’ (14) 

where the factor | x \ k ~ 1 /(k - 1)! is independent of p. Since r < l, we 
can always choose P such that 


and then if p > P, we have 
I x \ 2p+1 


Thus the conditions for Taylor’s Theorem are satisfied by sin x 
for all values of x , and we have 


Ffc-f e - (and 2P + 1 > k) 

1 X I 

(15) 

I r \k-i 

^ A I r2P 1 2 — fc c 

!^(i-l)l 

(16) 


sin# = a; 


a; 3 x 5 
3! + 5! 


-... + ( - I )*- 1 


X 2P-1 

(2p~~ 1 ) ! 


+ ... . 


(17) 


The closeness of approximation of the earher Taylor polynomials to 


sin x is illustrated in Fig. 118, 
which plainly shews the in- 
crease of the range within 
which a given degree of ap- 
proximation is attained as the 
degree of the polynomial is 
increased. 

146.3. The I. D n .T. for cos x. 
Quoting from Art. 145. 2, we 
have 



Fig. 118. 


f(r)(x)= cos (x -f \rn), / (r) (0) =cos \rn , 


(18) 
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and the I.D n .T. for cos# is thus expressed by 

^ i x 2 x n ~ l n - l 

cos # = cos 0 + #cos \n + ^ cos r*n + ... + / lV » cos — n 

* 2! - (ft-1)! 2 

, cos (6x + \rm) (19) 

Two cases again arise, according as n is even or odd. 

(i) n even. In this case we have 

COS 71 = ( -l)<«— *>/*, cos n -^ n = 0, | ^ 

cos (Ox + \nn) = ( - 1 )"' 2 cos Ox, J 
and the theorem becomes, on omitting the vanishing terms, 

cos x = i — |j + ** — ... + ( — l Y n ~ m j~z 2 y . + ( _ 1 ) n/2 |r cos 6x • 

(ii) n odd . We now have 

« i 

cos — n — ( - 1 )< w -D/ 2 j cos (0x + ^n7z) = ( - l) (n + 1)/2 sin Ox, ...(22) 
& 

and the theorem becomes 

cos * = 1 - + f* - ... + ( - l) ( ”" 1) ' 2 (n a l : i ) , + ( - l) (n+1)/2 % sin Ox. ...(23) 

It thus appears that, apart from the remainder term, even powers 
only of x appear in the expansion, and the Taylor polynomial for 
cos x of degree 2p - 2, in which there are p (non-vanishing) terms, is 

— (- 1 >^)! < 24 > 

Equation (21) shews that the excess of cos x over this polynomial, 
that is, the remainder term, may be taken to be given by 

x 2p 

= ( - l) p J2 p)\ C0S 6x ( 25 ) 


The magnitude of this term cannot exceed x 2v /(2p ) !. It follows 
that the error made in using the polynomial (24) as an approxi- 
mation ‘to cos# is not greater than the magnitude of the last term 
in the Taylor polynomial for cos # of degree 2 p, 

146. 4. Taylor's Theorem for cos #. As in the case of sin #, the 
conditions for Taylor’s Theorem are satisfied by the function cos # 
for all values of #, and we have 

x 2 qA — 2 

cos a; = 1 ~ 2 ! + 4 j -••• + (- 1)* 1 - 2) ! + 


( 26 ) 
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146. 5. The series (17), (26), as functions of x , may be taken as 
analytical definitions of the functions sin x , cos x . The use of 
infinite series for the purpose of defining a function and the deduc- 
tion of the fundamental properties of the functions sin x , cos x when 
defined in this way, cannot, however, be dealt with at the present 
stage ; compare the remarks of Art. 52. 


146. 6. Polynomial barriers for sin#, cos#. Consider the above equation 
(7), taking # positive. Sinco cos Ox lies in the range ( -1, 1), if we take 
(n — 1)12 to bo an even integer, 2 m say, wo find that 


x Am+i 

( 4 m + 1 ) ! ’ 


(27) 


and if we take (n - l)/2 to be an odd integer, 2m +- 1 say, we find that 


sin # ^ # 



( 4 m - 3 ) ! ' 


(28) 


If we use Cor. 1, Art. 98. 5, starting with the positive function 1 - cos#, 
the alternative sign of equality in those results is avoided. 

In particular, if in (27) wo put m = 1, we now find 

sin#<#-|j + ^, (29) 

and if in (28) we put m— 0, we find 

# 3 

Sill # > # - (90) 


In the inequalities (27) -(30) the signs >, < are plainly interchanged if # 
is negative. 

Now consider equation (21). Tf we take n\ 2 to be an even integer, 2m say, 
wo find 


cos x < 1 -21 + Jj 


... + 


(4m) 


(31) 


and if we take n/2 to be an odd integer , 2m + 1 say, we find 

. # 2 # 4 # 4m + 2 

cos *>l (32) 

In particular, if in (31) we put m = 1, we find 

cos # < 1 + (33) 

and if in (32) wo put m= 0, we find 

cos# >1 - ^ f 0*4) 


Ex. 1. Shew that 


sin# 

# 


-1 


<£# 2 . 


Y 


M.B.M.A. 
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If we put n — 3 in (7), we find 

sin x — x - ix* cos 6x , 
I sin x 


and therefore 


■ 1 =%x 2 1 cos Ox | ^ Ja; 2 . 


As in Sub-article 6, the alternative sign of equality can be omitted. 


(35) 

(36) 


Ex. 2. Approximate evaluation of sin x and cos x. On account of the 
periodic properties of the functions, it is obviously unnecessary to calculate 
sin x, cos x for any value of x outside the range (0, Jtt). Further, since 
sin x — cos ( \n -x), cos a? =sin ( Jti - a;), the values of the functions can bo 
determined from a knowledge of their values in the range (0, Jtt). If we take 
x as great as 1, corresponding to an angle of about 57° 17', the error made in 
calculating sin 1 by the use of the Taylor polynomial of the ninth degree, 
(p — 5), is, according to (10), not greater than 1/11!, or about 1 2-5 x 10~ 8 . 


Writing 

sin 1«1- 1/3! + 1/5! -1/7! + 1/9!, (37) 

and working to eight decimal places, we find 

sin 1^0-841 471 01, (38) 


in which there may be an accumulated error of 4 x 10~ 8 due to approximating 
in the final decimal place in the reciprocals of the factorial terms. The total 
error cannot therefore exceed 6*5 x 10 8 , or the result (38) cannot be in error by 
more than 1 unit in the seventh place. It is, in fact, correct to the seventh place. 


In the same way, working with the approximation 

cos 1 ~ 1 — 1/2 ! + 1/4! - 1/6! + 1/8 ! -1/10!, (39) 

we find cos 1^0*540 302 3, (40) 


correct to seven decimal places. Here the error due to the omission of terms 
other than those written is less than 1/12!, that is, 2 x 10 -9 . 


Ex. 3. Differentiation of (sin x)/x. We have 

d sin x _ cos x sin x 
dx x ~ x x 2 


(41) 


which, with the aid of the I.D A .T. for cosx and the l.D b .T. for sin x, can be 
written in the form 


d sin x _ 1 - £.r 2 + a; 4 cos Ox x - J.r 3 + T r]y^ cos O'x 

dx x ~ x a; 2 

= - \x + „ 1 4 x 3 (cos Ox cos 0 'x) (42) 

The derivative (41) is continuous except at x=0, where it is undefined, 

but (42) shews that it is potentially continuous there, its completing value 

( sin x\ ^ 

j at the 

same point. r«or, irom equation we nave 

/sinaA* _ ^ 

\ x ) . n 

■ = - lx cos Ox, 

X 6 

1 A table of 1/n! up to n = 15 is given in Appendix II, p. 1072. 


( 43 ) 
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and since | cos Ox \ < e if | x | < 6f, (e arbitrary), the function on the left- 
hand side of (43) is potentially continuous at x—Q> the completing value 
there being 0. 

Ex. 4. Shew that > cos a; if | x | < 3. 

Since (sin #)/#, cos# are both even functions, it is sufficient to consider 
only positive values of x. We then have — > 1 - \x 2 , cos x < 1 - \x 2 -f ,, T 4 # 4 , 
and therefore 

( S *aT~) C0S X > ^ ~~ “ ( 1 “ i x2 + «V l4 ) 

= .} 4 x 

>0 if # 2 < 9 (44) 


Actually, the first positive root of the equation 


/sin#\ 3 

( ) =cos# occurs in 


the neighbourhood of x —4-61, and the inequality stated thus holds for values 
of | x | up to this magnitude. 


Ex. 5. If tho function y is defined in the neighbourhood of x - 0 by the 
relation y + sin y —-2x, so that y —0 when x —0, find the Taylor polynomial of 
the fifth degree in x for it. 

This equation defines x as an up-way differentiable function of y in a 
neighbourhood of .r - -0, y — 0, and dxjdy does not vanish when y — 0. Wo have 
l + cos y - 2dx Id y and hence dyjdx --2/(1 + cos;?/). Tlio derivatives of y with 
respect to x can then bo found by differentiating the last equation repeatedly 
with respect to x and inserting at each stop the value of dyjdx in terms of y. 
Tho values so found will be finite in the range with which wo aro concerned, 
since 1-1- cosy does not vanish in the neighbourhood of y— 0. Thoro is 
therefore a Taylor polynomial of any finite degree for y with x = 0 as starting 
point. Further, it is clear that all the terms in this polynomial will be odd 
powers of x , since each term in the given equation is odd. 

We proceed to obtain the earlier Taylor polynomials by the method of 
successive substitutions , (compare Art. 129). Replacing sin y by its Taylor 


polynomial of the first degree, we get the equation 

y =2#, (45) 

so that, to a first approximation, we have y~x. 

If, next, we replace sin y by y - Jy 3 , we get 

y+y= 2# + j2/ 3 ^2# + £# 3 , (46) 

so that, to a second approximation, we have y~x + ^x 3 . 

Finally, replacing sin y by y - £y 3 + j } 2() y 5 , we get 

y +y =2x + \y z - f \tff>^2x + £(# + T l># 3 ) 3 - i^ 0 + T b# 3 ) 5 , (47) 

giving, to a third approximation, 


on rejecting powers of x higher than the fifth. 


(48) 
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146. 7. Starting 'point different from zero . The Taylor expansions 
for si n(x 1 -{-h), cos (x x -\-h) are brought back to those for sin#, cos# 
with the aid of the Addition Theorems for sin #, cos #. Thus we have 


sin (#! -f h) = sin x x cos h 4- cos x x sin h 

= sin* 1 {l + -... + ( -l) p - 


h2P-2 1 

(2p-2)l + -f 


f, h 3 K' . ... . 
+ cosa: 1 |A- 3! + 5! -...+( - l ) p_1 




(%P - 1)! ” j 


+ ..•). (49) 


and similarly for cos (# 1 + A). The student should verify that the 
above expression is the same as that obtained by the direct applica- 
tion of Taylor’s Theorem to sin # with x x as starting point and h as 
increment. 


147. Taylor Polynomials for the Secondary Trigonometrical Functions. 

The simplicity of the treatment of the Taylor polynomials and 
Taylor’s Theorem for sin # and cos # depends on the existence of 
simple formulae for the general derivatives of these functions. In 
the case of the other trigonometrical functions, not only is there no 
simple formula for the derivative of any order n for a general value 
of #, as noted in Art. 145. 3, but there is no simple formula for the 
general derivative for the particular value 0 of #. It is only by 
introducing notations especially for the purpose 1 that we can give 
simple formulae for the wth polynomials in these cases, and although 
such notations can be used in the expression of the corresponding 
Taylor Series, they do not help us to discuss the remainders. For 
these reasons we confine ourselves here to shewing how to find the 
successive derivatives at the starting point 0 by means of recurrence 
formulae, and write down the earlier Taylor polynomials. 

It may be observed that from the point of view of calculation, the 
discussion of series for the secondary functions is not urgent, seeing 
that their values can be obtained from those for sin # and cos #. 
The earlier polynomials are, however, of value for the purpose of 
small corrections. 


(i) Case of tan #. The formula (6) of Art. 145. 3 gives, on putting 
# = 0, 


t/S* -“"“j-j--- — 


l)(n 


4! 




... =si n\nn, ...(1) 


where y ( Q r) means the value of d r yjdx r when # = 0. This equation 

1 This refers to the special sets of numbers known as the Bernoulli and Euler 
N umber 8. 
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shews that all the even derivatives vanish when x — 0, for, if n is even, 
sin \nn vanishes, while all the derivatives on the left-hand side are 
even. Giving to n the successive odd values 1, 3, 5, ... , we find 

!#> = 1, 2/< 3) = 2, Jtf> = 16, Jtf> = 272, — 7936, (2) 

and so on. Thus the Taylor polynomial for tan x of the ninth 
degree is 

x + \x 3 + jtjX 5 + zx 7 5 x 7 + 7,^5^ (3) 

The investigation of a remainder range even for a polynomial of 
this low degree is necessarily troublesome and is not carried out here. 


From the point of view of systematic treatment of the Taylor serios and 
polynomials of the trigonometrical functions, the case of tan x should come 
after that of cot x , use being made of the formula 

tan x =cot x - 2 cot 2# (4) 

to obtain the series for the former function. This procedure has the further 
advantage of leading immediately to the series for cobcc#, for we have the 
identity 

cosec x = cot \x - cot# (5) 

The case of sec#, however, requires an independent discussion. The reason 
for the order actually adopted is that tan# and sec# satisfy the conditions 
for the Taylor expansion at #=0, whereas cosec# and cot# become infinite 
at that starting point, and so require special treatment. 


(ii) Case of sec x. We make use of the formula (10) of Art. 145. 3, 
where y = sec x, z — tan x. Putting x — 0 and noting that z ( f r) — 0, we 
get 


y\l l 


l) =ny* 


■ 1> 4 1) +*( W - 


1)( W -2) (»-3) (3) , 

g J y 0 Z 0 “T . 


+ U 1)2 j 1 > • 


.(6) 


Since y n> =yz, so that y ( o l) = 0, this formula shews that all the odd 
derivatives of sec a; vanish when x-0. For the first few even 
derivatives we find 

y^ = 1, ^ 4> = 5, */ ( o e) = 61, 2/^ = 1385, (7) 

and the Taylor polynomial of the eighth degree is therefore 


, 1 , 5 , 61 1385 , 

1+ 2! X + 4! X + 6! X + 8 ! ^ 


(8) 


As in the case of tana;, the investigation of a remainder range 
even for a polynomial of this degree is troublesome. 

(iii) Cases of cosec a;, cot a;. As remarked above, we cannot take 
0 as the starting point for Taylor’s Theorem in these cases. How- 
ever, the functions x cosec x , x cot x y the value of each of which we 
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define 1 to be 1 when x = 0, can be expanded in powers of x provided 
that x lies in the range [ -n, n\. The same is true of the functions 
cosec x - 1/x, cot x - l/x, the value of each of which we define to be 0 
when x — 0. 

To obtain a recurrence formula in the first case, write y — x cosec x , 
which gives y sin x ~x together with y 0 — 1. Differentiating n times, 
with the aid of Leibniz’s Theorem, and putting x = 0, we find 

ny.n-1) _n_ (n-l)(n-2 ) y( „^ )+ " + ^ ^ ^ = Q (g) 

All the odd derivatives plainly vanish when x = 0, the first few even 
ones being given by y ( o } = 1/3, y^ = 7/15, «4 6) = 31/21, = 127/15. 
We thus have the approximations 


x cosec xx 

, x 2 lx 4 31 

“ 1+ 3! + 35> + 3 

x 6 381 x 8 

7! + 5 9!’ 

(10) 

1 

# lx 3 31 x 5 

381 x> 

(11) 

cosec x - s 
x 

S 3! + 3 5! + 3 7! 

+ 5 9! 


In the case of xcotx, it is convenient to write y — x cotx, 
z~ tana:, so that yz — x together with y 0 = l, z Q = 0. Differentiating 
n times, putting x = 0 and remembering that z o 2r) — 0, we get 

»yi*- 1) z£ 1) + tt(w " 3 , (n “ 2) dTH* + ... =0 ( 12 ) 

All the odd derivatives of y vanish when x = 0, the first few even 
ones being given by y^-- 2/3, y ( 0 4) = - 8/15, yi 6) = -32/21, 

yl) 8> = - 128/15. We thus have the approximations 


xcot XK 

. 0 x 2 8 x 4 

32 x 6 

384 x 8 

(13) 

= 1 - S 3!-3S! 

3 7! 

5 9!’ 

1 

CO 

a 

00 

a 

32 x 5 

384 x 7 

(14) 

cot £ --S 

X 

* 1 3! 3 5! 

' 3 7! “ 

5 9! 


147.1. Polynomial lower barrier for tana;, (0 < a; < Jti). Consider the 
successive derivatives of tana;. We have 

2 /( 0 —sec 2 a; = 1 -f?/ 2 , y( 2 ) =2yy( x ) = 2y +2y 3 , 

y( z ) = (2 + 6y 2 ) yi 1 ) = (2 + Gy 2 ) ( 1 + y 2 ) = 2 + Sy 2 + 6y*, 

and so on. It is clear that the terms on the right-hand sides all have the 
positive sign so that the successive derivatives are all positive, since x has 
been taken to lie between 0 and \n and y is therefore positive. It follows that 

1 The functions are potentially continuous at x — 0 and have the completing 

value 1. 
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x n 

the Lagrange remainder — f( n )(Qx) in Taylor’s Theorem for tana; is positive 

for all values of n and hence that tan x is greater than the Taylor polynomial 
of degree n - 1. In particular, taking n ~ 10 we have, from (3), 


tan x > x + £a; 3 + y-ar* + ^x 1 -f . 2 % jj 5 X 9 (16) 

The simpler result 

tan x * x f \x 3 , (17) 


which is an evident consequence of (16), is frequently employed. 

Ex. 1. Obtain the Taylor polynomial of the seventh degree for tana; 
(i) from those for sin a; and cos a; by division, (ii) by the method of disposable 
coefficients. 

[According to Theorem III, Art. 129, the nth polynomial for ufv is obtained 
by dividing the nth polynomial for u by that for v and rejecting terms in the 
quotient involving powers of x above the nth. In (i) we should divide 
the 7th degree polynomial for sin a; by the 6th degree polynomial for cos a; 
(the term in x 1 here vanishing). To apply the method (ii), assume a form 
olx +px z -f yc 5 + Ac 7 , and equate coefficients of powers of x on the two sides of 
the equation 

ry\ /y>8 \ /y>3 ry * 5 ry % 7 

1 “ 2l 4 j ~*6 !/ ~ X ~ 3 ! "^ 6~! 7~! ’ (18) 

after rejecting powers of x above the 7th on the left-hand side.] 


, tana; x ... ~ , 

Ex. 2. Shew that - >- — if 0 <x<\n. 

x sin a; 


For the range stated we have tan x > x + Ja; 3 , sin a; > a; - and hence 


tftll 0C t 1 q 3? 1 rni x* 

> 1 4. 1^2 _ < . therefore 

x sm x 1 - 

— — - . — > 1 + §a; 2 - - 1 
x sm x 1 


\x 2 - 


.(19) 


\x 2 1-ix 2 

The last expression written is positive if x 2 < 3, and the inequality is therefore 
proved when x lies in the range stated. See also Ex. I, p. 345. 

Ex. 3. Taylor polynomials for tana;, a; cosec a; deduced from those for xootx. 
Making use of the above identities (4), (5), and employing polynomials of the 
sixth degree, for example, we have 


+ o * o / . x 2 x 4 2x 9 \ f 4a; 2 
a; cot a; -2a; cot 2a; - 3 ~ 45 ~ 945 J ~ t X 3“ 


16a^ 

45 


128a; 6 \ 
945 ) 


-X 1 + 




15 


.(20) 


and division by x gives the Taylor polynomial for tana; of the fifth degree. 
Again 


2(Ja;cot %x) -a;cota;«2( 1 - 


1 x 2 _ 1 x* _ 

3 4' “45 16 "945 32 


»-( 


1 


x 2 x 4 2a; 6 

3^ 4 5 "* 945 


3! 


7 z 4 
’3 5! 


31 a® 

3 7 ! * 


which is the Taylor polynomial of the sixth degree for x cosec x . 


,( 21 ) 
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148. Application of the Method of Proportional Parts to Tables of 
Trigonometrical Functions. 

In the largest tables of trigonometrical functions which are 
employed for ordinary purposes, the values of the functions are 
given to seven places of decimals. The argument is most often in 
degree measure, the range being from 0° to 90°, and the common 
difference is not greater than 1 minute. We shall see that for the 
primary trigonometrical functions a smaller common difference than 
1 minute is not required for the satisfactory application of the 
method of proportional parts for the purpose of interpolating in a 
seven-figure table, but this is true of the secondary functions only 
in part of the range. The consideration of tables of logarithms of 
the trigonometrical functions comes later. 

For analytical purposes it is very convenient to employ tables in 
which the functions sin #, cos# are given with x as argument. In 
the Smithsonian Tables , such tables are given to five places of 
decimals with a common difference of argument 0*0001 for the 
range (0, 0*1000) and with a common difference 0*001 for the range 
(0*100, 1*600). Tables of the same kind are given by Hayashi 1 with 
various ranges and to many places of decimals. 

Occasionally a table in degree measure is made more convenient 
for analytical purposes by the addition of the equivalent of the 
arguments in radians, as in Lodge’s edition of Bremiker’s Log- 
arithms . In applying the theory of proportional parts we can, of 
course, always imagine this done, the corresponding common differ- 
ence being then the fraction nj 180 of that for the argument in 
degrees. 

148. 1. Tables of sines arid cosines. Considering first the Smith- 
sonian table for sin#, mentioned above, the formula |A 2 1 f"(x) \ max 
for the uncertainty of an interpolated value becomes 

-gh | sin x | maxf (1) 

which, for the first part of the table, where A— 10 -4 , becomes 
J x 10~ 8 1 sin# \ max . The uncertainty is therefore less than ^ x 10“ 8 
in this part, and is negligible in a five -figure table. For the second 
part of the table, in which A = 10~ 3 , the uncertainty is less than 
£ x 10~ 6 and is still negligible in a five-figure table. The same con- 
clusions apply to the table of cos #. 

In the tables of Hayashi, the values of sin# (and cos#) are 
tabulated for values of # ranging from 0 to 50. In the part of the 

1 See footnote on p. 324. 
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tables extending from 0100 to 2*999, the constant difference of 
argument is 0*001 and the values of the functions are given to twelve 
places of decimals. The M.P.P. cannot be here employed to inter- 
polate correctly to this degree of accuracy and special interpolation 
formulae are necessary. See, for example, p. 277 of Hayashi. 

Taking in the next place a table in which the argument is in degree 
measure, the common difference being 1 minute, the equivalent 
difference in a table of sin# (or cos#) is n/( 180 x 60), or 0*0002909, 
nearly. The uncertainty in this case is therefore not greater than 

s(l80 x 6o) ~ 10 *’ ^ 

and is negligible in a seven-figure table. 

148. 2. Table of tangents. It will be sufficient to consider a table 
in degree measure with a common difference of 1 minute, correspond- 
ing to a difference of jz/( 180 x 60) in an equivalent table of tan#. 
Here we have /(#) =tan#, /"(#) = 2 tan# (1 +tan 2 #), and the uncer- 
tainty of interpolation is given by 

8(r8o^-o) 2x2tana:i(1+tan2a:i) ’ (3) 

where x 1 is the upper terminal of the sub -range in which the inter- 
polation is made. Since tan # increases indefinitely when # increases 
to \n, the expression (3) also increases indefinitely, and the M.P.P. 
is then not applicable. 

If # x ^ so that tan#^ 1, the uncertainty is not greater than 

1 / \2 

oVTqTS — p7\) > or a ^ ou f 4*23 x 10~ 8 , which is just negligible in a 
z \ loU x oO- 

se ven-figure table (apart from accumulation of errors). 

The details for the other secondary trigonometrical functions are 
left to the student as exercises. 

149. Miscellaneous Examples involving Derivatives of the Direct 
Trigonometrical Functions. 

149. 1. Inequalities. Ex. 1. Shew that — — - — r^— >0 if 0<x<\ti. 

x sin x * 

We here give an alternative proof to that of Ex. 2, Art. 147, p. 343, making 
use of Cor. I to Art. 98. 5. It will be observed that it is sufficient to demon- 
strate the inequality sec# - cos# -# 2 >0 in the range stated. Denoting this 
latter function by /(#), we have the results 

/( 0) =0, /0)(#) = sec# tan# +sin# - 2#, 

/( 2 ) (#) — sec # tan 2 # + sec ? # + cos # - 2, 

/( 3 )(#) =sec#tan 8 # + 5 sec 3 # tan# - sin#. 


(1) 
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The signs of f( 1 )(x) y f( 2 )(x) in the range [0, \n] are not immediately decided 
by inspection, but we observe that /( 3 ) (#) is positive in the range, for it can 
be written in the form 

. sin# (sin 2 # 4-5 -cos 4 #) /ox 

p)(x) = cos4 - ( 2 ) 


Since /( 2 )(0)=0, we conclude that /( 2 )(#)> 0 in the range [0, \n], and since 
y(!)(0)= 0, we conclude similarly that /( 1 )(#)> 0 in the same range. A final 
application of the Corollary leads to the desired result. 


Ex. 2. Shew in the same way that the functions — - J -cos#, 
-cos# are positive, but that -cos# is negative in neighbour- 

hoods of # =0. Shew that for the first function the neighbourhood is approxi- 
mately (-4-75, 4-75), and for the third, ( -1-19, 119). 


149. 2. B?nall corrections. Ex. 3. The sides a, b, c of a triangle ABC are 
measured and the angles calculated. Find the error in the angle A due to 
errors da, db, 6c in the sides. 

According to the statement of Art. 104. 1, the whole error in A is obtained 
by calculating the errors which would arise on the assumption that only one 
measurement at a time was subject to error, and adding. Here we employ 


the formula cos A = 


6 2 + e 2 - a 2 
2 be 


If we regard b, c as correct, the contribution 


to dA arising from da is given by 


dA _ a 
da 1 a ~'6csin A 


da =iti da ’ 


(3) 


where B is the area. Regarding c, a as correct, the contribution arising from 
db is given by 



a 2 + b 2 - c 2 ^ __ a cos C 
2b 2 c sin A be sin A 


... a cos C ... 
db— - db. 


(4) 


Similarly, regarding a, 6 as correct, the contribution arising from dc is 
a cos B , 


2aS 


-c5c. We therefore have the result 
a 


dA 5 


2B 


(da - cos Cdb - cos Bdc). 


.(5) 


If the magnitudes of the errors da , db, dc do not exceed e, the greatest 
possible error in A is given by 

\dA +|c°sG Y | +|c°sj5|)e, (6) 


where, on the right-hand side, we have added the greatest magnitudes of the 
errors due to the three sides. 

149. 3. Maxima and minima , Ex. 4. Investigate the extreme values of 
the function tan # - 2 sin #. 

Denoting the function by /(#), we have 

/'(#) =sec 2 # -2cos#, f"(x) =2sec 2 #tan# + 2 sin # = 2 sin # (sec 3 # + l). ...(7) 
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The stationary condition /' (#) — 0 gives cos 3 a; = 1/2, or x = 2n:rc ± 0*6539. When 
sec 3 # — 2, f"(x) =6 sin x, which is positive when x ~2nn +0*6539 and negative 
when x — 2nn - 0*6539. The former values of x are thus associated with 
minimum values of f(x ), and the latter with maximum values. 

Further we may write f(x) —sin a; (sec x - 2), and at the extreme values we 
have f(x) — sin#(2V 3 - 2) — - 0*7401 sin £. The maximum values are thus 
each equal to - 0*7401 sin (- 0*6539), i.o. to 0*7401 x0*6083, or to 0*4502, 
while the minimum values are each equal to -0*4502. 

Ex. 5. Two points A, B and a line 
CD are coplanar, the points being on 
opposite sides of the line. If P is a 
variable point on the line, find the 
position of P whon AP + yPB is a 
minimum, y being a given positive 
constant. 

Referring to Fig. 119, we have, on 
denoting the function in question by Z, 

Z — a sec 6 + yb sec (p, (8) 

and also 

c—a tan 0+6 tan <p, (9) 

where c is the (fixed) distance A'B'. From these we got, on differentiating 
with respect to 0, 

^ —a sec 6 tan 0 + yb sec (p tan (p^~ , a sec 2 0 -lb sec 2 (p ^ = 0 (10) 

and, on eliminating dtpjdO , wo obtain 

^ = a sec 2 0 (sin 0 - y sin (p) 

Also 

^2 = 2o sec 2 6 tan 0 . (sin 0 - n sin (p) + a sec 2 0 ^cos Q - n cos (p 

When dl/dd—0 we have sinO = ft sin (p> and since d(pldO< 0, it follows that 

then d 2 l/d0 2 >0. There is thus a minimum value of Z when ® —a. 

1 sm (p 

This result has a practical application in connection with the refraction of 

light at the interface between two media of different optical densities. It is 

known in Optics as Snell's Law. 

149. 4. Concavity , contact. Ex. 6. Determine the general form and the 
points of contraflexure of the curve y —x - sin 2x. 

We have f^Hx) = 1 - 2 cos 2x, f( 2 ){x) =4 sin 2x, /( 3 ) (x) =8 cos 2x. The 
second derivative is positive whenever sin 2x is positive, that is, when x lies 
in any one of the ranges given by [nn, (n+£)7i], and in these intervals the 
curve is concave upwards. In the remaining intervals it is convex upwards, 
and there are points of contraflexure where x—\nn, since for these values of x 
we have J<?)(x) =0, /( 3 )(ic)^0. 


( 11 ) 

( 12 ) 
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To find the gradients at the points of 
is even, cosnn = 1, so that fM(x) = 1 - 2 = 



y — X — sin 2x. 


contraflexure, we observe that if n 
= - 1, while if n is odd, cos nn= - I 
and then /(b (x) = 3. Portion of 
the curve is shewn in Fig. 120, 
the broken lines being the curves 
y = x y y — -sin 2a?, the addition 
of the (algebraic) ordinates of 
which yields those of the required 
curve. 

Ex. 7. Shew that the contact of 
the parabola (x -an) 2 -Sa(2a-y)=0 
with the cycloid x =a(0 - sinO), 
y =a(l - cos 0) at the point for 
which 0 = n is of the third order. 

[If there is contact of the third 
order, the first three derivatives for 
the two curves will be respectively 
equal at the point, but the fourth 
derivatives will differ. It will be 
observed that the curves do not 
cross at the point of contact.] 


149. 5. Approximate solution of an equation by Newloyi's method. Ex. 8. 
Investigate the roots of the equation tana; —x. 

One root is evidently #=0. To determine the distribution of the other 
roots we may employ Rolle’s Theorem. Writing f(x) = tan x -x, we have 
f'(x) = sec 2 x - 1 =tan 2 a;, and this vanishes when x—nn. Since f(x) has 


infinite discontinuities whon x — 
F2n -1 


2n + 1 


2 

sub -ranges given by |_— -v> * n * n 7 l _j » [j 


n , we are led to seek tho roots in the 
2 n + 1 


7171 , 


*]■ 


2n - 1 


Now as x converges to 
2n + 1 
2 

is only one root in a range given 


7i from above, f(x) ->• - oo , while as x converges 


to 


7i from below, f(x)~> -foo. Further, f(ri 7 i)= - tiTi, and hence there 


by [ 


2n - 1 2n + 1 

71 , 




7i , and it occurs in the 


2 ’ 2 

upper (lower) sub-range if n is positive (negative). 

Consider now the root lying in the range {n, $7i], that is, between 3*14 and 
4*71. With the aid of the tables we find tan 4-49 —4-4223, tan 4-50 =4-6377, 
and so the root lies between 4-49 and 4-50. Now f"(x) =2 sec 2 x tan x, and 
for the values of x considered, the sign of this is positive. Since /(4-50) is also 
positive, we may take the approximation ^—4-50 to the root as starting 
point in the application of Newton’s method of approximating to a root, a 
procedure which, according to Art. 118, ensures success of the iteration 
process from the beginning. A second approximation to the root is now given 
by 

- --c /(*!)_. m tan 4-50 -4-50 0-1377 

S 1 f'( x 1 ) tan 2 4-50 

= 4-50 -0-0064 =4-4936. 


= 4-60 - 


(4-6377) 2 


(13) 
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Now repeat the process, taking 4-4936 as starting point. We have 
tan 4-4936 = tan (4-4936 - n) = tan 1-352007 = 4-497457/1 

f(x) =0-003857, f'(x)=t&n*x =20-23, J "‘ 

and the Newton correction is - 0-003857/20-23, or -0 00019, so that 


x z =4-49341 (15) 

Finally, taking 4-49341 as starting point, wo get 

tana; =4-4934205, f(x) =0-0000105, f'(x) =20- 19, (16) 


and the Newton correction is -0-0000105/20-19, or -0-0000005, so that 


x 4 =4-4934095. 


(17) 


Now, according to Art. 119, the error involved in the use of the Newton 

eonection at the last step is at most of order \\jrr~)} z y 2 y that is, 

tano;(l +tan 2 #) ,, 4-49x21-19 1( / X [ . 10 

n » q — V 2 , which is here equal to x 10~ 10 , or about l x 10~ 10 . 

(tan 2 a;) 3 1 (20- 19) 3 8 

Thus the value of .r 4 is the required root correct to seven places of decimals. 


The first sixteen (positive) roots of 
the given equation are quoted in 
Jahnke-Emde, Tables of Functions , 
p. 30. Silberstein gives these and nine- 
teen more in his Synopsis of Applicable 
Mathematics. The negative roots are 
equal in magnitude to the positive 
roots. 

The given equation and the more 
general form tan a; = wo; are of impor- 
tance in connection with the theory of 
the Conduction of Heat. 

The distribution of tho roots of the 
equation tana; =x may be investigated 
graphically by finding the abscissae of 
the points of intersection of the graphs 
?/=tan.T, y = x. Portions of these 
curves are shewn in Fig. 121, where it 
is seen that for increasing values of 



Fig. 121. 


| x | the roots approximate more and more closely to half-integral multiples 


of 71 . 


150. The Inverse Trigonometrical Functions. 

The inversion of the trigonometrical functions has been con- 
sidered in Art. 37. 1, Chap. I, as an illustration of the general theory 
of inversion. Starting, for example, with the relation y = sin#, and 
confining ourselves to the range ( - \n) of x , we have inverted it 

into the form # = arsin y , where arsin y is a single-valued function of 
y for the range ( -1, 1) of that variable. We have also seen that 
there is adjoined to the function arsin y a series of functions defined 
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by nn + ( - l) n arsin g, for integral values of n , each of which 
corresponds to the inversion of the relation y = sina; in a range 
/2 n - 1 2n -f 1 \ 

\ 2 ^ 2 ~ 71 ) * 

It is clear that in the range ( - \n , \n) of x the relations y = sin x , 
a; — arsin y are equivalent, each of the functions direct sine and in- 
verse sine being the inverse of the other. The role of the variables 
can, of course, be interchanged, so that x is used as the independent 
variable in the inverse function, and then y — arsin#, x~ siny form 
the pair of equivalent relations in the range ( - 1, 1) of Similar 
remarks apply to the other inverse trigonometrical functions. 

We now recall the definitions of the inverse trigonometrical 
functions and the salient facts concerning them, using the standard 
notation. 

150. 1. The inverse sine. We have y — arsin x, a; = siny, the range 
of x being ( -1, 1) and that of y being ( \n). The adjoined 

functions are defined by 
yk njt -f* ( — 1 ) n arsin x. The 

^ graph of the function 

B arsin x is most easily ob- 

tained by taking the geo- 
h 7T metrical image of the 

\ graph y — sin a;, for the 

\ range ( - \n) of x, in 

-i 0 1 — x ^ ne W se °fi n g the 

angle xOy, as described 
in Art. 36 ; see Fig. 122, 
in which A'B' is the graph 
fig. i 23 . °f arsin a; and A B that of 

y = arsin x . y =arcos z. sin x in the range stated. 

150. 2. The inverse co- 
sine. Here we have y — arcos#, a; — cosy, the range of x being 
(-1,1) and that of y being (0, n). The adjoined functions are 
defined by 27i7r = harcos x. The graph is shewn in Fig. 123. 

150. 3. The inverse tangent. Here we have y = artanx, cr = tany, 
the range of x being [ - oo , go ] and that of y being [ - \ti\. The 

adjoined functions are defined by nn 4- artan x . The graph is shewn 
in Fig. 124. 

150. 4. The inverse cosecant. We have the relations y = arcosec x, 
x = cosecy, the ranges for x being [-oo, -1), (1, oo] and the cor- 
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responding ranges for y being [0, (\n, 0]. The adjoined 

functions are defined by nn + ( - l) n arcosec x. The graph is shewn 
in Fig. 125. 




y~ artan x. 


y — arcosec x. 


150.5. The inverse secant . We have y — arsec#, # — sec y, the 
ranges for x being [ - oo , - 1), (1, oo ] and the corresponding ranges 
for y being [\n, n), (0, \n\. The adjoined functions are defined by 
2^7r4:Strsec x. The graph is shewn in Fig. 126. 

150.6. The inverse cotangent. Here y^arcotrr, x — coty. The 

range of x is [ - oo , oo ] ; corresponding to the range [ - oo , 0] of x, 
y has the range [0, and corresponding to the range (0, oo ] of 

x, y has the range (\n, 0]. The adjoined functions are given by 
w;z-farcot x. The graph is shewn in Fig. 127. 



y — arsec x. y = arcot x. 


150. 7. Relations between the inverse functions. 1 The relations 
which we now state are inverse forms of relations already stated for the 
direct functions. Analytical proofs are supplied in three cases. The 
student should investigate proofs of the other results on similar lines. 

(i) arcosec x = arsin * , arsec x = arcos - , arcot x — artan 1 . . . . ( 1 ) 

XXX 


These are inverse forms of the relations cosec x— 1/sin x, etc. 

1 The student should observe that there are restrictions on the various arguments 
introduced, corresponding to the restricted ranges of definition of the inverse functions. 
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To prove the first relation, observe that if - 1 ^ I jx ^ 1 , we can put 1 /x = sin 0, 
where - ^ 0 ^ \ 7i, and hence x — cosoc 0. Then arcosec x — 0 = arsin ( 1 jx). 


(ii) arsin x -f arcos x — \n (2) 

This is the inverse form of the relation sin -x) = cos x. 

In proof, observe that since we can put sin0, where 

- \ n ^0 scj \n 9 and hence x = cos(£jr -- 0), where 0 ^ - 0 ^ n. Then we have 


arsin x - 0 = \n - ( \n - 0) — \n - arcos x (3) 

On replacing x by l/x, we have the equivalent relation 

arcosec x + arsec x — \n (4) 

(iii) artan x -f arcot x — ± Jbr, according as x ^ 0 (5) 


This is the inverse form of the relation tan -x) =cot x. 


(iv) 


arcos x -~ 


( arsi 
- arsi 


arsin v /(l - x 2 ), (x^Q), 
arsin v /(l -x 2 ), (:r<0) 


> 


.( 6 ) 


These are inverse forms of the relation sinx= v'(l - cos 2 x). 


(v) 


arsin x = artan 


V(i-x 2 )- •• 
This is the inverse form of the relation tan x — 

J(l - x 2 ) 

j Ctl UCtJL-L 

(Vi) 


•(7) 


smx 

±J(l - sin 2 x) ’ 


arcos x = 


x 


> (x> 0),| 


7i 4- artan — - - — ^ , (x < 0) 


V x 

These are inverse forms of the relation tan x 


■i 


.( 8 ) 


_ : fr n/( 1 - cos 2 x) 

COS X 


(vii) Inverse forms of the Addition Theorems . 

(a) arsin x x i arsin x 2 

= n7t + ( - I ) n arsin {x ls /(l -x 2 2 )±x 2 J(l -aq 2 )}, (9) 

where n has the value - 1, 0, or 1 according as arsin x 1 ± arsin x 2 lies 
in the range ( -n, tz ), ( -%n, %ti), or tc), respectively. This is 
the inverse form of the theorem 


sin {x 1 ±x 2 ) =sin x x cos # 2= t:COS x x sin x 2 (10) 

W© may put x t ~ sin0 1 , *J( 1 - Xj 2 ) = cos 0 V where - In ^0 1 and 

# 2 =sin0 2 , ^(1 -.r 2 2 ) =cos 0 2 , where - hn ^0 2 ^ \n 9 and therefore 
x lV /(l ~x 2 2 ) +jr 2S /(I - Xj 2 ) =sin(0 1 +0 2 ), where - n =^(0 X + 0 2 ) 

If - in ^(6 1 + 0 2 ) ^ \ti, we therefore have 

arsin x 1 + arsin x 2 = 0 X + 0 2 = arsin {x lS /( 1 - x 2 2 ) + x 2S /( 1 - x t 2 )} ; 


( 11 ) 
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if - ^.(0 1 -bd 2 ) ^ we have - ^T( - 0 X - 0 2 - n) ^0, and since 

sinf^ -f d 2 ) =sin( - 0 X - 0 2 - n), we therefore have 

arsin x x + arsin x 2 = 6 X + 0 2 = - n - ( - Q x - 0 2 - n) 

- - n -arsin {r lN /(l -x 2 *) +x 2S /{\ -x x 2 )}; ...(12) 

if \n ^(0 X + 0 2 ) wo have 0 - 0 X - 0 2 ) and since sin(O l f 0 2 ) 

= sin(7r - 0 1 -0 2 ), we therefore have 

arsin x 1 + arsin x 2 ~0 1 + 0 2 =tt - (ji - 0 t - 0 2 ) 

— n -arsin {> lV /(l - x 2 2 ) ~ x 2S /( l -.r 1 2 )} (13) 

The formulae for the difference arsin .rj - arsin x 2 are obtained by putting 
- x 2 for x 2 . 

( b ) arcos x x + arcos x 2 

= 2n7t ±_ arcos {^2 - ^/(l -^i 2 )V(l -# 2 2 )}, (14) 

where n — 0 and the upper alternative sign applies if arcos x x + arcos x 2 
lies in the range (0, n), while n = 1 and the lower sign applies if the 
same sum lies in the range (n, 2n) ; 

arcos x 1 -arcos x 2 — ± arcos {x x x 2 + */(l -#i 2 )V(l ~ x 2 2 )}> **.(15) 

where the upper or lower sign applies according as arcos x x - arcos x 2 
lies in the range (0, n) or ( -n, 0). These are inverse forms of the 
theorem 

cos (x 1 ±'X 2 ) = cos cos # 2 ^ sin#! sin (16) 

X - 4 — X 

(c) artan artan £ 2 — njr + artan * ' 2 , (17) 

1 1 %\X 2 

where n has the value -1, 0, or 1 according as artan x 1 ± artan x 2 
lies in the range [ -n, - \n~\, [ - \n , Jtt], or [\n, n ], respectively. This 
is the inverse form of the theorem 

tan (#! d; x 2 ) = (tan x x ± tan x 2 )/( 1 T tan x x tan x 2 ) (18) 

Ex. 1. Prove the results (i) 2 artan 4 —artan (ii) 4 artan l — artan J \ g , 
(iii) artan l = 2 artan T \> - artan 5 ] 

Ex. 2. Prove the result 4 artan ^ - artan a = \ti. 

Employing the result (ii) of the preceding Example, we have 

4 artan 4 - \n = artan § - artan 1 

, 120/119-1 , . /1Q . 

= artan ^ = artan ,J S6 (19) 

With the aid of the above result (iii), we now find 

8 artan ^ - 4 artan s \ - - artan o fa = } tz (20) 

It is shewn below, Art. 152. 3, that this result can be used conveniently to 
find 1 7i by means of the series for artan x , the number of terms to be taken 
into account being small because of the smallness of the arguments 1/10, 
1/515, 1/239. 


M.B.M.A. 
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151. Derivatives of the Inverse Trigonometrical Functions. 

The derived function of each of the inverse trigonometrical func- 
tions is, as we shall now demonstrate, an algebraic function of the 
independent variable, and it is on account of this property that the 
inverse trigonometrical functions are of importance in Analysis. The 
actual determination of the derivatives can be carried out in more 
than one way. We may, for example, proceed as in the usual 
manner of defining dy/dx, by forming the quotient AyjAx and 
applying considerations of continuity to the expression so obtained. 
The simplest procedure, however, is to employ the rule connecting 
the derivative of an inverse function with that of the direct function, 


which is expressed by 


dy^ 1 
dx dxfdy ’ 


151 . 1 . Derivative of arsin x , ( | x | ^ 1 ) . Writing y = arsin x , where y 
lies in the range ( - |jz), we have x = sin y. Therefore dx/dy — cos y , 

and, by the rule quoted, we have 


_ 1 _ 1 m 

dx cos y ^(l -sin 2 y) J(l -x 2 )’ ' 

the positive sign for the radical being taken since, in the range of y 
mentioned, cosy is positive. We thus have the formula 


d arsin x _ 1 

dx ~\J(l -x 2 ) ' 

The derivative is positive throughout the range [ - 1, 1] of x. In 
Fig. 123, it is seen that the gradient of A'B' is positive through- 
out, consistently with the analytical result. Further, we observe 
that as | x | -> 1 , dy/dx -> + <x> , while, in the Figure, the tangent tends 
to parallelism with Oy . There is a positive infinite lower derivative 
when x = l y and a positive infinite upper derivative when x— - 1. 

151. 2. Derivative of arcos x, (|#| ^ 1). From the result (2) of 
the preceding Article, when written in the form arcos x = \n - arsin x , 
we have 

d arcos a; _ d arsin x_ 1 /QX 

dx ~ dx ~ 7(1 ~ x *) 


151. 3. Derivative of artan x. Proceeding as in the case of arsin x } 
we write y = artan x , where y is in the range [ -\n, \ii\ , which gives 
rr=tan y. Therefore dx/dy = sec 2 y, and by the rule referred to, we 
have 


dy _ 1 _ 1 _ 1 

dx sec 2 y ~~ 1 + tan 2 y ~ 1 -f x 2 ' 
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d artanx_ 1 ... 

“ dx “T+^ ' 

oc 

Ex. 1. The function arsin-, (|a;|^|a|). We write ?/=arsina, where 

u =x/a 9 which gives dy/du = 1/^(1 - u 2 ), dujdx = 1/a. Then we have 

dy_dydu_ 1 1 _J( a 2 \ 1 ___ ( ^ 

dx du dx s/(l -u 2 )'a y\a 2 -x 2 J'a ^ sj(a 2 -x 2 ) 9 ' 

where the positive (negative) sign is to bo taken if a is positive (negative). 

Ex. 2. Shew that if | f(x) | ^ 1, 

d ars in /(#) _ f(x) . 

dx ~ Vii-vm [ ) 

Ex. 3. Shew that if | x | ^ | a |, 

dt arCOS « =:F V{a^j’ (8) 

where the upper (lower) sign is to bo taken if a is positive (negative). 

Ex. 4. Shew that 

d x a 

di artan 5=^ (9) 

151. 4. Derivative of arcosec x, (| x \ > 1). We have the relation 

arcosec x — arsin - , and hence, writing J'(:c) = l/x in the above result 
(7), we get X 

, . 1 1 

7 aarsm- - 0 

a arcosec x x x 2 1 

^ -?) 

Since ^ 2 ^(l ~~ x i) = I x \J( x2 ~ 1)> we ma y write 
d arcosec x _ 1 

dx ~~ | x \J(x 2 - 1) ' ' 

The derivative is thus negative throughout. 

151. 5. Derivative of arsec x, (| x | ^ 1). From the relation (3) of 
the preceding Article, we deduce the result 

d arsec x _ _d arcosec x _ 1 

dx ~ dx ~~ | x \J(x 2 - 1) 

The same result can also be obtained by starting with the relation 

arsec # = arcos - , or by using the method of the first Sub-article. 

3/ 
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151. 6. Derivative of arcot x. From the relation (4) of the pre- 
ceding Article, we deduce the result 

d arcot x _ d artan x _ 1 

dx dx 1 4 -x 2 


.(13) 


Ex. 5. Establish the results 
a 


(i) 4^ arcosec ~ 


dx 


a 


.... _d #_ a 

| x\sj(x 2 -a 2 ) 9 11 dr arS6C a — | x | s/(x 2 - a 2 ) 9 

...... d , x ci 

(in) 7 arcot - = 
a 


' dx wwl ' a~ a 2 + x 2 9 
where in cases (i), (ii), we have | x | ^ | a |. 


..(14) 


Ex. 6, Find the derivative of the function arsin 2 #. 
[Write y —u 2 , where u — arsine.] 


Ex. 7. Find the derivative of (1 +x 2 ) m i 2 sin [m (artan x -f^n)}. 1 
We have 

g = d(l +P^ sin {m{artanx + ijl)} +(1 +x 2 )ml 2 ds\n{m(*Tt «nx f j«» (lg) 
Now 

7 m m -1 A 

^(1 + Z 2 ) 2 (1 +. X ' 2 ) 2 .^(1 +* 2 ) 2 ( 16 ) 


and, writing ra (artan# *f we have 


d^ 

d# 


sin {ra (artan x 


dsin u 

^IhT 


d sin u du 
du dx 


= cos u 


m 

T+x 2 


Therefore 

dy 

— ra# ( 1 + # 


m 



= 2 cos {ra (artan x + £n)} (17) 


i 


m 

sin {ra (artan x + \n)} + ( 1 + # 2 ) 2 


l+x 2 cos ^ m ( ar ^ an x + i 71 )} 


— -i 

=ra(l + # 2 ) 2 [#sin {ra (artan# +i^)} + cos {ra (artan# + Jti)}] (18) 

We can simplify this result by putting 

# —tan {(artan x + \n) - \n} = - cot (artan# + In), (19) 

which gives, on putting <p temporarily for artan # -f \n , 


dy 

dx 


m 

— m( 1 + # 2 ) 2 


m 

( - cot g? sin rag? + cos rag?) =ra(l + # 2 ) 2 


m 

1 , „ a> Y-» sin{(w- 1) (art an 
( + ' cos (artan a;) 


sin(ra - l)gn 
sin g? J 


(20) 


1 The results of this Example are employed in the next Article. They appear 
naturally in finding the nth derivative of l/(a 2 -f x 2 ) by the use of complex numbers, 
but this method is outside our scope. 
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Now cos(artanx) —(1 -fa: 2 ) -1 / 2 , the positive sign of tho radical being taken 
since artan x lies in the range ( - \n), and therefore 

< dx = + x 2 )( m ~ 1 )l 2 sin {(m - 1) (artan a: + \n)} (21) 

On writing - n for m, we have the result 

d rsin{n (artan# + Jji)}“|__nsin {(n + 1) (artan cr + £ji)} . ot> . 

dx L (1+# 2 )"/ 2 J“ fr+# 2 )("+W“ * [ ' 

the derivative in this case being obtained from the function by changing n 
into n + 1 and then multiplying by n. 


152. Higher Derivatives and Taylor’s Theorem for the Inverse Trigo- 
nometrical Functions. 

Since the derivative of each of the inverse functions is an algebraic 
function, the methods already given for the differentiation of such 
functions can be employed to determine the higher derivatives. 
Repeated differentiation, however, soon becomes laborious, and 
special methods have been developed which avoid this increasing 
complexity. We note here only the cases of the inverse sine and 
tangent. 

152. 1. Case of arsin x, (| x | < 1). We find 


f w (*) = 

/<3>(X) = 


1 


(1 -X 2 ) 112 ’ 

1 + 2a; 2 

(T^x 2 Y 2 ’ 




(1 -X 2 ) 312 ’ 


m ) (3 + 2 a; 2 ) 

J W- _ x 2~y/2 ■■ 


( 1 ) 


and so on. A recurrence formula for the successive derivatives may 
be obtained as follows. From the first and second of the above 
results we have 

(1 -x 2 )f™(x)=xfW(x), (2) 

and, applying Leibniz’s Theorem, we find, after a little reduction, 


(1 -x 2 )f n +V(x) - (2nd- l)xf^(x) -n 2 fW(x)= 0 (3) 

This expresses the derivative of order n + 2 linearly in terms of those 
of orders n + 1 and n. The successive derivatives can thus be found 
for any value of n by a step-by-step process from a knowledge of the 
first and second derivatives only. 

This method gives readily the values of the successive derivatives 
when x — 0. We get the relation 


/(«+*)(0)=w*/ n )(0). 


(4) 
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and since / (2) ( 0) = 0, it follows, by Induction, that all the even 
derivatives vanish when x = 0. Further, 


/<1>(0) = 1, /<*>(<)) = 1*/ (1 >(0) = 1, fV(0) = VF»(0) = &,} (5) 

/ (7) (0) = 5 2 / (5) (0) = 3 2 . 5 2 , J U 


and generally, 

/(2n+D(o) = 3 2 . 5 2 ... (2n - 3) 2 (2n - l) 2 (6) 

The Taylor polynomial for arsin x of degree 2rH- 1 is thus 

- + 3l + 3 l! + - + ^- 52 ”-^- 1 ^(2^ 1 ) ! < 7 > 

We cannot enter on a satisfactory discussion of the remainder at 
this stage, since there is no suitable simple formula for the derivative 
of any order n for a general value of x. We may state, however, 
that the remainder does converge to zero as n increases indefinitely 
provided that x lies in the range ( - 1, 1). See Ex. 2, Set LXX, p. 
937. 


152. 2. Case of artano;. Denoting the function by y, or f(x), we 
have 

1 - 2 * • 2(1 -3a: 2 ) 24s(l -x 2 ) 

(1+a; 2 ) 3 ’ y “ (1 H-a: 2 ) 4 ’ K } 


y { 


d) — . 


1 + x' 


2 . v m = - 


(i+z a 


y 


and so on. A compact form for the general derivative is obtained 
as follows. We have tany, and the first of the above results 
gives Y x 

y 1 -f x 2 1 -f tan 2 y u v ' 

Differentiating this relation with respect to x, we obtain 

y ( 2) = - sin 2y . y (1) = -sin2ycos 2 y = cos 2 ysin{2(y + ...(10) 

and again, 

y (3) — [ cos 2 y . 2 cos {2(y + iji)} - sin 2y sin {2(y + £tt)}] y (1) 

= 2 cos 3 y [cos y cos {2 (y -f |:rc)} - sin y sin {2 (y + Jbr)}] 

= 2 cos 3 y cos (3y -f -in) — 2 cos 3 y sin {3(y + ^n)} (11) 

These results suggest the general form 1 

-(n - 1)! cos” y sin{w(y -\-\ti)}, (12) 


(n) ; 


y 


or, since cosy = (l +x 2 )~ l l 2 , 


y( n ) = (n - 1)! 


sin {n (artan x + \n)} 

(i + s 2 ) n ' f ' 


.(13) 


1 The expression in (13) is the compact form for the (n - l)th derivative of 1/(1 -fa: 2 ), 
referred to in Ex. 2, Art. 88. 
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That (13) is the correct form follows by Induction. For we 
have shewn in Ex. 7 of the preceding Article, equation (22), that the 
derivative of j/ (w) is obtained by changing n into n + 1, and the above 
formula (13) has been shewn to be true for the values 1, 2, 3 of n. 

If we put x — 0 in (13), we get 


/< w )(0) — (n ~ 1)! sin (14) 

which shews that the even derivatives all vanish when a; = 0, and 
which gives, for the odd derivatives, the formula 

/( 2 r+i)( 0 )=:( -l)'(2r)! (15) 


Taylor’s Theorem with Remainder for artan x is thu3 expressed by 

/y»3 /y*5 r»2n — 1 

artan x = x - ~ - ... + ( - l)"- 1 2 y— j 4- -R 2n+1 (x), (16) 

where 

/•v»2 n -f 1 

^» + i(^) = (2n+ - 1 y ! / <2n+1 W, (0 <0 < 1), 

2.2n4-l / 29?,] I 

= (2n +"!)! ' (1 + Sin {{2n + 1 )< artan 6x + M 


so that 


= 2»+i(l+*0***) +5sin {( 2w + 1 )( artanea; + i 7r )}> •••( 17 ) 


| ^2n + l( X ) 


1 

2 n + 1 



| x | 2n+1 
2n + 1 


(18) 


The magnitude of the error committed in replacing artan x by 
its Taylor polynomial of degree 2n - 1 is thus not greater than 
that of the last term in the polynomial of degree 2n 4- 1 . Further, 

\ x \2n+l 

2n + T ^ ecreases indefinitely as n -> qo , provided that | x | 1, and 

the conditions for Taylor’s Theorem being then satisfied, we have 

artan:r = :r + -f ( " l)" 1 " 1 % n ~ i (19) 


On the other hand, when \x\> 1, the Taylor polynomials do not 
satisfy the necessary condition for the validity of Taylor’s Theorem 
that the general term rr 2n ”* 1 /(2 n -1) should converge to zero when 
n -> oo . For if u n = \x | 2n ~ 1 /(2 n - 1), we have 


Un+l = 2 n-l ^2 
u n 2n + 1 


> 1 if n > 


x 2 + 1 
'2{x^-l) 


(20) 


Thus after a certain value of n the term u n increases with n and 
so cannot converge to zero when n -> oo . The Taylor Theorem as 
expressed by (19) therefore does not hold if | x | >1. 
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The series (19) is commonly known as Gregory's series for artan#. 
The closeness of approximation of the earlier Taylor polynomials to 

the function artan x is shewn in 
Fig. 128, the range of conver- 
gence being clearly indicated. 

152. 3. Use of Gregory's series in 
the approximate evaluation of n. 
Putting x — 1 in (19), we get a series 
which may be employed in the 
evaluation of artan 1, that is, of \n. 
The convergence, however, is too 
slow for the series to bo of much 
practical use. The rapidity of the 
convergence of (19) increases as x 
decreases, and by means of a sum of 
multiples of the series for small 
values of x , such as those given in 
Ex. 2, Art. 150. 7, we are able to find \ ji with great accuracy by the use of only 
a small number of terms. Thus, taking the result 

1^—8 artan ^ - 4 artan -- artan (21) 

we require only live, two, two terms, respectively, of the Gregory’s series for 
artan -j 1 * ^, artan g} s , artan ojy to obtain accuracy to ten places of decimals. 
The error in calculating \n in this way is then less than 2 x 10 9 . Denoting 
the successive inverse tangents to be calculated by a, ft, y , we have 

11 1 1 l_l 1 1 1 

a_ 10 3 10 3 + 5 li) 5 7 l0 7 + 9 10* 

] _1 1 _] i 1 

P “5 15 3 515 s + ’ '' " 230 3‘239 3 + '"' 




(i) Evaluation of a. 1 


1=0100 000 000 0 , 

=0-001 000 000 0 , 

A =0 000 010 000 0 , 
10° 

y * 7 =0 000 000 100 0 , 

ft ,= 0 000 000 001 0 , 

1=0100 000 000 0 , 

1 1 

l ■ A =0 000 002 000 0 , 

5 10 5 

1 1 

7 10 7 ~ 

A . =0 000 000 000 1 , 

0-000 333 333 3 , 

0-000 000 014 3 , 


0-100 002 000 1 , 

0-000 333 347 6 . 


a = 0*099 668 652 5 ( 23 ) 

1 The student should note the advantage of the systematic arrangement by means 

of which each term of the series is obtained from the preceding term. 
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(ii) Evaluation of 0. 


d-i =0-001 941 747 6, 
515 

5 j- =0 001 941 747 6, 

-^5= 0-000 000 007 3. 
515 s 

- ’ • 5 j 5 3 = - 0-000 000 002 4. 


0 = 0-001 941 745 2 ( 24 ) 

(iii) Evaluation of y. 


= 0-004 184 100 4 , 

239 = 0'004 184 100 4 , 

^= 0-000 000 073 2 , 

" 3 ' i * = ~ 0 ' 000 000 024 4 - 


y = 0*004 184 076 0 (25) 

We therefore have the results 

Jrc=8a -40 -y=0-785 398 163 2, 71^3-141 592 652 8 (26) 

We now examine barriers to the absolute errors in those results. The error 

in a due to rejecting terms of the series beyond ^ • y|- 9 is less than ~ , and 

so does not affect the tenth place of decimals. In the cases of 0 and y, the 

errors of the same nature do not exceed * * ^ and * • , respectively. 

These are of the respective orders of magnitude 1/(5 x 4 x 10 13 ), 1/(5 x 8 x 10 11 ), 
and are also negligible. There only remain errors due to approximating in 
the last figures written. In the calculation of a two of the terms are accurate 
in the tenth place, and in the other three terms the error is less than one-half 
a unit in this place. The error in a is thus less than T5 x 10~ 10 . For 0 and y 
the corresponding errors are each less than 1 x 10~ 10 . Hence the error in 
8a -40 -y, that is, in Jti, is less than 17 x 10 10 , and the error in n is accord- 
ingly less than 68 x 10~ 10 . The calculation thus shews that the value of n 
lies between 3- 1415926460 and 3- 1415926596. As a matter of fact, the errors 
are not as great as the upper barriers stated and are not all in the same 
direction. The value of n correct to ten decimal places is 3-1415926536. 

153. Tables for the Inverse Functions. Application of the Method of 
Proportional Parts. 

Tables giving the inverse trigonometrical functions arsin x , 
artanx, etc., directly for equidistant values of the argument x are 
not common. Such tables are, however, given in the collection of 
Hayashi and are at times very useful. 

Usually the inverse functions are found by reading the tables of 
the direct functions sin a:, tanx, etc., backwards. In Art. 125, 
Chap. IV, we have examined, for the general case of inversion, the 
uncertainty of a single result taken directly from a table in this 
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reverse way as well as the uncertainty involved in the application 
of the M.P.P. to interpolation for a value lying between two 
successive tabulated values. 

Suppose that we are concerned with a table of values of sin x with 
a common difference h of the argument x. If the table is 7i-figure, 
so that the value y 1 tabulated against x x is subject to an uncertainty 
of magnitude 5 x 10~ (n+1) , this value x l9 taken as an approximation 
to arsing, must be regarded as subject to an uncertainty of magni- 
tude 


5 x 10“< n+1 > x . 5 x lCH n+1) 

+hor id _ 



or 


5 x lCH n+1 > 
s/(l -?/i 2 ) ' 


(1) 


The uncertainty is thus increased in the ratio 1 : cos x. For small 
values of y 1 (or x x ), this gives the same w-decimal accuracy as y 
has. If, however, y x approaches 1, or x x approaches \n , the uncer- 
tainty increases ; for example, suppose the argument is x x — 1*558 
and that y x *, (0-9999181...), is the n-figure tabulated value of sin x x . 
We then have cos x x » 0-0126, and if we take 1-558 as the value of 
arsin y x *, the uncertainty is about 5 x 10~ (n+1) x 79, or 4 x 10 -(n-1) . 
Thus we cannot expect accuracy to more than n- 2 places in using 
this part of the table in reverse. 

In the five -figure Smithsonian Tables, sin 1-558 is given as 0-99992, while 
the actual valuo of arsin 0-99992 is 1-55814. 


In the application of the M.P.P. to the same reverse process, we 
have shewn that the uncertainty may be taken as lh 2 


<Py\ 

/: 

dy 

dx 2 

/: 

dx 


which in the present case becomes l h 2 tan x. Thus the uncertainty 
attaching to the inverse use of the table is again increased, relative 
to the uncertainty attaching to the direct use of the table, in the 
ratio 1 : cos x. The numerical example just employed serves to 
shew the increase of the uncertainty as the value of y t approaches 1. 

If we use a table in which the argument is in degree measure, we 
must remember that the common difference h in the above formula 
applies to the argument x of the function sin a;, and if h' is the 
common difference in degree measure, we have h^nh'l 180, where 
/i/ = l/60 if the common difference is 1 minute. The uncertainty of 
an interpolated value is, in this latter case, 


1 


n * 


. tan x . 


8 (180 x 60) 2 


(2) 
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The condition for completeness of inverse reading of an n-figure 
table of sin x is expressed by 

5 x IQ-* ** 1 ) 

COS X * 


lh 2 tana: <- 


.(3) 


that is, by sin x < 4 x 10 ~ n /h 2 . This condition is plainly satisfied for 
all values of x by the Smithsonian Tables , for example, where n — 5 
and the maximum value of h is 10~ 3 . For a seven-figure table in 
which the argument is in degree measure with common difference of 
1 minute, the value of h is approximately 2*9 x 10~ 4 , and the above 
condition reduces to sin a; <4 x 10~ 7 /(2-9 x 10" 4 ) 2 , which is again 
plainly satisfied for all values of x. Thus an interpolated value of x 
is given to the same accuracy as the adjacent tabulated values 
throughout the tables mentioned. 


Ex. 1. Shew that if x< 1-5502, (equivalent to 88° 49'), the uncertainty 
in x , taken as the value of the inverse function corresponding to a tabulated 
value of sin # in a seven-figuro table, is less than 2-5 x 10~ 6 (corresponding to 
one-half of a socond). 

[With the aid of this result we conclude that interpolation to the nearest 
second in the invorso use of a 7 -figure table of sines in which the argument is 
in degree measure with common difference of 1 minute, can be effected by 
the M.P.P. for values of the argument up to 88° 49'.] 

Ex. 2. Given sine 27° 53' =0-4676727 correct to seven places of decimals, 
find the uncertainty in the value 27° 53' taken as the equivalent in degree 
measure of arsin 0-4676727. 

[The uncertainty is given by 5 x 10“ 8 /cosine 27° 53', that is, 5 x 10 -8 /0*884, 
or 5*66 x 10 -8 , equivalent to 0-0117 seconds.] 

Ex. 3. A table of tangents is given correct to n places of decimals, the 
common difference of argument being h. Shew that the condition of com- 
pleteness for inverse reading is expressed by tan# sec 2 #< 2 x 10 - n /h 2 . 

If the argument is given in degrees with common difference of 1 minute, and 
if the table is 7-figure, shew that the condition of completeness is satisfied if 
the argument is less than 47° 20'. 


EXAMPLES XXV 

1. Sketch the graphs of the functions sin(2jr#/Z), 2 sin( \x -f \n) 9 cos (3# + Jjt). 
Explain how the graph of sin x may be employed as a representation of the 
graphs of the functions sin (x - \n), cos # , sin x +cos x. 

2. Sketch the graphs of the functions (i)tan#-#/(l -# 2 ), (ii) tan x -x -f- 1/#, 
(iii) cot# -f # - 1/#, (iv) tan# -f cot \x. Use the graph in each case to estimate 
the smallest positive value of # for which the function vanishes. 
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3. Examine the potential continuity of the following functions when # - 0 
and supply the completing values for those which are potentially continuous 
there : 


(i) x cosec x; (ii) (ta,nx)/x; (iii) x cot x ; (iv) 


1 - cos# 


(vi) 


1 - cos# 


(vii) 


tan # - sin # 


( vi ii) 


1 - cos # 


# 

(ix) 


(V)- 


1 - cos# 
sin (a +#) - sin a 


, . #-sin# . 3 sin# -sin 3# . ... 

(X) ^ ; (xi) -i , (xn) 


tan 2 # ’ 

1 - \x 2 - cos # 
*~x* 


EXAMPLES XXVI 


DIFFERENTIATION OF DIRECT TRIGONOMETRICAL 
FUNCTIONS 


1. Find the first derivative of each of the following functions : 

(i) sin 2 #; (ii) sin 2 #+ cos 2 #; (iii) cos m #; (iv) ain n (ax m b) 

(v) sin n (sin mx) ; (vi) cosec 2 #; (vii) l/(a 2 cos 2 # -f b 2 sin 2 #) 

(viii) # 2 sin(3-2#); (ix) # m sin n #; (x) l/(a+6sin#) 

(xi) sin(msin#); (xii) sin^/(l - #) ; (xiii) (ax 2 + b) sin(c# 2 4-d) 

(xiv) sin{V(l - # 2 ) tan :}#) ; (xv) sin|#|; (xvi) |sin#| 

. ... . , , , . .. . . 1 +# 2 . . .sin 2# -tan# 

(xvn) sin(;ztan#) ; (xvm) sin r — — ; (xix) - — 

L 4- # cos # 


(XX) 


sin(;r#) 


(xxi) 


1 4 sin# 

(xxiv) 7x 2 s/(cot x) ; 


(xxii) 


a cos 2 # 4-0 sin 2 # 


a cos 2 # + f$ sin 2 # ' 
(xxv) sin x m ; 


x ( 1 -#) ’ 

(xxiii) sjx tail# ; 

(xxvi) tan # 4- cot ^#. 

2. Tangents are drawn from the origin to the graph of the function a sin (#/c). 
Shew that the abscissae of the points of contact are given by tan(#/c) —#/c. 
Find the corresponding equation when the tangents are drawn from any 


point (|, ?7). 


[a sin (x/c) - tj =(x -£) - cos (x/c).] 


3. Find the values of c for which the line y*~*\x+c is (i) a tangent, (ii) a 
normal, to the curve y — 3 sin #. 

[(i) ±Jn/35 - \(2nn ±areos (ii) ±»J5 - l(2?i7t T arcos f).] 

4. A curve is specified by the equations # — 3 cos 0 - cos 3 0 , y = 3 sin 0 - sin 30 
in terms of the parameter 0. Shew that the gradient at any point is tan 20, 
and find tho value of d 2 yjdx 2 . 


5. Shew that the curves 

(i) y— ±x, y =x sin(l/#), and (ii) y=x 2 , y =# 2 sin( 1/#) 
touch at their respective points of contact. 

6. A rod A B of length 2a is suspended horizontally by means of two vortical 
strings, each of length /, their upper ends being fixed at the same level. The 
rod is turned about the vertical through its middle point with constant angular 
velocity co. Find the vertical velocity of the rod when the angle of twist 
(measured from the equilibrium position) is 0. 

[coa 2 sin 0/>/(/ 2 - 4a 2 sin 2 J0).] 



VI] EXAMPLES XXV, XXVI 365 

7. Find tho cosine of the inclination, to Ox, of the tangent at any point of 
the helix x—a cos 0, y —a sin 0 , z =c6. 

[Use tho result of Ex. 23, Set XII, Chap. II.] 

8. Prove that all the successive derivatives of tan x and of sec x are positive 
in the range (0, \n) of x. 

[Use the results (8), (10) of Art. 145 and employ the method of Induction.] 

9. Shew that each of the functions sin mx, cos mx, a sin mx + 6 cos mx, 
(a, b any real numbers), satisfies the equation d 2 y/dx 2 -\-m 2 y — 0. 

10. If ?/ =# sin v£, show that x 2 -2x~^ +?/ (x 2 -f 2) — 0. 

c) 2 Z 0 2 Z 0 2 z 

11. If z —x 2 sin(y/x), prove that x 2 ^ + 2xy + =^2x 2 sin(ylx). 

12. Find the nth derivative of each of the following functions : 

(i) sin mx ; (li) cos (mx + a) ; (iii) sin ax cos bx ; (iv) x 2 sin x ; 
(v) x 2 sin 3 x ; (vi) cos x cos 2x cos ; (vii) sin 2 kx ; (viii) cos 4 x ; 
(ix) cos n a;, (n a positive integer). 

[In case (ix) express cos w .r 1 inoar ly in terms of cosines of integral multiples 
of x ; see Hobson, Trigonometry , Art. 221.] 

13. Shew that lim “~Trf— — sin (a; -f Inn). 

A-> 0 n 

[Use the result of Ex. 5, Set IX.] 

14. Find tho transforms of dyjdx, d 2 yldx 2 when the independent variable x 
is changed to t by means of the relation x =tan t. Shew that this substitution 

transforms tho equation (1 +x 2 ) +2x~^ —0 into =0. 


1 5. If y — sin n 0/sin 0 and x = cos 0 , prove that 

+ (n 2 -l)y=0. 




' dx 


16. Shew that if a , c are positive, tho equation a +c tan# = b sin a; has two 
real roots between 0 and £ n if 6 2/3 ^>« 2/3 -fc 2/3 . 


17. Employing the result 


. rk . (r -\)k 

sin — - sin — 

n n 


o ( r “ i)b • 

— 2 cos sin — , 

n 7i 


(r = 1, 2, ... , n). 


where k is any number in the range ( - \n, \n), prove that if h = mkjn , (m, n 
integers, 7n<7i), then 

sin k sin h sin k 7 

f — < — y— < — 7 — sec k. 

k h k 

Hence shew that (sin h)/h converges to a definite positive number when 
/*->(). 

Shew how to find sint(30/2 n ), cost(30/2 n ) by the use of the formulae 
sin \x = sj{\ (1 - cos x)}, cos \x — ^/{A( 1 +cos #)}. In particular, shew that 
sint(30/2 6 ) =0-0163617, cost (30/2 6 ) -09998661, sec t(30/2 6 ) = 1 000134, and 
hence that if |/i|< 30/2 6 , (sint h)jh lies between 0-017452 and 0-017455. 
Deduce that the radian lies between 57°-29 and 57° -30. 

[The actual limit is nj 180, or 0-017453, and the radian is equal to 57°-2958.] 
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EXAMPLES XXVII 

EXPANSIONS. APPROXIMATIONS BY TAYLOR POLYNOMIALS 

1. Find the value of sint 48 correct to six decimal places by using the 
expansions for sint 3, cost 3. 

2. Calculate the value of the sine of 15° 11/ correct to six decimal places, 
using the known values of sint 30, cost 30. 

3. Obtain power series for the following functions : 

(i) (s inx)jx; (ii) (1 -cos #)/#; (iii) sin 2 #; 

(iv) cos 2 #; (v) cos 3 #; (vi) sin(# + \n) cos #. 

4. Shew that the difference between the length of a straight line and its 
projection on another is less than 2% of the length if the angle between the 
linos is less than 10°. 

5. If l is the length of a circular arc and a that of the corresponding chord, 
show that the error made in replacing l by a is of the third order in #, where # 
is the angle (in radians) subtended by the arc at the centre. Shew that if the 
angle is ^r/18, an upper barrier to the fractional error incurred in this approxi- 
mation is 0-0013. 

If b is the chord corresponding to one-half the arc, shew that the approxi- 
mation - a) is correct to the fourth order in #. Find an upper barrier 

to the error if #< \n. 

6. Shew that the Taylor polynomial for _-L?HIfL..# G f the fifth degree 

A t - cos # 

in # is -# 6 /180. Shew that the given function decreases as # increases and is 
equal to -0-071 when x — \n. Compare this result with that obtained from 
the Taylor polynomial found. 

7. Obtain the Taylor polynomial of the eighth degree for sec # from that 
for cos# (i) by division of the latter into 1, (ii) by the method of disposable 
coefficients. 

8. If y —x cot #, shew that xdyjdx —y -# 2 -y 2 , and that if n >2, 

xy ( n+1 ) = - (n - 1 )y( n ) - {y( n )y + y ( n_1 ) y 0) + (^y( n ~ 2 )yW + ... +yy( n ty- 
Hence find the values of the first eight derivatives when #=0. 

9. Calculate tan -jfo by the use of the Taylor polynomial of the third degree. 
By considering the remainder term, shew that an upper barrier to the error 
committed is 1*5 x 10 -6 . 

[The known value of tan is 0-1003347.] 

10. Shew that the Taylor polynomial of the sixth degree for # 2 cot 2 # is 
1 - §# a + A# 4 +yfo-# 6 . [Use Theorem II, Art. 129.] 

11. Employ the method of successive substitutions to find the Taylor 
polynomial of the fifth degree for y in terms of # when y - a sin y — fix, given 
that y — 0 when # =0. Hence shew that if powers of a higher than the second 
are neglected, 

y =0# + <x(0# - £/? 8 # 3 +xl t## 5 ) + a 2 (/S# - S^ 3 # 8 + A0 5 # 5 )- 
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12. If y -siny = £# 3 , shew that the Taylor polynomial of the fifth degree 
for y in terms of # is # + ^# 3 + laV o^ 5 - 

[Assume the form y — # + <x# 3 + (3x 5 -f yx 7 .] 

13. Shew graphically that the larger roots of the equation #=cot# are 
given approximately by x — nn. Employ the method of successive substitu- 

I 4 53 

tions to shew that x — nn + ^—3—= + 77 - 5—5 a f° lll 'th approximation 

H7Z oil 71* 1 

to the root near x ~nn. 

[Use the successive Taylor polynomials for #cot#, and in tho iterative 
process put cot x r+1 = # r .] 

14. Establish the following inequalities when x lies in the range [0, n ] : 

(i) sin# >x cos# ; (ii) 2(1 -cos#) ># sin# ; 

(iii) #(2 -f-cos#) >3 sin# ; (iv) # 2 -f# sin# +4 cos# -4 >0. 

15. Establish the following inequalities when # lies in the range [0, In]: 

(i) tan( \x + \n) > 1 + tan# ; (ii) 1 4- tan# >sec# ; 

(iii) tan # + 2 sin # >3# ; (iv) tan # - 24 tan \x - 4 sin# + 15# >0. 

16. In a triangle ABC the sides b , c and the angle A are measured. If there 
is a small error dA in the measured valuo of A , find (i) the consequent error da 
in the calculated value of a, and (ii) the error 6A in the calculated value A 
of tho area. 

If 6=24 yards, c=39 yards, A =53° 17', 6/1 =0° 5', shew that da =0 035 
yards and 6 A =0*406 square yards. 

17. It was intended to set out an equilateral triangle ABC whose sides 
should be each 100 yards long by laying out the sides 6, c at an angle of 60°. 
These sides, however, were made 4, 6 inches too long, respectively, and the 
angle 10' too large. Find the consequent error in the side a. [14 inches.] 

18. In a tangent galvanometer the current passing through the instrument 
is proportional to the tangent of the deflection of the needle. Shew that the 
instrument is most sensitive when the deflection is 45°. 

[Tho sensitiveness here considered is with respect to fractional increase of 
current.] 

19. The position of a point C is determined by chaining from two base points 
A, B in tho same horizontal plane. Employ the method of infinitesimals 
to shew that if the measured lengths are subject to errors p , q, the greatest 
possible distance of tho point located by the survoy measurements from the 
actual point is cosec C*J(p 2 +q 2 -f 2 pq cos 6 Y ), provided the angle C is acute. 

[Calculate the greatest uncertainties of location on the assumption that 
AC, BC are in turn correct.] 

20. If in the preceding Example the position of C is determined by sighting 
from A, B and the measured angles are subject to errors of m°, n°, shew that 
the greatest distance of the point located by the survoy measurements from 
the actual point is 

TIC 

cosec 2 CV(n 2 sin 2 A +m 2 si n 2 B + 2mn si nA sinB cos(7), 

X oU 

provided that C is acute. 

[Calculate the greatest uncertainties of location on the assumption that the 
angles A, B are in turn correct.] 
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EXAMPLES XXVIII 

EXTREME VALUES 

1. Investigate the local extreme valuos of the following functions : 

(i) 4 sin #4- sin 2#; (ii) tan x + cot \x ; (iii) tan #4-1 /a;; 

(iv) a cos 2 x 4-6 sin 2 # ; (v) (sin m#)/sin # ; (vi) (sin 2 m#)/sin 2 # ; 

(vii) sin 2 # cosec (# 4- a) cosec (# 4- b), (0 <a<b< ti) ; 

(viii) (sin 2 J#)/sin(# -a) ; (ix) a - b sin# +c tan# ; 

(x) # sin s/x ; (xi) sm # - \ sin 2 # ; (xii) sec 4 # - 6 sec 2 #4-8. 

2. A line AB, of length /, moves so as to be always a tangent to a circle, 
of radius a , which has its centre on Oy at distance h from O, (h<l). The end 
A lies on Ox and AB points in the positive direction of the #-axis, touching 
the circle abovo the level of its centre. Find the equation for the inclina- 
tion of AB to Ox when B is as far to the right as possible and shew that, 
if / — 8A 4-4a N /3, the required inclination is Jtt. 

3. Two fixed points A , B are taken in order along Oy , where OA = a, 
AB — ka. A line OP, of fixed length l and variable slopo y) to 0#, is drawn 
through 0 and the angle APB is denoted by 0. Investigate an expression 
for tan 0 in terms of ip, and prove that if l >rc(l 4 -k), the maximum value of 0 

. la (2 + k) 

occurs when sin y = ^ +o* ( "i"+A) ' 

4. If in the preceding Example the length of the lino OP is variable and its 
slope ip is fixed, shew that the maximum value of 0 is given by 

k cos ip 

tan U 1 4 -k) -(2 4- k) sin ip * 

Verify that for tan ip — £, k =2, tho maximum angle is 46° 53', nearly. 

5. From the point A, (0, \n), a line is drawn to a point P on tho curve 
y = cos #. Find the positions of P for which the gradient of AP is stationary 
and discriminate between the maxima and minima. Shew that for large 
values of # the positions of the stationary values are given approximately by 
x —nn 4-{( - 1 ) n n - 2}/(2nn). 

6. If OP, PQ are equal (variable) distances along the positive part of the 
i/-axis, shew that the maximum angle subtended by PQ at a fixed point on 
Ox is about 19° 28'. 

7. Two points A, ( h , 0), and B, (0, k), are fixed, ( h , &>0), and variable 
distances BP, PQ are taken along Oy, in the positive sense, in the ratio 1 : m. 
Shew that the maximum value of the angle subtended by PQ at A is 

mh 

artan (2 + m)k 4- 2 V( i~+m)s/(h 2 + F 2 ) * 

8. From a circular paper, of radius a, a sector is removed and the remainder 

formed into a right circular cone. Find the angle of the sector so that the 
volume of the cone may be a maximum. [About 66°.] 

9. A ball hits another ball which is at rest. Find the angle at which it must 
impinge in order that the change in its direction of motion may be a maxi- 
mum, assuming that the tangents of the inclination of the motion to the line 
of centres after and before impact are in the ratio k : 1. 

[Maximize the tangent of the deviation. The required angle is artan ( 1 /sjk).] 
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10. A rod ABC rotates about B , where AB =r lt BC - 
that the angle (p subtended by the rod at a point O at a distance 

an extreme value when cos 0 

l * 

l 2 - r x r 2 + l(r 2 - r t ) cos 0 


Shew 
yji B has 


— — , where 0 is the angle OB A . 
l z -r x r 2 


Shew that cot cp — 




l( r l -f r 2 ) sin 0 

11. Shew that the greatest distance from the centre to a normal of the 
ellipse x —a cos 0, y ~b sin 0 is a -b. 


12. A ship sails between two ports whose latitude 0 is the same. Show 
that the distance saved by sailing along the shortest great-circle course 
instead of the shortest parallel-of-latitude course is a maximum when the 
ports differ in longitude by 180°. Show also that the greatest saving of 
distance by this procedure occurs when 0 ~ arsin(2/;r) and that the distance 
saved is then a { 2 arsin(2/jz) + s/(n 2 -4) - ji}, where a is the earth's radius. 


13. A point P , (0 o ), lies on the helix x—acoti 0,y=a sin 0, z=cO. Find 
the condition for the existence of other points on the helix which are at 
stationary distances from P, and give a graphical method for determining 
such points. 


14. A helix x —a cos 0, y =a sin 0, z—cO has its axis at an inclination a to 
the vortical. Given that tan a >c/a, find the points on the helix which are of 
stationary height and distinguish between those of maximum and minimum 
height. [Take the axis of x horizontal.] 


EXAMPLES XXIX 

MISCELLANEOUS EXAMPLES OF TRIGONOMETRICAL FUNCTIONS 

1. Shew that for the cycloid x -a (0 — sin 0), y =a(l - cos 0), the subnormal 
is | a sin 0 |. 

2. Investigate the points of contraflexure of the curves whose equations 
are the following, and sketch the curves : 

(i) +sin .c ; (ii) y = tan x - 2 sin x ; (iii) y = 4 sin x + sin 2x ; 

(iv) y — 4 cos 3 x -f 3 sin x ; ( v) y m 3 sin xj ( 2 + cos x). 

3. Sketch the curve r = a cos 0, y --a(l + sin 0) cos 0 and determine the 
points of contraflexure. 

4. Sketch the curve y— a cosec x -t - b sec x in the range (0, 2 n) of x. Find 
the number of roots of the equation a cosec x +6 sec# = 1 in the above range, 
distinguishing the cases in which a 2,z +6 2/3 >, =, < L 

5. A circle of radius b rolls on the outside of a fixed circle of radius a and 
a point carried by the rolling circle at distance c (less than b) from its centre 
describes a curve C- Prove that C will or will not have points of contra- 
flexure according as c >b 2 /(a +b) or c< b 2 /(a + b). 

[The curve C is an epitrochoid.\ 

2a 


M.B.M.A. 
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6. Find the curvature at any point of the curve y ~a sin - 


Shew that 


if the wave-length is large compared with the amplitude, k « - (2 n\X) 2 y. 

7. Find the curvature at any point 0 of the ellipse # -~a cos 0, y ~b sin 0. 
Use the result of Ex. 26, Set XXIV, to shew that the equation of the circle 

of curvature at 0 is 

ab(x 2 + y 2 ) - 2(a 2 - b 2 ) (xb cos 3 0 - ya sin 3 0) - \ab{(a 2 + b 2 ) - 3 (a 2 - b 2 ) cos 20) — 0. 

8. Shew that the curvature of the ellipse 

x —a + b cos 6 + c sin 0, y = a + /? cos 0 + y sin 0 
at the point 0 is given by 

by - eft 

K ~ {(0 2 + P 2 ) sin 2 0 + (c 2 +y 2 j cos 2 0 - 2(6c + Py) sin 0 cos 0) 3/2 * 

Henco, or otherwise, shew that at the ends of the axes of the ellipse, 

tan 2 0= 2 % + W ... 

b 2 A ft 2 -c 2 -y 1 

9. Shew that the curvature at any point 0 of the astroid #— acos 3 0, 
y—a sin 3 0 is +2/(3asin 20), where the upper (lower) sign is taken when x 
is positive (negative). 

Shew also that the coordinates (f, y) of the centre of curvature are given 
by £ + V =«( cos 0 + sin 0) 3 , £ - y =a ( cos 0 -sm 0) 3 . 

10. Shew that the evoluto of the cycloid x=a(0 sin 0), y —a( l -cos0) is 
the cycloid x—a(0 + sin0), y - ~a( 1 - cos 0). 

[The evolute is the locus of the centre of curvature. ] 

11. From a point P, ( x , ?/) on a curve, a distance PQ( - h ) is taken along 
the normal in the sense of the curvaturo. Find the coordinates (x\ y') of Q, 
employing the slope xp at P. Shew that if P moves along the curve with 
variable speed F, (h remaining constant), the rates of increase of x\ y' are 
given by 

dx'/dt = V( 1 - }ik) cos y, dy'/dt = V( l - Hk) sin tp. 

Explain the result for a point P at which k — l/h. 

12. A circular disc of radius a rolls round the outside of a disc of the same 


size. Shew that, by suitable choice of axes, the equation of the tangent to 
the curve C described by a point on the rim is x sin 30 - y cos 30 =3a sin 0, 
where 20 is the angle turned through by the line of centres. 

Shew also that the curvature at any point of the curve C is $ (cosec 0)/a, 

[The curve C is an epicycloid .] 

13. A circular disc of radius a rolls along a straight line and P is a point 
of it at distance b from the centre. Shew that the curvatures at the highest 
and lowest points of the path traced out by P are -bj(a +b) 2 , b/(a -b) 2 , 
respectively. 

Shew also that if A is the point of contact of the rolling circle with the line 
and G is the centre of the circle, the curvature vanishes when LA PC =90°. 

[The path of the carried point P is called a trochoid .] 

14. Find approximately the positive root of the equation sin#— \x 9 re- 

placing sin# by its Taylor polynomial of the third degree. Employ Newton’s 
method to improve the approximation. [W3? 0-88348.] 

15. Shew that in approximating to the largest root of the equation 
#+6 = 2 sin#, if -4-23 is taken as the starting point in the application of 



EXAMPLES XXIX, XXX 


Newton’s method, a closer approximation is assured. Find this approximation 
and shew that it is not in error by more than 1-2 x 10 -5 . 

[Approximations to the three roots of the equation are given in Ex. 5, 
Art. 142.1 


16. Use Newton’s method to shew that the root of the equation ^— J = cosx 

which lies in the range (0, \n) is approximately 1 1945. 

[Start with the approximation 1*19, as given in Ex. 2, Art. 149.J 

17. Show that a seven-figuro table of tangents in which the common 
difference of argument is 1 minute becomes incomplete for angles greater 
than about 48°. 


EXAMPLES XXX 


INVERSE TRIGONOMETRICAL FUNCTIONS 

1 . Establish the following results : 

(i) arsin x = l arsin {2x^(1 - a; 2 )} if |a;|<C!l/V2 ; 

(ii) arcos x = | arcos ( 2x 2 - l)if0^#<l; 

(iii) artan a; = J artan {2x/(\ - x 2 )} if |a*| < 1 ; 

(iv) arcos x — 2 artan ^ if | x | <T l ; 


( v ) artan x = arsin 


s/( 1 + * 2 ) ’ 


1 -X 2 

( vi) artan x — ± J arcos ~ 2 according as x g 0. 

2. Express cos (arsin a:), tan (arsin a:), sin (2 arsin a:), cos (2 arsin a?), 
tan (2 artan x) as algebraic functions of x. 

8. Sketch the graphs of the functions sin (artan x), sin 2 (artan x + \n). 
at ± ^ r . P , . arsin a; artan x „ 


4. Investigate the potential continuity of the functions — — — , — for 

the value 0 of x. [The completing value in each case is 1.] 

5. Obtain the derivative of arsin x by finding the completing value of the 


potentially continuous function 


arsin (x + Ax) - arsin x 


6. Find the first derivative of each of the following functions : 

(i) arsin (1 /x) ; (ii) artan (1 /x) ; (iii) arsec(l/a?); (iv) x arsin x ; 
(v) arsin mx; (vi) arcos (x 2 ) ; (vii) sin x 4-arsin>/a: ; (viii) a:artana:; 

/„x 2 2 * + 1 . + . 


2 2a: 4- 1 

(ix) artan (tan la:) ; (x) artan — ; 

v *> v •> 


(xi) artan 


l - s/Xs/a 9 


(xii) arsin N /( 1 -x 2 ) ; (xiii) arcos ^ ; (xiv) arcos 

1 x* 


If cos 3a: \ . 

8 V \ cos 3 x J 9 


(xv) tan(m artan a:) ; 

a: (3 4- 5.r 2 ) 

(xvn) ? artan x- g(1 +a;>) , ; 
, • > , ( I fa -b\ , 


(xvi) artan 


a 4- b cos x 
b+a cos x 9 


(xix) artan 


W4 


(xviii) artan(l/^)l 


(xx) arsin {2ax*J(\ -a 2 x 2 )}. 
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7. Shew that the completed function y ~{x artan(l/#)}* has one-sided 
derivatives when x — 4- 0 and when x — - 0. 


8. If u =# 2 artan(?//#) -y 2 artan(#/t/), find the values of du/dx, d 2 uldx 2 , 
d 2 ul(dxdy). 

9. Find the nth derivative of xj ( a 2 4- a; 2 ). 


^Apply Leibniz’s Theorem, using the result 


d\ n 




sin {(n 4- 1) (artan ^ + in)} 


\dxj a 2 +x 2 ' (a 2 4 -# 2 )( n+1 )/ 2 

cos { (n + 1 ) (artan x 4- \n) } n 
The required derivative is - n ! - 2 - — . J 


10. If y m =sin(m arsin x ), shew that 


r m+i 


2 /rn+l ' 


#V(1 -.r 2 ) d 


(* m y m ) '■ 


m dl ( X ' n 2/m) ~ 


1 )" 


rf y 


{ x Ui)’ 


m dx ' mdk' v '"' m! 

where a; 2 = 1/(1 4- A 2 ). Deduce the mth derivative of 1/(1 -f A 2 ) with respect 
to A. [Here x, A are taken to have the same sign.] 

11. Establish the result 


’ d 


{dx) 


(i -x 2 ) m n = 


(2m 4- 1 )(2m - 1 
(rn + 1 ) 


. 1 \ 1 / ,7 \w4-i 


artan A, 


whereA = V(i-*r 

12. The formula ^n-T cos(w arccis .r), (n a positive integer), defines the 

general Tchobychef polynomial T n (x). Shew that the explicit expression for 
2 n ~'T n (x) is 

, i \?( / 2 f i o , n 2 (n 2 -2 2 ) . . 

( -1) 7,/2 {1 - 2 j* 4- — ~ — a; 4 -...}, (n even), 


and ( - 1 )( n-1 ) /2 n{*r - H ^ — a; 8 4- 


4 ! 

(n 2 - l 2 )(n 2 - 3 2 ) 
5~! : 


...}, (n odd). 
d 2 y dy 

Shew also that T n (x) satisfies the equation ( 1 - x 2 ) - a; ~ }- n 2 ?/ = 0. 

13. If ?/= arsin 2 #, shew that 

(1 -# 2 )y( n+2 ) - (2n 4- l)#//( n+1 ) - n 2 y (n )—0 t (n> 0). 


Shew that the Taylor polynomial of the sixth degree for arsin 2 # is 

# 2 4- J# 4 4- ^#®. 

[Either ornploy the values of the successive derivatives at x =0 or square 
the corresponding polynomial for arsin #, neglecting powers of x above the 
sixth.] 


14. Shew that artan x >#/(l 4- x 2 ) if #>0. 

15. Employ Gregory’s series to shew that artan J =0-165148677 with an 
error of 1 at most in the last figure written. Obtain the same result by using 
the formula artan l = artan i - artan - 3 \ and calculating the terms on the 
right-hand side by means of Gregory’s series. 
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CHAPTER VII 

THE EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 
ASSOCIATED FUNCTIONS (HYPERBOLIC, EPICENE, 
EXPOCYCLIC) 

SECTION I. THE EXPONENTIAL FUNCTION 

154. Introductory Remarks. 

In the present Chapter we consider the elementary functions 
which are described as of exponential type. These form a second 
class of transcendental functions. In analytical importance they 
rank with the trigonometrical functions. 

The fundamental exponential function is a correlative of the 
elementary algebraic function which is a fixed power 1 of the inde- 
pendent variable. If in the power a b we suppose a to take all values 
in a range of which the terminals are both positive and typify one 
such value by x , b being supposed constant, we arrive at the function 
x b , x being a variable base and b the constant exponent. If, on the 
other hand, we suppose b to take all values in a range and typify 
one such value by x, a being a positive constant, we arrive at the 
function a x , x being now a variable exponent and a the constant base . 
This function a x is called the elementary exponential function of 
base a, and is symbolized (alternatively) by 2 exp a #. 

We now proceed to the treatment of this function and others 
derived from it. The exposition assumes a knowledge of the 
theorems concerning potentiation and radication (index laws, etc.), 
given in books on elementary Algebra. These theorems are demon- 
strated in Chap. XXI in the manner now regarded as rigorous and 
the proofs can be read at any stage. 

1 In the language of the Theory of Functions, this function is algebraic only when 
it is a rational power of the variable. 

2 The symbol ‘ exp 0 ’ is to be regarded as a particular case of the goneral functional 
symbol ‘/\ The form exp a :» is sometimes much more convenient than the form a x , 

i 

especially from a typographical standpoint; compare, for example, the form 10 230 
with exp 10 (2 1/80 ). 
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The particular results which we suppose known 1 are as follows : 

(i) the existence of the general power a b 9 where a , b are numbers, 
rational or irrational, and a is positive ; if b is the rational 
fraction mjn , (n>0), a b is the positive nth root of the mth 
power of a ; 

(ii) that if a > 1, a b > 1 if b > 0 and 0<a 6 <lif&<0; 

(iii) that if a> 1, a b '>a b if b f >b ; 

(iv) that a b a b ' =a b + b ' 9 where b 9 b ' are numbers different from zero ; 

the first index law . Under the convention a° = 1 , explained 
in the next Article, the restriction on 6, b' is removed in this 
and the following two results ; 

(v) that a b c b — (ac) b 9 (c> 0) ; the second index law ; 

(vi) that (a b ) b ' ~a bb ' —(a b ') b ; the third index law . 


155. Continuity of a x . 

A discussion of the continuity of a x is given in Chap. XXI, Art. 390, 
as a step in the exposition of the theory of general powers. It is, 
however, desirable to insert here a verification that the standard 
£ -condition of continuity is satisfied in virtue of the results stated in 
the preceding Article. 

The condition for the continuity of a x at x l9 (x x 0), is expressed 
by 

| a x - a x * |< e , (e arbitrary), if | x -x x \<k, (k appropriate) (1) 

Writing x — x x +A, so that a x -a x ^ = a x ^ h -a x '=a x *(a h - 1), this takes 
the form 

a x ' | a h - 1 | < e if | h | < k, 

or | a h - 1 | < e/a ft if | h | < k (2) 

We proceed to shew that an appropriate value of k can be found to 
satisfy this condition. 

(i) Suppose, at first, that a> 1 and write a — 1 -ha, (a> 0). If n is 
a positive integer, we have, as in Art. 50, Ex. 2, 


and hence 


( i+ »)"> i+ « < 3 > 

1 + “>(1+«) 1; ", (4) 


the nth root of the greater number being the greater. We thus have 
(1 +a) 1/n - 1 < a/n, that is, a lln - 1 < (a - l)/n ; whence it follows that 

a lln - 1 < e # , (e' arbitrary), if n>(a-l)ie’ (5) 

1 If the student is in doubt as to any one of the results stated, he should test it by 
taking a simple numerical case. 



ARTS. 154, 155] CONTINUITY 375 

We deduce at once that if h > 0 we can make a h - 1 < s' by taking 
h < l/n < e'/(a - 1), for then a h <a lln < 1 + e . 

Again, we have from (4), 

~ (lTa) T /" < 1 " T+ccfn ~ l+oifn K ^ n ^ 

For positive values of h we can therefore make 1 - ^ <e\ and thus 
| a~ h - 1 |< e\ by again taking h < l/n < e'/(a - 1). 

Thus, whether h is positive or negative, 

|a*-l|<e', (s' arbitrary), if 1 | h | < l/n < s' /{a - 1), (7) 

where n is the integer next greater than (a - l)/e\ 

(ii) If, next, 0 <a < 1, we write a h — (i/a)~ h , and, by the above, 

1 0~ h - 1 1 < £ '> ( £ ' arbitrary), if | h | < l/n < e' /(\ - l), (8) 

where n is the integer next greater than (1/a - l)/e'. 

The case of a = 1 requires no discussion. 

We conclude that when a> 0 we can always make | a h - 1 |< e', 
{e arbitrary), by taking \h\ less than l/n, where n is the integer 
next greater than (a - l)/e' or - l)/e' according as a is greater or 
less than 1. The condition (2) follows at once by taking k — ej{(x.a Xx ) y 
where a is equal to a - 1 or * - 1 according as a . 1 , and the con- 
tinuity of a x at any value x ly different from zero, is established. 

The above results shew, moreover, that the function is potentially 
continuous at # = 0 and is completed by giving it the value 1 there. 
In conformity with the practice of denoting completed functions by 
the addition of an asterisk to the functional symbol, we should 
denote the completed exponential function by (a x )*, but the asterisk 
is not here necessary, and we shall henceforth use the symbol a x to 
denote the exponential function whose value at # = 0 is defined to 
be 1. The range of values of this function is [0, oo ], corresponding 
to the range [ - c© , oo ] of x. 

Ex. 1. Prove that | 10* - 1 | < 0-2501 if | x | < 1/2 3 , while 
| 10* - 1 | < 2-1445 x 10-® if | * | < 1/2 30 . 

[The successive square roots of 10, up to the sixtieth, are given in Callet, 
Table de Logarithmes. Quoting from this we have 
n = 1/2 3 =0-125, 10 n = 1-3335, 

n = 1/2 80 =0-313 x 10~ 10 , 10 n = 1-000 000 002 144 449. 

The above inequalities follow at once from these results.] 

1 We here assume s' small, so that there is an integer n such that the condition 
| h | < ~ is satisfied if | h | < e'l{a - 1 ). A corresponding remark applies also to (8). 
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156. The Property of Geometric Progression. 

Before going on to the construction of the graph of the exponential 
function, it is convenient to call attention to a property which is an 
immediate consequence of the index laws. If a set of equidistant 
values of the independent variable is chosen, thus forming an 
arithmetic progression, the corresponding values of the exponential 
function form a geometric progression. Denoting the successive 
values of x by x x , x 1 +h, x 1 +2 h, ... , the corresponding values of a x 
are a x \ a x ' +h , a x ' +2h , ... , that is, 

a**, a x m h , a x i(a h ) 2 , (1) 

The ratio of any one of these values to the immediately preceding 
one is the constant number a h , which expresses the property stated. 

157. Graph of the Function. 

We consider, at first, the special value 2 of a , so that the function 
is y — 2 X . Taking the integral values -3, -2, - 1, 0, 1, 2, 3 for x, 
the corresponding values for y are J, J, 1, 2, 4, 8, giving a set of 
points on the curve such that each ordinate is double that of the 
preceding one. 

In order to fill in between these points we may make use of 

the above property. For if x l9 x x +h 
are successive integers, the value of 
2 X for the half-integer x x -f | h satisfies 
the relation 2 x *+l h /2 x ' = 2 x i+ h /2 x i + * h and 
is therefore given by 

2xi±hh = J(2 x i2 x *+ h ) ( 1 ) 

By continued subdivision we can, in 
this way, find to any desired degree of 
accuracy the ordinates of as many 
points as we please on the curve cor- 
responding to rational values of x . 
The general form 1 of the curve in the 
range ( - 3, 3), obtained in this way, is 
shewn by the full line in Fig. 129. On 
account of the continuity of 2®, plot- 
points for irrational values of x can be approximated to indefinitely 
by plot-points for rational values of x. This result can be expressed 

1 It is proved in Art. 159 that the curve is throughout concave upwards, as in the 
Figure. 



Fig. 129. 
y = 2 ~*. 
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by saying that the plot-points for irrational values of x also he on 
the curve drawn. 

If, next, we consider the function (^) x , the graph can be obtained 
from that of 2 X merely by reversing the direction of the x-axis, since 
( \) x — 2 ~ x . The graph of the function ( \) x relative to axes drawn in 
the conventional directions is shewn by the broken line in Fig. 129, 
the range of x being again ( - 3, 3). 

The form of the graph of a x when a>l is evidently the same as 
that of 2 X , for the geometric law of increase of the function applies 
for any such value of a. Further, it is easily shewn that if a, b are 
any positive numbers, the functions a x , b x can be expressed in terms 
of each other. To demonstrate this we employ the elements of the 
theory of logarithmation, as given in elementary Algebra. Accord- 


ing to this theory, we have 

b = a l °zai> ) ( 2 ) 

from which it follows that for any chosen value of x, 

b x = {a}°^Y = a x ^ab = a x \ say, (3) 


where x' =x\og a b. This shews that the graph of a x may be em- 
ployed as a representation of b x merely by changing the scale along 
the x-axis in the ratio 1 : log a 6. 

The property of geometric progression may be employed to decide whether 
a given curve approximates to an exponential curve. If the function is 
decreasing, the lengths of intervals in which the function falls to one-half of 
its value at the beginning (left end) of each interval are compared. If these 
are approximately equal we conclude that the curve is approximately 
exponential. If the function is increasing, the intervals refer to the doubling 
of the function in each. 

Ex. 1. Sketch the graph of the function a 1*1, (a > 1). 


158. Derivative of a x . 

Suppose, at first, that a> 1. We investigate the derivative at a 
point x x , the corresponding value of the function being denoted by 
y x . For increments Ax, Ay, we have 


A v a x '+ Ax -a x ' „ a Ax - 1 

* — —a x ' 

Ax Ax Ax 9 


(Az^O) (1) 


The function on the right-hand side of (1) is the product of the con- 
stant term a x * and the function (a Ax -l)/Ax. We proceed to shew 
that the latter is potentially continuous at x l9 a property which, 
according to the argument of Art. 66, establishes the existence of 
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the derivative of a x at x 1 . The determination of the actual complet- 
ing value is considered in Art. 160. 

Writing h instead of A#, for convenience, the function to be con- 
sidered is ( a h -1 )/A. We shew that the variation of this function 
can be made as small as we please by confining | h | to an appropri- 
ately chosen range. 

(i) Let k be any chosen positive number and suppose, at first, 
that h is positive and a rational fraction mjn of k , so that 

a h = a n , (m, n positive integers, m ^ n). Then 


giving 


m / 1 \m 

a h -l=a n k -l=\a n ) -1 

( i*. V - 1 k "Li ? h \ 

=U n -1/U ” +a » " + + 


( 2 ) 


a" 1 - 1 
1 

„ k , 

a" - 1 


m r - 1 
\ A — k 

2jCI » 


r — 1 


(3) 


and, in particular, for m = n, 

a k - 1 




r- 1 


a n 


k 


(4) 


Consider now the expression 

1 2 m - 1 m n- 1 

1 +a nk + a nk + ... +a- n * + a w + ... +a n , (5) 

in which the terms continually increase, so that the average value 
of the n terms is greater than that of the first m terms. Also, 
the average value of any number of terms is less than the greatest 

n - 1 

term, viz. a n , (and, a fortiori , less than a k ), and greater than the 
least term, viz. 1. We thus have the set of inequalities 


a k > l -^a^ k > 1 *> 1 , 


which, with the aid of (3) and (4), becomes 


(6) 


a k >- 


a k - 1 


>- 


™k 

a n - 1 


> 1 . 


k 1 k 

n(a n -1) m(a n -1) 

From the last two of these inequalities we have 


(?) 


a k - 1 a n - 1 

— > >a n 


-1 


n 


m 
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and from the first one, 


a n -1> 


a k -1 


na 


k * 


Hence, on combining and dividing throughout by k/n y we get the 
fundamental double inequality 


or 


a k - 1 a n - 1 1 -a~ k 

(8) 

k > m > k ’ 

n 


a k - 1 a h - 1 1 -a~ k 

(9) 

-a 

A 

i** 

1 

A 


when h has the form k. 

n 

We assume, for the present, that the same result is true when h/k 
is irrational and less than 1, so that (9) holds for any positive value 
of h in the range (0, k). The mode of passage to irrational values of 
hfe will be seen in Chap. XXI. 

7YI 

(ii) In considering the case of h negative, we write h— - k y and 
by an argument similar to the above, we reach the set of inequalities 


-~k 

1 -a n 1 -a~ k 

~A k 

m( 1 - a n ) n( 1 - a n ) 


> a~ k . 


( 10 ) 


which leads to the same result (9) when A is a negative rational 
fraction of k . Including again the case when h is an irrational 
fraction of k, the fundamental double inequality (9) holds when h 
is any number other than zero in the range ( -k y k). 

If now h ' , h" are any two such values of h y we have 


rh' 


W 


1 a h " - 1 
h" 


< 


a k -l 1 -a~ k 1 -a~ 


k 


k 


k 


(«*-!), ( 11 ) 


and the potential continuity of (a h - 1 )/ h at h = 0 is demonstrated by 
shewing that the expression on the left of (11) can be made less 
than an arbitrarily chosen number e by suitably restricting the range 
of h. This readily follows, for, from (9), if k ( is any positive number, 


1 


while, from Art. 1 55, 




< 


k' 


■- M y say, 


( 12 ) 


a k - 1 < e' y (e f small, arbitrary), if k < e'/(a - 1) (13) 
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The difference in question can therefore be made less than s by 
taking k , and therefore | h |, less than e/{M (a - 1)}. 

This establishes the potential continuity, and the completing 
value, which we denote temporarily by L a , is given by 




/o»-l\* 

V h~ /*_„ 


= lim 


A— >-0 


a h -l 

~~h~ 


( 14 ) 


The derivative of a* at x x thus exists, its value, or the completing 
value of the function Ay /Ax, being a J 'L a ■ Thus, for any value of x, 



( 15 ) 


This result shews that the gradient at any point of the graph of the function 
a x is the product of the ordinate by L a . It follows that the sub -tangent 
(Art. 83. 4) has the constant length 1 \L a . It will appear later that the ex- 
ponential curve is the only one with this property. Rough approximations 
to the value of L a can be obtained by drawing the tangents to the curve at 
various points and taking the reciprocals of the corresponding sub -tangents. 


The case in which 0<a<l can be dealt with separately by the 
above process, but it is most conveniently disposed of by considering 
the reciprocal, b say, of a. We have a h =b ~ h , and hence 


_r h b h J -l 

h “ h ~ h 


( 16 ) 


Since b~ h ~> 1 as h-> 0, the limit of (a h - 1 )jh is minus the limit of 
(b h - 1 )/h y that is, L a — - L b . Hence 

d ^-=a x L a = -a x L b ( 17 ) 


In all the general discussions it is sufficient to suppose the base 
greater than 1, and this we shall do. 


159. Geometrical Interpretation of the Fundamental Double Inequality. 
The double inequality 


a*-l^a*-l 1- a~ k 

~lc~ > ~h~ > F ” 


(1) 


can be employed directly to establish the important geometrical 
property that the graph of the exponential function a®, (a>0), is 
throughout a curve of finite upward curvature. For if P k , P, A 
are the points on the curve of abscissae k , - k , h , 0, respectively, 
(Fig. 130), the successive members in (1) are the gradients of the 
chords AP k , AP, AP_ ky and we therefore conclude that the chord 
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joining A to any point P k (or P~ k ) 
points P. The possession of this 
property is, according to Art. Ill, 
the required condition for upward 
concavity. 

Conversely, the double inequality 
can be recovered geometrically (but 
not, of course, proved) in the above 
way when the general form of the 
curve is assumed. 

It should be observed that from the 
above equation (15) we have 


d 2 a x _ j da x 
~dx 2 ~ a dx 


= L 2 a x > 0, 


....( 2 ) 


lies above all intermediate 



so that the condition of Art. 112 for upward concavity is satisfied at 
all points of the graph. 


160. Change of Base. Connection between the Values of L for Dif- 
ferent Bases. The Special Bases e, 10. 

For the function b x , (5>0), we have 


w 

b h -l 

where L 6 = lim — , — . Now, recalling the result (2), Art. 157, we 
h->o h 

can write 

b h =a hloe a b — a h ', say, (2) 

where h' —h log a b, so that h' -> 0 as h -> 0. Hence 
b h ~ 1 a h ' - 1 a h ’ - l } 

h = -hT=~h-- to S- 1 ’ < 3 > 

and therefore 

b h - 1 .. a A '-l, , 

hm— = lim — r-,— log 0 6, 

A— >-o h' -+ 0 

or 

A —L a log a b (4) 

Interchanging a and 6, we have the equivalent relation 


L a =L b \og b a (5) 

It follows from (4) that if the value of L a is known, that of L b 
can be calculated provided that log a 6 is known. This latter number 
can be found approximately by means of a table of logarithms. The 
theory of logarithms is discussed in Section III below, where it is 
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shewn how to calculate the logarithm of a positive number to a 
given base to any desired degree of accuracy. 

From the analytical point of view there is one special base of 
great importance, namely that for which L has the value 1. The 
value b of the base must then satisfy the relation 

1= A, log A 

and is thus given by b =a 1 l La . This special value of b is denoted by 


the letter e so that 

e = a^ La , (6J 

and we have, from (4) and (5), 

L t = l=L a log 0 e, L a =L e log, a = log, a = ~~ e (7) 


Thus L a is the logarithm of a to the base e, (or the reciprocal of 
the logarithm of e to the base a) ; it can be calculated to any degree 
of accuracy by the methods of Section III below. 

For the derivative of a x we now have the formula 


d <lx = axL a= aX ^og e a, 


(8) 


while for the special function e x we have 

de x 


dx 


—e x L.=e x . 


.(9) 


A second exponential base of practical importance is the number 
10, and for this we have the results : 

10* -1 r 1 - 10 -* .. 

— k — > Ao > — , (* > 0), (10) 

Ao=log e 10 = l/log 10 e, (11) 

d 10 * 


dx~ lQXLl ° 


- 10* log, 10 (12) 


160. 1. Approximate determinatio?i of loy e 10. We may employ (10) to find 
an approximation to the value of L 10 , that is, of log 6 10. We take for k the 
small value 1/2 30 , so that 10* is the thirtieth of the successive square roots 
of 10. Quoting from Callet, Table de Logarithmes , we have 

| =2 S0 = 1 073742 xl0», 10* = 1 000000002 144 449, (13) 


correct to the number of digits written, and hence 


10* - 1 
k 


2-14444Q x ift-» 

— — iH. =2 144449 x 1 073742 ==2-302585, 


(14) 


1-073742 x 10* 
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correct to six places of decimals. The effect of multiplying this number by 
10"* is insignificant so far as accuracy to six places is concerned, and hence 
we have the result 

L 10 = log 6 10=2-302585, (15) 

correct to six places of decimals. This gives, correct to the same order, 

log 10 e = l/lo g<5 10 = 1/2-302585 =0-434294 (16) 

We also have the results 

e = lO'/^io = 10 0 ' 434294 , <l ^ = 10* x 2-302585 (17) 


If we may employ a table of logarithms to base 10, the value of e can be found 
approximately by the process of ‘ reading backwards ’ from the tabulated 
value 0-434294 of the logarithm to the value of the argument. Correct to 
five decimal places, the value of e is 2-71828. We shew in Art. 162 below how 
to calculate e directly to any desired degree of accuracy without the aid of 
logarithm tables. 


161. The Exponential Function e x . 

The simplicity of the result de x /dx = e x is the justification for the 
introduction of e as the special base employed in Analysis. The 
student will recall that circular measure is introduced into Trigo- 
nometry for a similar reason. Since an exponential function to any 
(positive) base a is expressible as an exponential function to the 
base c, thus a x = e xlogea , all the properties of a x become known as 
soon as those of e x are known. For this and the above reasons, the 
function e x is treated as the fundamental exponential function, and 
is usually referred to as the exponential 
function of x . In accordance with Art. 

154, the alternative notation for this 
function is exp e x. As this symbolism 
is rarely employed except where the 
base is e, the indication of this base is 
usually omitted. 

The graph of e x for the range ( - 3, 2) 
of x is shewn in Fig. 131, as well as 
that of e~ x in the range ( -2, 3). The 
ordinates of these curves have been 
taken from tabulated values of the 
functions. Methods for the tabulation fig. 131 . 

of e x , e~ x are given in Art. 162. Among 

the various tables in common use we may mention (i) Smithsonian 
Mathematical Tables, Hyperbolic Functions , and (ii) Hayashi, 
Siebenstellige Tafeln der Kreis- u. Hyperbelfunktionen . In the 
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former, the function e x is tabulated correct to six, and e~ x to seven, 
places of decimals for values of x ranging up to 6. In the latter, the 
same functions are tabulated for values of x ranging up to 50, the 
number of decimal places in the tabulated values ranging from ten 
to twenty. 1 


161. 1. Simple extensions. 

(i) The function y~e~ x . We write y — l/e* = l/u, where 
and hence 

d v = __L _ 1 e * = _ e -* 

dx u 2 dx e 2x 


u~e x y 

a) 


(ii) y = a~ x . Here we find 

dy_ 

dx 


-a~ x \og e a. 


•( 2 ) 


(iii )y = e f(x) . Writing f(x) —u, y — e u , the rule for the derivative 
of a function of a function gives 




(3) 


In particular, putting f{x)~ -x, f'(x)= -1, we recover the result 
(1). Again, putting f(x) = kx } ( k constant), we find 


de kx 

dx 


=^ke kx , 


(4) 


a result of frequent application. 

(iv) y—f(e x ). Writing e x =u , y—f{u), we obtain the result 

d d l=f(u)e*=f(e*)e*, (5) 


where, as in Art. 86, f'(e x ) means the derivative of f(e x ) with respect 
to e x . 


Ex. 1. Shew that da^ x )jdx — log^a .f'(x) aA x ) (6) 

Ex. 2. Find the derivative of e* 2 and of e* 2 /* 2 . 


Ex. 3 . Shew that ~ ( e x l a + er x ! a ) = ^ ( e*/° - e~ x l a ) ( 7 ) 

Ex. 4. The function y—e 1*1. Here y—e x when x>0 and e~ x when #<0. 
We conclude that 


de 1*1 
dx 


± 61 * 1 , 


( 8 ) 


the positive (negative) sign being taken if x is positive (negative). 

1 Tables of logarithms of logarithms ( lologs ) have been published by Chappell, 
Five-Figure Mathematical Tables , to facilitate the calculation of a 6 . These are 
described in Art. 186. 
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Ex. 5. y — er x l x . This function is discontinuous when a; =0. Its derivative 
at any other point is given by 


de~ l l x _ de~ x ! x d{-\jx)_l _ llx 
dx ~d(- \!x) dx ~x 2 

See also Ex. 4, Art. 165, p. 392. 

Ex. 6. y =e mx sin nx. We have 
dy 


.(9) 


dx 


— me mx sinnx + e mx ncosnx = e mx (msinnx +ncosnx) (10) 


The expression in parentheses can be written in the form 

s/(m 2 +n 2 ) . sin (nx +c), (11) 

where tanc ~n[m, and we may thus write 

~e mx sin nx = s/(m 2 + n 2 ) . e ma; sin (nx +c) (12) 

Functions of this type are called expocyclic. They are dealt with in Section 
VI of the present Chapter. 


162. Higher Derivatives and Taylor’s Theorem for the Exponential 
Function. 

Since de x /dx = e x , the effect of each successive differentiation is to 
reproduce e x , and so we have the general result 


d n e x 

dx n 


= e x . 


(1) 


In the case of the general exponential function a x , the effect of 
each differentiation is to introduce the multiplier L a (i.e. log 6 a), 
and we now have 


d n a x 

dx n 


—a x L a n . 


( 2 ) 


The function e x satisfies all the conditions for the I.D n .T. with 
starting point # = 0. We have 

/ (r) (0) = 1, f^(0x)=e<>\ (3) 

and the theorem becomes, in this case, 

/y*2 /y«3 syTl — 1 

c^l +x + x i[ + * [ + ...+^ )1 + B n {x), (4) 

where 

R n (x) = e?* X ~ , (0 <0 < 1) (5) 

In investigating a remainder range it is convenient to consider 
separately the cases of x positive and negative. 

2 B 


M.B.M.A. 
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(i) #>0. We have e dx <e x y since e x increases with x, and hence 
R n (x)< e x x n jn\. Now, as in Art. 146. 2, for any given value of x , 
the value of x n jn ! can be made as small as we please by increasing 
n sufficiently. Hence R n (x)-^0 as n->cc. The conditions for 
Taylor’s Series are therefore satisfied and Taylor’s Theorem for e x , 
(x for the moment restricted to positive values), becomes 


/v2 yfi 

e* = l+a? + ol + ... + - . + . 
2! n\ 

Ex. 1. Shew that e< 3. 

Taking the I.D Z .T. for x = 1, we have 

e — 1 +1 +1 +f? 3 (l), 

where R z (l)< \e. Hence fte < §, or e < 3. 

It follows that for any positive value of x, 

R n (x)<S x x n /ftL ... 


.( 6 ) 


■(7) 


Ex. 2. Show that if P denotes the polynomial 1 +x + g + . 


(»-!') I 


..( 8 ) 

and 




x n 

n\ 


x n jn ! < 1, (x > 0), then e x lies between P and P j 

Qfhis result shews that the error made in replacing e x by P does not exceed 

p x n !n\ “| 

1 - x n ln ! * J 

(ii) #<0. The exponent Ox is now negative, and e ex <e°, that is, 

e ex <l, so that \ R n (x) \ <\ x\ n /n\ A 
remainder range may therefore be 
taken as (0, x n jn\). The magnitude 
of R n (x) decreases indefinitely with 
increase of n and the infinite series 
(6) again holds. 

We thus have, as the general state- 
ment of Taylor’s Theorem for e x , 

e* = l+x + ^ + ...+g + ...,...(9) 



which holds for all values of x. The 
series here is usually referred to as the 
exponential series. 

The closeness of approximation of the earlier Taylor polynomials 
to e x is illustrated in Fig. 132. 

In the case of the function a x , the I.D n .T . takes the form 

X 2 L 2 ( ( x n-l L n-l ^ x n L n 
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where L a = log* a, and Taylor’s Theorem becomes 

„ . r x 2 L a 2 x n L a n /11X 

a — l +xL a + + ••• + h ••• (11) 

for all values of x. The series here is called the general exponential 
series. 


162. 1. The series on the right-hand side of equation (9) is frequently 
taken as the definition of the exponential function e x . The rigorous treatment 
of the function on this basis requires, however, the use of the theory of 
Power Series , for which we are not prepared at this stage. It may be men- 
tioned that other ways of introducing the exponential function into Analysis 
have been adopted. One way that has been used is to introduce it after the 
logarithmic function, of which it is the inverse, making the logarithmic 
function the starting point. This mode of treatment is referred to in Art. 232. 1 , 
Chap. IX. 

Ex. 3. Approximate evaluation of e . Putting x = 1 in (9), we get 

e- 1 -{- 1 -f- . -f- . . . H — -jj + (12) 

2! n\ v 1 

If we retain only 13 terms of the series, then, according to (8), the error 
committed will not exceed 3/13 !, or 4-83 x 10 -10 , and will not, therefore, affect 
the ninth place of decimals in the calculated value of e. We find 

e«i + i + ... + L =2-71828 18286 (13) 

In this calculation there are 10 sources of error due to approximating in the 
tenth place in the reciprocals of the factorial terms from 1/3! to 1/12!. Each 
such error will not exceed half a unit in the tenth place and the combined 
error will not, therefore, exceed 1 in the ninth place. Tho value of e correct 
to ten decimal places is actually 2-71828 18285. 

Ex. 4. Shew that 1/e =0-36787 944 correct to eight places. 

[Put x = - 1 in (9) and retain 13 terms, as in Ex. 3.] 


Ex. 5. Series for 
a x - 1 


— T. 4.-E. T. 2 . ^ T 3 4_ . T n-l+ a 6xZ- 

— ^a + 2». a + 3r a +, ” + (n-l)! a 


If #=£0, we have, from (10), 


x n ~* 


_ Tj 71 

l 1J a > 


-( 14 ) 


a relation which is also true when x = 0 provided we define the value of 

x n ~ l 

(a x - l)/x there to be L a , consistently with Art. 158. Since a ex L a n -> 0 as 
n— > go , the conditions for Taylor’s Series are satisfied, 1 and we write 


a*-! 

x 


= L a + ± < W + l l W + ... + ^ r L a n + . 


,( 16 ) 


1 Withjrespect to this statement, compare Ex. 3, S3t LXX, p. 938. 
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.(16) 


Ex. 6. Differentiation of ( a x - 1)/*. If x i- 0, we have 

Employing the I.D Z .T. for a x , we can write this 
i fa- - 

dx\ x ) x 2 

= +xL a *(} 2 -$a ex ) +iae»x 2 L a * (17) 

This shews that the derived function (16), which is undefined at a:=0, is 
potentially continuous there, its completing value being £L a 2 . 

/ a X _ \\* 

It is easily demonstrated that this is the derivative of the function ( — — ) 
at x = 0. The value of this function being L a at x — 0, the required derivative 
is the limiting value of the quotient -£ a j j x as x->0 . Putting 

n = 3 in (14), we find, on supposing |#|< 1, 


■-lW\ = \\a°*xL a *\<\\a X L a *\ 

< e, (e arbitrary), if | x | < 


6e 


.(18) 


« I VI’ 

which establishes the desired result. The student should shew that the 

■IV 


function 


‘° n {—) 


has all its successive derivatives continuous at a: =0. 


Ex. 7. Find the Taylor polynomial for y of the sixth degree in x when y is 
defined by the equation e v +y = 1 + \x 2 . 

We here illustrate the method of successive substitutions, (compare Art. 


129 and Ex. 5, Art. 146). Thus we write 

y = 1 -ev=\x* “ 2 / - (19) 

giving 2/ = i* 2 - ^ - fi - ^ • f] ~ (20) 

The Taylor polynomial of the second degree is simply { x 2 . That of the 
fourth degree is given by 

2/=i a;2 -|-^fr-=ia ;2 -s , 4 a:4 (21) 

and that of the sixth by 

y—\x 2 - £(i# 2 - A* 4 ) 2 - Mix* -**•)» (22) 

after rejecting terms in the product involving powers of x higher than the 
sixth. This leads to the polynomial form 

V =i * 2 “A* 4 +t^ 6 (23) 


The student should obtain the same result by the use of other methods, 
for example, the direct application of the I.D n .T. and the method of dispos- 
able coefficients. 
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163. Application of the Method of Proportional Parts to Tables of 
Exponential Functions. 

(i) Tables of e x . According to Art. 122, a formula for the uncertainty 
involved in the application of the M.P.P. to interpolation for a value 
of a function f(x) lying between two successive tabulated values 
is }h 2 1 f"(x) \ max , where h is the difference of argument. In the 
present case, f'(x) — e*, and the uncertainty is therefore \h 2 (e x ) max . 

Consider, for example, a table of values of e x for the range (1, 3) 
of x, the interval of argument being 0*001. We have 

\h?{e x ) max = \ x 10- 6 x e x 10~ 6 x 20*1^3 x 10~ 6 , (1) 

whence it follows that accuracy to five places of decimals only is 
assured throughout the whole range. If the range extends to x — 4, 
the error will not exceed J x 10~ 6 x c 4 ^J x 10~ 6 x 54*6^7 x 10~ 6 , and 
for the upper part of the range the formula does not exclude an 
error of a unit in the fifth place. 

In Hayashi’s tables the difference of argument for the range (1,3) 
is 0*001 and the values of e x are given correct to ten places of 
decimals. The M.P.P. is therefore plainly inadequate to give inter- 
mediate values to this accuracy in any portion of the range. 


(ii) Tables of 10*. Here we have 

f{x) = 10*, f"(x) — lO^logp 10) 2 ^10*(2*303) 2 , (2) 

and so 

W\ /"(*) UMh 2 x (2-303) 2 X (I0 x ) 7nax ~0-Wh*(l0 x ) max (3) 


Suppose that we consider a table of values of 10* for the range 1 
(0, 1) of x. The uncertainty of interpolation is then about 6*6A 2 . 
If accuracy to seven significant figures is required, the permissible 
error is 5 x 10 -7 , and for completeness of the table we must therefore 
have 6-6A 2 < 5 x 10~ 7 , or 

h < 2*8 x 10 -4 (4) 

Tables of 10* are generally described as tables of antilogarithms . 2 
The most accessible comprehensive tables of this kind are the seven- 
place tables of Filipowski and of Shortrede, both of which have the 
range of argument (0, 1) and the interval of argument 0*00001. 
The M.P.P. can be applied correctly throughout the whole range of 
these tables. 

1 The value of 10 x for any value of x can be expressed in terms of 10* for values of 
x in this range. For example, 10 2 ’ 314 = 10 2 x 10 0 ' 314 . 

2 Antilogarithms are called illogs by Chappell in his Five-Figure Tables. This name 
may be treated as an abbreviation of inverse logarithms. 
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In the absence of tables of antilogarithms, the usual method of 
obtaining values of 10* is by the process of reading backwards from 
a table of common logarithms. The question of the uncertainty 
attaching to the inverse use of such a table is considered in Art. 185. 3. 


164. Special Limiting Values involving Exponential Functions. 

Some special limits connected with the exponential functions are 
of frequent occurrence in the analytical theory. The fundamental 
result may be stated in the symbolic form 

lim x m a- nx = 0 9 (1) 

X — >-00 

where a> 1, n> 0 and m is any number. On account of the relation 
a x =r e x\og e a f w here log e a> 0, an equivalent result is expressed by 

lim x m e- nx = 0, (n> 0) (2) 

We consider separately the cases of m negative and positive. 

(i) m negative. Writing -m! for m, the function considered is 
x~ m> e~ nx , (m', n positive). Now each of the factors x- m \ e~ nx con- 
verges to zero as x increases indefinitely, and hence the limiting 
value of the product is zero. Thus 

lim x- m 'e- nx -0 , (m', n> 0), (3) 

x— >co 


or, reintroducing the letter m, 

lim x m e~ nx = 0, (m <0, n> 0). 

X — >00 


(ii) m positive. Writing y—x m e~ nx , we have 

dy 


dx 


— X ' m - 1 e^ nx {m - nx) = - y(n - ni/x). 


(4) 

(5) 


Thus dy/dx < 0 if x>mjn and y is then strictly down-way. Since y is 
here positive, it must have a lower bound which is either positive or 
zero. Suppose that this bound is positive and equal to B , so that 

\ dy/dx \>B(n -mjc) if x>c>m/n (6) 

Now consider the decrease of y when x increases from c to a 
greater value, c + A say. According to the I.D X .T.> this is equal to 
the product of the range and the magnitude of the derivative at some 
intermediate point, and is therefore greater than B(n - mjc)h , how- 
ever large h may be. There is thus no positive lower bound to the 
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values of y and we conclude that the bound must be zero. Hence y 
converges to zero as x increases indefinitely, that is, 


lim x m e~ nx = 0 ) (m> 0, n> 0) (7) 

£—►00 


An alternative demonstration of this case, which depends only on the 
elementary properties of the exponential function, may be here outlined. 

Consider a succession of positive values r, r + 1, ... 9 r+p , ... of x. Then, 
denoting the function by f(x), it is easily shewn that if r >r t > 1 l(e n f m - 1), 
wo have 


Writing 
we thus find 


/(r +p + 1) / >i + I Y» 

f(r +p) ' \r x e nlm ) ’ 


(P=0, 1, ...). 


(r 1 + l)l(r 1 e”l m )=k. 


..( 8 ) 

..(9) 


f{r+p + \)<W+'f(r). 


( 10 ) 


Suppose, now, that x is any point in the range (r, r + 1). We can replace 
r by x in (10), and thus, if X is the greatest value of f(x) in the range (r, r + 1), 
we have 

f(x+p + \)<k**- l X 

< « (arbitrary) if p + 1 (11) 

Therefore, for any value of x greater than r +p -f 1, where p is chosen as in (1 1), 
we have f(x) < e, and hence f(x)->0 as x-+cc . 


The proof that x m e~ njr , (n>Q), converges to zero when x diverges 
to + qo is now complete. The result is often quoted in the form that 
e nx , (n> 0), is ultimately of a higher order of largeness than any 
power of x when x is increased indefinitely. 

Cor. 1. Since x m e~ nx ->0 as x-><x> , the reciprocal x- m e nx increases 


indefinitely with x. We may express this symbolically by 

lim x~ m e nx = oo , (n > 0) (12) 

£— ► QO 

Cor. 2. Putting m — 1, n = 1 in (2), we have the special form 

lima;e _:c = 0, (13) 

X — ► QO 

of which an equivalent form, obtained by writing -x for x y is 

lim xe x = 0 (14) 

$->- co 

Cor . 3. Writing l/x for x in (2), we get the special form 

lim ^ _m e” n ^ = 0, (w>0) (15) 

£->+0 
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165. Miscellaneous Examples. 

Ex. 1. Prove that (x - l)e x -f 1 >0 if #>0. 

[We have /(0) =0, f'(x)>0 for a>0, and the result follows from Cor. 1, 
Art. 98. 5.] 

Ex. 2. Find the shortest distance of the point (3, 2) from the graph of the 
function y — e x . 

The distance r from (3, 2) to any point ( x , y) on the graph is given by 

r 2 - ( X - 3) 2 + (y - 2) 2 = (x - 3) 2 + (e x - 2) 2 ( 1 ) 

The first derivative of r vanishes when 

e 2x - 2e x +x -3—0, (2) 

d 2 T 

and then = 1 4- 2e x (e x - 1 ). It is clear that the value x — I is a fair approxi- 
mation to the root 1 of (2), since e~2-72, e 2 ~7*39. The corresponding 
stationary value is therefore a minimum since d 2 rjdx 2 is then positive. A 
closer approximation to the root is I -005, a value found tentatively from the 
tables, and the shortest distance is then v /( 1 *09o 2 + 0*732 2 )^2T25. 

The application of Newton’s method to the determination of tho root of (2) 
to a high degree of accuracy is described in Ex. 8 below. 

Ex. 3. Investigate tho extreme values and the nature of the graph of the 

function \e kx , (k> 0). 

We have 

dy Jcx - 1 k d 2 y (Jcx - l) 2 + 1 k 

-r~= - — a e kx , , i = - e kx . ..(3) 

dx x~ dx 2 x 3 

The first derivative vanishes when x — ljk and 
the second is positive (negative) when x is 
positive (negative). The value y —ke corre- 
sponding to x — \jk is therefore a minimum. 
There are no points of contraflexure. The 
curve is concave upwards when #>0 and 
convex upwards when x<0. 

The function is discontinuous (infinite) when 
#-0. Also y-roo when x-+ oo , according to 
the result ( 12) of the preceding Article. Again, 
e kx q w hen x -> - oo and then y -> 0. Portion 
of the graph of tho function is shewn in Fig. 133, 
corresponding to the value 0- 8 of k. The coordi- 
nates of the minimum point are x = 1*25, y =2T746. 

Ex. 4. The function y =e~ 1 l x . As | x | ->■ oo , ljx-+ 0 and e~ l ! x -+ 1. The line 
y = 1 is thus an asymptote. . The function is discontinuous when x = 0. If 

1 Since /(oo ) > 0, /( - oo ) < 0, there must be one real root. The equation f'(x) =0 

is not here satisfied by any real value of e x (or x), and hence it follows, from Art. 95. 1, 

that there cannot be more than one real root. 



y = -e°- sx . 
3 x 
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x-> +0, \jx-+ + oo and e l i x -> 0. If, however, x -> -0, 1 jx-> -oo and there- 
fore e -1 /*-*. oo . We have 


dy 

dx 



1 

dx 2 



e~ Y l x . ..(4) 


The first derivative does not vanish and 
there are thus no stationary values. 
There is a point of contraflexure given 
by x = 1/2, y—e ~ 2 ^ 0 1353. Here the 
gradient is 4e~ 2 , or 0*5412, the corre- 
sponding slope being about 28° 25'. 

Again, from the result (15) above, 
e~ x ! x -> 0 as x ->• + 0, and there is thus 
an upper zero gradient at the origin. 
Part of the graph is shewn in Fig. 134. 



y __ e —l /X t 


Ex . 5. The Junction e~ x<i . Here we have 

/( 1 )(a?)= -2xe~*\ f( 2 )(x)=2e~**(2x 2 - 1), f( 5 )(x)^ - 4xe~* 2 (2x 2 - 3). ...(5) 

Now f( L )(x) = 0 when x =0, y = 1, giving a maximum value of ?/, and /( 2 )(#) =0 
when x = ±l/kJ2, y — e" 1 / 2 ^ 0*6065, giving the points of contraflexure. The 
gradients hero are + sJ2 . e _1 / 2 ^= + 0*8576, corresponding to slopes of about 

139° 23' and 40° 37'. 

We observe that /( 2 )(&)< 0 
when x 2 <\ and /( 2 ) (#)>() when 
# 2 >J. Tho curve is therefore 
convex upwards if x 2 <\ and 
concave upwards if x 2 >\. Also 
f(x)-> 0 as | x | -> oo . Portion of 
the graph is shewn in Fig. 135. 

The same graph obviously 
serves as a representation of the 
function e~* 2 z 2 , (k a constant), 
merely by a change of scale along 
the ir-axis. This function is of great importance in the theory of Statistics 
and also in connection with the theory of probability as applied to errors of 
observation. 



2/ = exp(-x 2 ). 


Ex. 6. The function y = 1 l{x*(e a I x - 1)}, (a>0) (6) 

(i) Writing x—alz, the function becomes z 5 l{a 5 (e z - 1)}, or 

z 5 e~ z /{a 5 (l -e~ z )} (7) 

When x-> +0, z-> + ao , so that 1 - e~ z ->*l, z 5 e~ z -+0 and hence y-> 0. 

(ii) When x-+ -0, z~> - oo , so that e z -l->-l, z 5 ->-oo and hence 
2/-> +oo . 


(iii) When | x |-> oo , z-> 0, so that z/(e z - l)-> 1, z 4 -> 0 and hence y-> 0. 

— e a l x 

dy __ x 2 5 1 

dx ~ x 5 (e a l x - 1 ) 2 x 6 e alx - 1 


(iv) We have 


(8) 
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° =5(1 - e~°/ x ). 

X 


( 9 ) 


A solution of this equation in a/x may be obtained tentatively by the method 
of successive approximations, with the aid of a table of values of e~ x , such as those 
of Hayashi. Try as a first approximation a/x = 5 ; then e~ a ! x = e ~ 5 = 0-00674, and 
a second approximation is given by a/x = 5(1 - 0-00674) -4-9663. We now 
have e~ a / x =e“ 4 ' 9863 =0-00697, and a third approximation is given by 
a/x =5(1 - 0-00697) =4-9651. 

Taking a/x =4-965, the corresponding value of y is given by 

1 3017-1 21*2 

y m ax — (g4'»s5~_ i)~ a 6 x 142-5 ~ a 5 (1U ' 

The function is of great importance in the theory of radiation, being the 
equivalent of an expression, known as Planck's formula , for the distribution 
of energy with respect to wave-length in the spectrum of the radiation from 
a black body. 

Ex. 7. The function es in *. This is defined for all values of x . We have 


dy 

dx 


= e sin x cos x, 


dhj 

dx 1 


= esin:r(cos 2 # - sin#). 


(id 


The first derivative vanishes when cos x = 0, so that the extreme values cor- 
respond to those of the function 
sin#. The second derivative 
vanishes when cos 2 # =sin#, that 
is, when sin# =0-6180, and then 

x = nji+( -l) n x 0-6662. (12) 

These give the points of contra- 
flexure on the graph of the 
function. The range of values 
of the function is (1/e, e) and it is 
periodic with period 2 n. Portion 
y -e sin x. of its g ra ,ph is shown in Fig. 136, 

together with that of sin x. 

Ex. 8. Employ Newton’s method to approximate to the root of the equation 
e 2x - 2e x + #-3=0. 

We have 

/'(#) =2e 2x - 2e x + 1, /"(#) =4e 2x - 26* (13) 

Taking the approximation 1-005 to the root, given in Ex. 2 above, we have 
<>i-o°5 =2-73190727, e 2 * 010 = 7-46331735, giving 

/(1-005) =0-00450281, /'( 1-005) = 10-46282014, /"( l-005)>0 (14) 

Since /(#), f" (x) are both positive for # = 1-005, a closer approximation to the 
root is 1-005 + h t where, according to Newton, 



h 


0-00450281 

10-46282014 


-0-00043036. 


(15) 


This leads to the value 1-00456964. 
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We now investigate a barrier to the error involved in this approxima- 
tion. According to the theory explained in Art. 119, the error is less than 
\{f{x i)} 2 | f"(x) | M /{|/'(a) Id 3 , where x 1 is the starting point, here 1-005. Since 
f'(x ) , f"(x) are both up-way and positive, we may take f'(x)i = 10-34, 

f" (x) u =/" ( 1 -005) = 24-39. The error is thus less than 

I X (10-34)3 * (0-0046)*« 2-23 x 10-' (16) 


is a continuous 


/ \\* 

Ex. 9. The function y ~xe \ xj t Here (#sin ) 
function of x , its value at x~0 being 0, according to Art. 55. Therefore 
-k fa-sin-)* 

e ' x ' is continuous, having the value 1 at ^-0, so that y— 0 there. 
Thus y has the derivative 1 at x=0. 

Now when x=£0, we have 


dy 

dx 


- kv sin 


kx sin - + k cos (17) 


If k > 1, we can find a value of x as near as we pleaso to 0 for which dyjdx is 
negative, and therefore at which the function is decreasing with increase of x. 
This Example illustrates a remark made in Art. 92, Chap. IV. 


SECTION II. THE HYPERBOLIC FUNCTIONS 
166. Introductory Remarks. The Primary Hyperbolic Functions. 

In this Section we consider certain algebraic combinations of the 
exponential functions which are of such frequent occurrence that 
they are ranked as fundamental functions. They are called hyper- 
bolic functions on account of a connection with the hyperbola which 
we explain below, but which is analytically of no importance. As 
tables of them are readily obtained they can be used freely for 
practical purposes. 

The simplest and most useful of these functions are the odd and 
even functions obtained by the addition and subtraction of e x , e~ x . 
It is convenient, for a reason explained later, to introduce a coeffi- 
cient 1/2, so that the functions are defined to be | (e x + e ~ x ), i(e x - e ~ x ). 
The former is plainly unchanged in value if x is replaced by - x , so 
that it is an even function ; the sign of the latter is changed by the 
same replacement, so that it is an odd function. These functions 
correspond closely in some of their properties to the trigonometrical 
even and odd functions cos x , sin x, and the nomenclature and 
notation for them is suggested by this correspondence. The former 
is described as the hyperbolic cosine of x , the latter as the hyperbolic 
sine of x ; the respective functional symbols are 4 cosh ’, 4 sinh 
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obtained by modifying the corresponding symbols for the trigono- 
metrical functions by the addition of the letter 4 h standing for 
4 hyperbolic Thus we write 

cosh x — \(e x + e ~ x ) , sinh x — \{e x - e~ x ) ( 1 ) 

These are continuous functions for all values of x since e x , e~ x are 
so. Plainly cosh# is always positive, having the minimum value 1 
when 2 x = 0. Thus we have cosh 0 = 1. Also, as x -> oo , e~ x -> 0 and 
cosh x/(ie x ) 1, while as x -> - go , e x -> 0 and cosh x/(^e~ x ) — > 1. The 
range of values of sinh# is unlimited. As # -> <x> , sinh xj(\e x ) -> 1, 
and as # -> - oo , sinh #/( - £e _a; ) -> 1 . Also we have sinh 0 = 0. 

Unlike the trigonometrical functions cos#, sin#, the functions 
cosh #, sinh # do not present any periodic properties. 3 The former is 
strictly down-way in the range [ - oo , 0) and strictly up-way in the 
range (0, oo ] of #. The latter is strictly up-way throughout the 
range [ - oo , oo ]. 

The graphs of the functions are shewn in Figs. 137, 138, together 


Vl 

f 

\J 

* 


—• — 

t 

fO 

1 

Cb 

CM 

Fig 

. 137. 


y = cosh x. 



y — sinh x. 


with the curves \e x , \e~ x (shewn dotted). The point A on the graph 
of cosh# is usually referred to as the vertex of the curve. 

The form taken by a uniform heavy chain hanging from two 

1 In print there will be no confusion betweon expressions of the forms cosher, 
cos hx, the functional symbol being always in Roman characters, the argument in 
italics. In speaking of the new functions, it is customary to pronounce ‘ cosh ’ as 
written and ‘ sinh ’ as ‘ shine ’. 

2 This follows from the fact that if 2 is positive, the minimum value of 2( Z+ i) 

is 1, which occurs when z — 1 . x 

3 This statement does not apply in the theory of complex variables. 
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points is that of the graph of a hyperbolic cosine, the equation of 
which, on the introduction of a scale factor, may be written 

QC> 

y — c cosh- (2) 

c 

oc 

On account of this property, the graph of the function ccosh - is 

c 

called the catenary , (common catenary) ; Ox is called the directrix. 
The height of the vertex A above 0 is now c. Further properties of 
the catenary are considered below. 


167. The Secondary Hyperbolic Functions. 

Secondary hyperbolic functions are defined from the primary ones, 
exactly as in the case of the trigonometrical functions. 

167. 1. The hyperbolic tangent. This is defined as the quotient of 
the hyperbolic sine by the hyperbolic cosine, and is denoted by the 
symbol 1 tanh x. Thus we have 


tanh# 


sinh x 
cosh# 


a) 


e x — e~ x 
e x + e~ x 


e 2x -1 
e 2x + 1 ' 


•( 2 ) 


It is an odd function, vanishing when x = 0. As x -> oo , tanh x -> 1, 
and as x -> - oo , tanh x -> - 1 . The function is throughout strictly 
up-way, its range of values being [ - 1, 1]. See Fig. 139. 

167. 2. The hyperbolic secant. This is the reciprocal of the hyper- 
bolic cosine and is denoted by 2 sech x. Thus we have 


sech x — 


1 


cosh x e x + e~ x * 


(3) 


It is an even function, with a range of values [0, 1) being strictly 



y = tanh x. 


y 


i 



-2 -10 12 


X 


Fig. 140. 
y — sech x. 


up-way in the range [ - go , 0) of x, and strictly down-way in the 
range (0, oo ]. See Fig, 140. 

1 Pronounced ‘ than x with the ‘ th ’ sound as in ‘ thin ’. 

2 ‘ shek x \ 
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167. 3. The hyperbolic cosecant . This is the reciprocal of the 
hyperbolic sine and is denoted by 1 cosech x. Thus 


cosech x ■ 


_1 

'sinh# 


It is an odd function of unlimited range, defined for all values of x 
except 0, and down-way throughout. See Fig. 141. 

167. 4. The hyperbolic cotangent. This is the reciprocal of the 
hyperbolic tangent and is denoted by 2 coth x. Thus 

, 1 _ cosh x _ e x + e~ x _ e 2x + 1 

co ^~tanh# sinh# e x ~e~ x e 2x - 1 ° 


It is an odd function, defined for all values of x except 0, but whose 
range of values lies outside the range (-1,1). It is down-way 



Fig. hi. Fig. 142. 

y — cosech #. y — coth a;. 


throughout and converges to 1, ( - 1), as x tends to oo , ( - oo ). See 
Fig. 142. 

Other notations (and rules for pronunciation) for the hyperbolic functions 
are employed. The common German practice is to employ gothic characters, 
writing So$, ©tit, etc. In some books the symbols ‘ cosh ’, ‘ sinh ’, ‘ tanh ’, 
are contracted to ‘ch’, ‘sh’, ‘th’, the symbols for the other functions being 
unabbreviated. 

Although the values of the functions cosh x , sinh x are immediately obtain- 
able from tables of e®, e~ x , special tables are available which give not only 
cosh#, sinh#, but also tanh#, coth#. Among these are the tables mentioned 
on p. 383. In the Smithsonian Tables , the functions cosh#, sinh#, tanh# 
are tabulated correct to five places of decimals, and coth# to five significant 
figures, for values of # ranging up to 6. In Hayashi, the first three functions 
are tabulated for values of # ranging up to 50, the number of decimal places 
ranging from 8 to 20. In addition, the Smithsonian collection gives the 
common logarithms of the four functions. 

2 ‘ chot x with the ‘ ch ’ sound as in * chop ’. 


1 ‘ coshek x \ 
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168. Fundamental Properties of the Hyperbolic Functions. 

We now consider some properties which are of constant applica- 
tion. The reader will observe a close correspondence between the 
formulae obtained and well-known formulae of Trigonometry. This 
correspondence is capable of systematic treatment, and it can, in 
fact, be shewn how to pass directly from a formula relating to the 
trigonometrical functions to the corresponding one relating to the 
hyperbolic functions, and vice versa. The Epicene Functions , which 
are discussed in Section V of the present Chapter and which are 
ordinary functions of a real variable, can be used for this purpose, 
but the method commonly employed is to appeal to the properties 


of functions of a complex variable. 

(i) From the definitions 

cosh # = -|e*4 \ e~ x , $mhx = \e x -\e~ x , (1) 

we have, on addition and subtraction, 

cosh # + sinh x — e x , cosh x - sinh x — e~ x (2) 

By multiplication of these results, we have the identity 1 

cosh 2 x - sinh 2 x = 1 (3) 

(ii) On division of (3) by cosh 2 #, sinh 2 #, in turn, we have 

1 -tanh 2 # = sech 2 #, or tanh 2 # = l -sech 2 #, (4) 

and coth 2 # - 1 — cosech 2 #, or coth 2 # = 1 4 cosech 2 # (5) 

(iii) Addition Theorems. We have 

cosh (#! + # 2 ) = | {e^i ] Xi) + e~ 

= | (e x *e x * 4 6' Xi e ~ x *) 

= \ (cosh # x 4 sinh x x ) (cosh # 2 4 sinh # 2 ) 


4 \ (cosh #! - sinh x x ) (cosh # 2 - sinh # 2 ) 


= cosh # x cosh # 2 4 sinh # 1 sinh # 2 (6) 

Also we find, in a similar manner, 

cosh (# x -# 2 )— cosh#! cosh # 2 - sinh#! sinh # 2 , (7) 

and (6), (7) together constitute the Addition Theorem for cosh#. 
The corresponding theorem for sinh # is expressed by 

sinh (#! ± # 2 ) = sinh # x cosh # 2 ± cosh x x sinh # 2 , ( 8 ) 


1 As in tho case of the trigonometrical functions, cosh 2 x means the square of 
cosh x , and so on. 
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and on combining this with (6), (7), we get that for tanh# in the 
form 


tanh (x 1 ±x 2 ) = 
The particular forms 


tanh # 1= btanh # 2 
1 d: tanh # 1 tanh # 2 * 


( 9 ) 


cosh 2x — cosh 2 x + sinh 2 x , (10) 

sinh 2# — 2 sinh # cosh #, (ii) 

tanh 2x — 2 tanh#/(l + tanh 2 #), (12) 


obtained by putting x x =x 2 = x, are of frequent occurrence. 
With the aid of (10) and the identity (3), we have 


cosh 2# = 2 cosh 2 # -1 = 1 +2 sinh 2 # ; (13) 

whence we obtain the relations 


cosh 2 # = |(cosh 2#-f 1), (14) 

sinh 2 # = | (cosh 2# - 1) (15) 

Ex. 1. Prove the results 

sinh 3# = 3 sinh x 4- 4 sinh 3 #, cosh 3# — 4 cosh 3 # - 3 cosh x (16) 


Ex. 2. Shew that tanh# differs from 1 by less than 1/2 per cent, of its 
value if x is greater than about 3. 

We have 

1 -tanh#_ 2 

tanh x ~e 2x - 1 ' ' 

If x =3, e 2X =e 6 ~403, and the fraction written is less than 0-005. 


snih oc 

169. Potential Continuity of the Function — at # = 0. 

This function is undefined at # = 0 but is elsewhere continuous. 
We have 


sinh # _ 1 e x - e~ x __ _ x e 2x - 1 
# 2 # e 2# 


Now e~ x is continuous at # = 0, and (e 2x -l)/2# is potentially con- 
tinuous there, by Art. 158, its completing value being 1. We 
conclude that the function in question is potentially continuous at 
x = 0 with a completing value 1, and we write 


sinh# _ 
lim = 1 . 

x—>0 X 


(2) 


The simplicity of this result and its correspondence with that 
for sin # form a sufficient justification for the insertion of the factor 
1/2 in the definition of sinh # in terms of e®, e~ x . By the introduction 
of the same factor in the definition of cosh#, the correspondence, 
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remarked above, between the formulae for the trigonometrical and 
the hyperbolic functions is secured. 


170. Parametric Specification of the Hyperbola. 

Taking x 2 ja 2 -y 2 /b 2 = l, (a, 6 positive), (1) 

as the equation of the hyperbola, we can evidently write 

x — cosh (p) y — bmnh(p, (2) 

introducing (p as parameter, for this gives 

x 2 /a 2 - y 2 /b 2 = cosh 2 <p - sinh 2 <p = l. 


Referring to Fig. 143, we must take x~acosh(p for the branch 
RAS , (p increasing from - oo to 
oo as the branch is described in 
the sense from R to S. For the 
branch R'A'S' we must take 
x~ -a cosh cp, and cp now increases 
from - oo to oo as the branch is 
described in the sense R' to S'. 

The student should compare 
the above with the parametric 
specification of the ellipse by 

means of the trigonometrical functions, Ex. 4, Art. 145. 



Fig. 143. 


170. 1. The Gudermannian. 



Fig. 144. 

This gives 

so that x—a sec 6. 

2c 


In the case of the rectangular hyporbola 
x 2 -y 2 —a 2 we take, as parametric 
equations, x — ±a cosh cp, y —a sinh <p. 
The curve is shewn in Fig. 144, 
together with that of the circle 
x 2 +y 2 =a 2 . 

Lot P, (x, y), be a point on the 
hyperbola for which x is positive, so 
that 

x OM — a cosh <p } ] 

> »•« J 

y ~MP =asinh <p. J 

Complete the rectangle MPT A, join 
OT , and let this line cut the circle 
in Q. If we write lMOQ—6 , we 
have MP —AT —OA tan0, that is, 
i/=atan0, and, comparing with (3), 
we have 


sinh 9 o =tan 0 (4) 

cosh <p = \/(l 4- sinh 2 <p) = V(1 +tan 2 0) =sec0, (5) 


We conclude that QM is a tangent to the circle at Q. 

M.B.M.A. 
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Thus equivalent parametric equations for the hyperbola are 


x=asecO, y—a tan0, (6) 

while those of the circle itself are x =acosO, y = asin0. 

Adding (4) and (5), we get the result 

=tan 6 + sec 0 =tan (\0 + \n) 9 (7) 


so that 0—2 artan e^ - \n. The angle 0 , when associated with the parameter 
(p in this way, is called the hyperbolic amplitude or Oudermannian 1 of (p , and 
is denoted by arnhg? or gd<p. Tables of this function are given in the books 
mentioned on p. 383. 


171. Derivatives of the Hyperbolic Functions. 

The derivatives of the hyperbolic functions are easily determined. 
We have the following results. 


(i) 

d cosh x 

= d {H 6 * + e_aJ )} — i( e * -e - *) =sinha; 


dx 

(ii) 

d sinh x 
dx 

— ^ {ii eX “ e ~ x )) — 2 ( eX + e ~ x ) — cosh x 

...(2) 

(iii) 

d tanh x 

, d sinh x . , d cosh x 

j . , cosh x y smh x = 

_ a smh a; dx dx 


dx 

dx cosh x cosh 2 x 



cosh 2 x - smh 2 x 1 , . 

= io =' i 9 = sech 2 a;, 

cosh 2 x cosh 2 x 


(3) 


(iv) 


d sech a: d 1 smh x , , , 

— i = •> — tTo — — - sech x tanh x (4) 

ax dx cosh a; cosh 2 a; v 1 


(v) 

(vi) 


cZcosecha;_ d 
dx ~ dx 

d cotha;_ d 
dx ~ dx 



cosh x _ 
sinh 2 x~ 

sech 2 x 
tanh 2 x 


- cosech x coth x (5) 

- - . - = - cosech 2 a:. (6) 

smh 2 x v 7 


Ex. I. Shew that ^ sinh 2 x = sinh 2x (7) 

Ex. 2. She w that artan ( t anh \x ) — J sech x ( 8 ) 

£ Write y — artan u, u =--tanh giving = ^| = Jsech 2 $x.~j 

Ex. 3. Find the value of dy\dx when y is given implicitly by the equation 

sinh? sinh- = l (9) 

a a K 1 

Differentiating throughout with respect to x, we get 

1 cosh ? sinh - + - sinh - cosh ^ ^ = 0, 
a a a a a a dx 

1 After Gudermann, whose tables of this function were published in 1833. 
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Since sinh = cosech - , from (9), we have 
a a 


DERIVATIVES. TAYLOR S THEOREM 

= - coth - tanh - (10) 

ax a a 


tanh 


y__ 


cosech - 


cosech - 


1 + cosech 2 ‘ 


± coth 


f=± sech l < n > 


the positive (negative) sign being taken if x/a is positive (negative). Hence 

( 12 ) 

the negative (positive) sign being token if x/a is positive (negative). 


— =F cosech - , 
ax a 


172. Taylor's Theorem for the Hyperbolic Functions. 

172. 1. Case of cosh#. The successive derivatives of cosh# 
are sinh #, cosh #, sinh x, cosh #,..., so that, denoting the function 
by/(#), we have 

/ (2r) (#) — cosh #, fizr+i) ( x ) = sinh # ( 1 ) 


The odd derivatives all vanish when # = 0, and the even ones are 
then equal to 1. Recalling the fact that cosh 0 = 1, the I.D n .T . 
gives, in this case, 1 


2*2 /j»4 

cosh x = 1 + 2 ! + + 


™2n~2 

1 (2w - 2)! + 


( 2 ) 


where R, the remainder term, is equal to 


%2n — 1 

(2n=T)l 


sinh Ox 


or to 


# 2w 

(2n)l 


cosh 0'#, 


(3) 


according as the order of the intermediate derivative is the (2 n - l)th 
or the (2w)th. 

The polynomial expression, P say, obtained by omitting R from 
the right-hand side of (2), is the Taylor polynomial of degree 2n -2 
for cosh#, and it contains n non-vanishing terms. If we take, as 


the expression for the remainder, R 2n -i( x ) — 
have 


#■ 


2n— 1 


-®2»- 1(**0 I 


I 2n— 1 


(2n - 1 )! 


I sinh Ox I < 


(2n - 1)! 

2n— 1 


sinh0#, we 


(2n-l)\ 


I sinh # I 


1 2n— 1 


<■ • > 1^1*1 <-1 I ZJ 

^(2n-l)! * e ^?(2n~l)l 


31*1, 


•(4) 


1 The expansions for cosh x, sinh x can, of course, be obtained from those for e x , e~ x 

svith remainders. The advantage of the direct method here given is that only one 
unknown fraction is introduced in the remainder. 
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which gives an upper barrier to the error committed in replacing 
cosh x by the Taylor polynomial P in question. 

Further, since | x | 2n_1 /(2/i — 1 ) ! — > 0 as n -> oo , the conditions for 
Taylor’s Series are satisfied, and Taylor’s Theorem for cosh x 
becomes 


cosh x — \-\- 


c 2 # 4 

. + TV + • • • + 


2! 4! 


(2n)\ 


+ 


(5) 


'j 

1 P rov ^ e( ^ that 

x 2n /(2n ) ! < 1. 

J^This follows from the fact that we can take 

^.2 n n 

R- vs-r, cosh 0x< ‘--cosh#, (6) 

(2n ) ! (2n) ! 

x 2n 

and hence P < cosh x < P + R < P 4- cosh x . The result quoted shews 

that the error committed in replacing cosh x by P does not exceed 
x 2n l(2n)l n 
1 - x 2 ™j(2n ) ! * J 


172. 2. Case of sinh#. Here we have 

/ ( 2r) (#) — sinh x , / (2r+1) (#) = cosh x , (7) 


and the I.D n .T. gives 


sinh x — x + 4- ^ + 


■ + ( S £-1 ) ! + B ' 


where R is equal to 
x 2n 

■ ier sinh Ox or to 
(2 n)\ 


-j-l 

(2n + L)! 


cosh 0'x, 


( 8 ) 


(9) 


according as the order of the intermediate derivative is the (2n)th 
or the (2 n + l)th. The Taylor polynomial of degree 2n - 1 for sinh x 
is the polynomial obtained by omitting R from the right-hand side 
of (8), and an upper barrier to the error involved in replacing sinh# 
by this polynomial is obtained by observing that 


^2n( x ) |< ^2^)1 I s inh# | 


.( 10 ) 


2 ( 2 n)\ 

As in the case of cosh#, the conditions for Taylor’s Series are 


satisfied, and Taylor’s Theorem for sinh # takes the form 

y»3 /yixt /^2n — 1 

H- 


sinhx=ic + ^| + ^ + ... + 


x° 

5! 


(2n -1)! 


.( 11 ) 


Ex. 2. Shew that if x 2r ‘!(2n ) ! < 1 , an upper barrier to the fractional error 
made in replacing sinh x by its Taylor polynomial of degree in - 1 is given by 
x tn l(2n ) ! 

-x 2n /(2n)! ’ 
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The student should illustrate the closeness of approximation of 
the earlier Taylor polynomials to the functions cosh a;, sinha; with 
the aid of diagrams, as in the corresponding cases of sin x, e x . 

172. 3. Case of tanh a;. As in the case of tana:, there is no simple 
formula for the nth derivative of tanh x } even for the value 0 of x. 
We here shew how to determine the successive derivatives with the 
aid of a recurrence formula. Denoting the function by y, we have 

yf^ — sech 2 a: — 1 -tanh 2 a; = l -yy, (12) 

so that y (1) -f yy = 1, and Leibniz’s Theorem now gives 


y(n+l) _J_ y(n) y _j_ n y(n - D y(l) — 1 - ^ — ' yK^-'i) yK'&) -f . . # 


Vli n L) 7/ (n-2) 7y (2). 

2! 

+ wy (1) i/ (n_1) -f yy (n) — 0, ...(13) 


which is the formula sought. The even derivatives all vanish when 
x = 0, and we then have the formula 


W 


,(«+!) + + ... + W t / (*) 2/ <«-l> = 0 ) (14) 


where n is an even integer. Giving to n the successive values 2, 4, 
6, 8 in turn, we find 

yf=- 2, 2/< 5 > = 16, j/< 7 >=-2 72, jtf> = 7936, (15) 

and the ninth degree Taylor polynomial for tanh a: is thus 


^ - o ^ + 


15 


a:° - 


17 

315 


x 7 -f 


62 

2835 : 


.(16) 


As in the case of tan x , a more convenient process for the deter- 
mination of the successive polynomials depends on the connection 
between the derivatives at a: = 0 and the Bernoulli numbers. 


Ex. 3. Calculation of cosh 1. Employing the polynomial approximation 


cosh 1 ? 


:1 + '2! + il + "" , + c '" ,+ 


4! 


1 

6! 


1 

8! 


1 

10 ! ’ 


(17) 


we have the scheme 


1 = 1 , 

1/2 ! = 0-5, 

1/4 ! =0*041 666 667, 
1/6! =0-001 388 889, 
1/8! =0-000 024 802, 
1/101=0-000 000 276, 


cosh 1 =1-543 080 634 (18) 

According to (4), the error due to omitting the remainder term will not 
exceed * x jj-j x 3, or about 3-8 x 10 -8 , and so, taking into account the errors 
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due to approximating in the last place of the decimals written, the result 
quoted is not in error by more than 4 x 10~ 8 . 

A closer estimate of the error is obtained from the results of Ex. 1 above. 
The value of cosh 1 will exceed 1-543 080 632, but will be less than 

1-543 080 636 x 1^1 -- * J — 1*543 080 639. The actual value correct to nine 

places of decimals is 1-543 080 635. 


Ex. 4. Shew that sinh 1 lies between 1-175 201 191 and 1-175 201 198. 
|j[Jse the approximation sinh 1^1 + 3] + + 7 j + + j f] • J 


Ex. 5. Obtain the Taylor polynomial for tanh# of the seventh degree by 
division of the appropriate polynomials for sinh x, cosh x. 

[According to Theorem III, Art. 129, the required polynomial is obtained 
by dividing the 7th degree polynomial for sinh x by the 6th degree polynomial 
for cosh# and rejecting terms in the quotient involving powers of x higher 
than the 7th.] 


173. Miscellaneous Examples. 

Ex. 1. Find the angle at which the curves y—e x 9 y — 1 4- cosh x intersect. 

At the point of intersection we have 

1 4- cosh x—e x = cosh x 4- sinh x, ( 1 ) 


so that sinh# = l and thus cosh# = s /2, e x — l + *J2. The gradients of the 
respective curves are e x , sinh x, and if 0 is the angle in question, 


P x 

tan 0 = y 


-sinh# 
e x sinh x 


1 + V 2 -1 

1 4 * 1 4 - sJ2 


= >/2-l. 


(2) 


The acute angle of intersection is therefore artan (^2 - 1), or \tz. 


Ex. 2. Curvature of the catenary. 



oc civ oc 

Here y = c cosh , and therefore — sinh - , 
c ax c 

1 x 

r cosh . The curvature is thus 
ax £ c c 

given by 


(l+sinh*?)*'* c 


1 

cosh 2 - 
c 



(3) 


and the radius of curvature by q =y 2 /c. 

If PT (Fig. 145) is the tangent and 
PN the normal at P , we have 

oc 

tan xp — dyjdx = sinh - , and 


PN =PM secy) —y*J( 1 4-tan 2 y>) =3/ cosh - —y 2 lc (4) 

c 

It follows that if we measure a distance equal to PN along the inward drawn 
normal, the point reached is the centre of curvature C. 
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Ex. 3. Curvature of the hyperbola . Taking the parametric equations 
x — ± a cosh (p, ?/ =6 sinh 9 ?, (a, b positive), 


we find 


dy dy(d(p b , d 2 y b , * 

di=£j4 =± a COth,p ’ dx* = = ~ a 2 COsech f- 


The standard formula for k now leads to the result 


s cosech 3 cp 


( 1 + *2 c°th 2 cp'j 


3 / 2 (o 2 sinh 2 (p 4 - 6 2 cosh 2 <p) 3 / 2 ' 


the negative (positive) sign being taken when cp is positive (negative), that is, 
when y is positive (negative). This is easily shewn to be in agreement with 
the result (33), Ex. 5, Art. 133, p. 302. 

Ex. 4 . Prove that -gj- tanha; > q if o < a;< 0-881. 

sinha; x 

[It is sufficient to prove that x 2 - cosh x 4- sech x > 0 in the range stated. 
Follow tho procedure in Ex. 1, Art. 149, p. 345, shewing that the third 
derivative of this function is positive while the second vanishes at x ----- 0 , etc.] 


Ex. 5. With the aid of tables shew that the value 2-68 is a close approxima- 
tion to the positive root of the equation x 2 - cosh x 4- sech x = 0, and employ 
Newton’s method to obtain a closer approximation. 

[Taking x x =2-68, we find h — -0 00391, and so x 2 =2-67609. In estimating 
the numerical error involved in this approximation by means of the formula 
(l), Art. 119, p. 252, we may take 

I f(x) li = |/ / (2*67) | = 1*981, \f"(x) | tt = |/"(2-68) | =5-195 (7) 

and we find E< 0 - 00002 .] 


Ex. 6 . Investigate the standard forms for the expression ae a * + be&* in 
terms of hyperbolic functions. 

We suppose that a, p do not both vanish and that a > ft. Write p =£(a +/?), 


Q = £( a ~ P)> so that 

a=p+q, (3 =p -q ( 8 ) 

Then 

ae ax +be& x =e vx (ae qx + be~ qx ) =e vx (A coshg# + B sinh qx)> (9) 


where A —a 4 6 , B —a -b. 

(i) If A 2 > B 2 , we can write A =C cosh y, B =C sinh y, where C 2 = A 2 - B 2 , 
tanh y=B/A, and then 

ae ax +befa =Ce vx cosh (qx + y) (10) 

(ii) If A 2 <B 2 , we write A=C / sinh/, B— O' coshy', where C' 2 =B 2 -A 2 , 
tanh y' =A/B 9 and then 

ae°* +beP* = C / e px sinh (qx -by') ( 11 ) 

(iii) If A 2 —B 2 9 either a =0 or 6=0, and the expression is a monomial 
exponential function. 

(iv) If q =0, then a =/5, and we again have a monomial exponential function. 
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Ex. 7. Solution of the cubic equation in terms of transcendental functions. 
We have shewn in Ex. 4, Art. 95. 1, that the general cubic equation 
x 3 + 3 ax 2 + 3 bx +c — 0 can be written in the form 

/(£)=£ 3 +3H£+£=0, (12) 

where £ =x -fa, II =b - a 2 and G-c- 3a6 +2 a 3 , and we have found the con- 
ditions for the existence of three real roots. 

(i) If H > 0 there is only one real root. Putting £=2 sjH .z, (12) becomes 
4 z 3 + 3z = - \GjH 3 ^, or, writing sinh <p = - ^G/H 3 ^, 

4 z 3 + 3 z =sinh 9? =4 sinh 3 $(p +3 sinh \(p, (13) 

by (16), Art. 168. This equation is evidently satisfied by putting z — sinh \<p> 
or £ =2s/H. sinh J 9?, which is therefore the root sought. 

(ii) If H<0 and 4H 3 +G 2 >0 there is again only one real root. Writing 


£ =2>/( -H).z, (12) becomes 4z 3 - 3z = -\GK -H) 3 ! 2 . 

(a) If G < 0, then since -\G 2 !H 3 > 1, we can write cosh <p — -£$/( -H) 3/2 
and the equation becomes 

4z 3 - 3z — cosh (p =4 cosh 3 \(p - 3 cosh \(p , (14) 


by (16), Art. 168. The equation is now plainly satisfied by putting z =cosh J99, 
or £ =2 v / ( - H) .cosh J99, which is therefore the root sought. 

(6) If G >0 we can write cosh (p —?GI( - H) 3/2 and the equation becomes 

4z 3 - 3z — - cosh (p = - 4 cosh 3 \cp + 3 cosh \cp (15) 

This is plainly satisfied by z — - cosh J99, or £= — 2 n/( -H) . cosh $99, which is 
therefore the root sought. 

(iii) If H<0 and 4H 3 +G 2 <0 there are three real roots. Wo now have 
- \G 2 [H 3 < 1 and we can write cos 0 — \GK - H ) 3 / 2 , the equation becoming 

4z 3 - 3z =cos 6 =4 cos 3 i0 - 3 cos J0, (16) 

by (16), Art. 139. 7. There is therefore a root z = cos jO, or £ = 2>/( ~H) . cos 
and since cos 0 —cos (0 + 2n) —cos (6 +4jz), the remaining roots of (12) in this 
case are £ = 2*J( -H). cos $(0 +2 71) and £ ~2*J( - II) . cos$(Q +4n). 


SECTION III. THE LOGARITHMIC FUNCTION 

174. Inversion of the Exponential Function. 

The exponential function a x , or exp tt #, (a> 0), is positive, strictly 
one-way and continuous for all values of x, being up-way if a > I 
and down-way if a< 1. The relation y=:exp a x can therefore be 
inverted so as to define a; as a single-valued, one-way, continuous 
function of y for all positive values of y. In the general notation of 
Art. 36, the inverse relation would be expressed by x = argexp a y, 
but, as remarked in that Article, a special notation is employed in 
this case, namely, 


x=\og a y, 


( 1 ) 
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the functional symbol here being an abbreviation of the phrase 
logarithm to base a. If, then, y is positive, the two relations 


y=a x , x=log a y (2) 

are equivalent. 

Consider next the relation 

y= -a*, (3) 


which defines y as a negative, strictly one-way, continuous function 
of x . Since a x , or exp a x, is now equal to - y , the inverse relation 
expressing x as a continuous function of y for all negative values 
of y is, in the standard notation, 

x = log a { ~y) (4) 

Hence if y is negative, the two relations 


y — — a x y x = log a (-y) (5) 

are equivalent. 

By considering the two sets of relations (2), (5), it follows that 
the relations '*f=a-(y>0), \ 


= log„ I V I and ft * ’ 1^7* } 

6 1 * 1 \y = (y < 0), j 


are equivalent. Thus, starting from the two functional relations 
y — a x , y = - a x , we arrive, by simultaneous inversion, at a single- 
valued inverse function expressed by the relation x = log a \y\. 

Leaving on one side the notion of inversion, we may regard 
‘ log a 9 as a single symbol for a function, and, resuming the practice 
of writing x as the independent variable, we have the function 
log a | x | , which is described as the logarithm of the magnitude of x (or 
the logarithm of mod. x) to base a, the ranges of values of function and 
argument being unlimited except for the exclusion of the value x = 0. 
For any value of x except 0, log a | x | is the index of the power of 
the number (base) a which is equal to the magnitude of x. 

Two special values of the base are commonly employed, namely 
e and 10. Logarithms to the base e are called natural logarithms, 
since they are the ones which present themselves naturally in the 
analytical discussion. They are also called Napierian 1 logarithms 
and sometimes hyperbolic logarithms. 

Various notations are employed for this special function, of which the 
commoner ones are log 6 | x |, log nat | x |, In | x |, l\ x |, log hyp | x |, logh | x |. 
Throughout this Book we shall employ the first notation in which the base e is 
specified as a suffix. The indication of the base e may, of course, be omitted 
where no risk of confusion can arise, and this has, in fact, become the practice 
in many theoretical books, even where risk can hardly be said to be absent. 

1 After Napier (1550-1617), the discoverer of logarithms. 
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Logarithms to the base 10 are called common logarithms, or 
Briggsian logarithms, after their introducer. The student will know 
that their adoption in calculations depends on the fact that the 
decimal part (mantissa) alone of the logarithm need be tabulated, 
the integral part (characteristic) being determined by inspection. 
As in the case of natural logarithms, the base 10 will be indicated in 
all the theoretical discussions. 

Since a logarithm to any one positive base is expressible in terms 
of that to another positive base, it is sufficient to consider one base 
only in the discussion of the properties of the general logarithmic 
function, and, as in the case of the exponential function, the special 
base chosen is e. This choice leads to the simplest form for the 
derivative of the function. On account of the analytical importance 
of this special function, it is referred to simply as the logarithmic 
function when there is no possibility of confusion as to the base to 
be employed. 

As in the case of the ‘ inverse 9 trigonometrical functions, so here 
the term ‘ inverse ’ as applied to the logarithmic function loses 
significance from the analytical point of view. The logarithmic 
function may be treated as the primary function and the exponential 
function may then be derived from it by inversion. In other words, 
the two are mutually inverse functions. A method of introducing 
the logarithmic function as the primary function is indicated in 

Art. 232. 1, Chap. IX, when dealing 
with the subject of Integration. 

175. Graph of log e \x\. 

Since the relation y = log e \x\ is 
equivalent to the relations x = e v , 
(x>0), and x— -e v , (x < 0), the re- 
quired graph can be obtained by 
taking the geometrical image of the 
graphs of the functions y — e x ,y — -e x 
in the line bisecting the angle xOy , 
as explained in Art. 36. The graphs 
of the functions y = e x , y— -e x are 
shewn in Fig. 146 by the light lines, and the graph of y = log e \x\, 
obtained in the manner described, by the heavy lines. 

176. Fundamental Properties of the General Logarithmic Function. 

The student is supposed to be familiar with the fundamental 
properties of logarithms from the arithmetic standpoint. We here 



2/ — loge | * | • 
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give a short list of formulae which are continually applied in this 
Section, the various arguments being supposed positive. 1 

(i) log a (pcy) — log a x + log a y; (1) 

(ii) log a ( xjy ) = log a x - log a y ; (2) 

(iii) log 0 xti — n loga x > ( n any number) ; (3) 

(iv) log„ x = \og h x log a b (4) 

These correspond to fundamental formulae for the exponential function, 
given in Art. 154. If we put x—a w , y =a z , we have xy — a w a z — a w+z 9 and 

hence log a( x n) = 1 °g,i«"’ +z =W + Z =log 0 a: +log a y (5) 

Similarly, log „(*/</) - w - 2 = log a :c - log n y (6) 

Tf in (6) wo put x = l, we get the important case 

logo y — -'°go (!/.'/) (?) 

Again, x n ~a nw and hence 

log a # n =nw =n \og a x (8) 

Finally, since x =a w —b w l°g b «, wo have 

lo g b x^w Iog b a — logo ^ (9) 

or, interchanging a and 6, 

loga x — logj # log a ^ ( 10 ) 


The formula (4) gives the rule for the 4 change of base ’ whereby 
the logarithm of a number to one base is expressed in terms of that 
to a second base. The coefficient log a 6 is called the modulus of the 
transformation. On interchanging a and b , and comparing the 
formula so obtained with (4), it is seen that the corresponding 
moduli are connected by the relation logo 6 = l/log b a. 

In the case of the special bases e , 10, we have the results 

\og lQ x=\og e x log 10 e = log, X _ (11) 

The values of log 10 e, log, 10 have already been found, correct to six 
places of decimals, in Art. 160. 1, namely 

log 10 e = 0-434294, log, 10 = 2-302585. 

We thus have the transformations 

l°gio x = 0-434294 ... x log,#, log , x = 2-302585 ... x log 10 a;. 

The modulus log 10 e, i.e. 0-434294..., is usually denoted by the 
letter M (or /z), and we thus write 

log 10 x-M log, x, log, x = i log 10 x (12) 

1 If x y y aro negative, it is only necessary to replace x f y by | x |, | y | in the formulae 
given. 
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These shew that the graph of the function log e | x | can be taken 
as a representation of log 10 | x | if the scale of ordinates is altered in 
the ratio 1 : M. 

Ex. I . Shew that x~\ \og e | x - (13) 

2 &e 1 - tanh x 

[Express | * n ^ erms °f ex P onen hia,l functions, and invert.] 

Ex. 2. Prove that lim ^ = 1 (14) 

£_*0 X 

e h - 1 

This is a consequence of the result lim — — = 1, (Art. 100), or its equivalent, 
h /*-* 0 h 

lim —r — -=1. For, writing e^ = l+x, (x > -1), we have h = log e (l + #), 

h — ►o ® 

e h - 1 = x , and the stated result follows since h~> 0 as x-> 0. In other words, 
the function + is potentially continuous at x — 0, its completing 

value there being 1. 

The result (14) is employed in the following Article. 


177. Special Limits involving Logarithmic Functions. 

From the result lim z m e- n * = 0, (n> 0), (1) 

Z-* 00 

established in Art. 164, we can deduce some important limits 
involving logarithmic functions. A fundamental form is obtained 
by writing z = log e x, so that x = e z , ~ x = e~ z . Since now x increases 
indefinitely with 2 , we have the result 

lim (n> 0), (2) 

of which special forms are 

lim x~ n log e x = 0, (n> 0), (3) 

X-+O0 

and . lim \ log* x — 0 (4) 

X — >00 

If we write l/x for x in (4), so that now x->0 (through positive 
values), we have the result 

lim x lOge X = 0 (5) 

s-*+0 

Another important limit is obtained from equation (14) of the 
preceding Article, which we can write in the form 

lim log e (1 + x) 1 ! x = l (6) 

x — ► 0 

Writing log e (1 +a;) l/ * = l +lc, we have (1 +x) 1 '' x —e 1+k =ee k , where, 
from equation (6), k — > 0 and therefore e k — > 1 as x - > 0. Hence 

lim (1 + x)V x = e. 

x — 0 


(?) 
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This result is proved independently of the manner in which x 
tends to zero. If, therefore, we give to x the sequence of values 
1 , h h ••• > ••• > we have the result 

Iim(l+i)“ = e (8) 

n— > 00 

This proves that the number defined by the sequence {(l +^) n ), 
Ex. 3, Art. 50, is the number e defined in Art. 160 of the present 
Chapter. 


178. Differentiation of the Logarithmic Function. 

The simplest procedure is to make use of the rule connecting the 

derivatives of direct and inverse functions, namely ^ — dfjcjdy • 

178. 1 . Derivative of log e | x |. Let y — log c \x\. If x > 0 we have 
x — e v , dxjdy — e y —x, and so 

dy_\ 

dx x 


( 1 ) 


If x<0, we have x— -e y , dxjdy — - e v — x , and again 

dy_ 1 

dx x 


•(2) 


We therefore have the general result 


d log e 1 ag | _ 1 

dx x 9 


(x 7 ^ 0 ). 


(3) 


The derivative of the logarithmic function is thus an algebraic 
function of the independent variable, namely its reciprocal. It is 
on account of this property that the logarithmic function is of 
fundamental importance in Analysis. 

Ex. 1. Obtain the derivative of log e | x \ directly from the definition of 
dyjdx . [Employ the result of Ex. 2, Art. 176.] 


178. 2 . Derivative of log a | x |. We have log a | x | =log e | x | log a e , 
and hence 


<Uog a | x | _ (Hog. | a | 
dx dx 


loga e = 



(4) 


For the special value 10 of a, we have 


dlogi 


dx 


1 , M 

=ii°g..«= ¥ 


where M is the modulus 0-434294 ... , (Art. 176). 


(5) 
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178.3. The function y=log e \f(x) |. Write y—\og e \u\, where 
u=f(x), ( u ^ 0). Then dyldu = l/u , du/dx=f'(x), and the rule for the 
derivative of a function of a function gives 

dy 1 du _f'(x) 
dx ~ u dx f(x) 9 

„„ d\og e \f{x)\_f(x) ( 

dx - ”7 Or) 1 ' 

This rule is frequently applied in the sequel. 


Ex. 2. Shew that 


rflogj l -x\ 
dx 


[This follows from (6) on putting f(x) — 1 -x.] 


Ex. 3. Shew that 


l -xl 1 -x 2 


Write \og e 


= log 6 | I + X I -logjl - X I 


Ex. 4. Shew that 


\Og e \X+sJ(X 2 ±l)\ 1M* 2 ±1) (») 


[We observe here that f'(x) = 1 +xl^J(x 2 ± 1).] 

Ex. 5. The function log 0 1 sin x |, 
I. (x=hnn). We havo, after equa- 


A'*"''' A* x 

v \/ v : 


tion (0), 

d log,, | sin x | _cos x 


cot#. (10) 


U — I sin x \ 


<1 l°Ke 1 co s x | _ _ sin a; _ _ ^ 
dx cos x 

a result which we may write in the equivalent form 

dlog.Jjsec x [ _ tan X ' 


If the modulus signs are omit- 
ted, the ranges of x given by 
(2nn - 7i, 2 ?m) must be excluded. 

Portion of the graph of the 
function log 6 1 sin x | is shewn in 
Fig. 1 47, the broken lines being the 
corresponding parts of the graphs 
of the functions | sin x | , cot x. 

Ex. 6. The function log e | cos x |, 
(x=f= 7 ?-- . Here we have 


Ex. 7. The function log tf | tan %x \ , (x±nn). We have 

d log g | tan \ __ | sec 2 lx 1 1 

dx ~ tan £x ~ 2 sin £x cos Jo; ~~ sin x 


= cosec x. 
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Ex. 8. The function log* | sec# + tana; |. Since the value of f f (x) is here 
sec x (sec x + tan x), we have 

d log- 1 sec x 4 - tan x I sec a (sec a; 4 - tan x) 1 . . . , 

— — = ‘ — — — sec a; = (14) 

dx sec x + tan x cos x 


Also we can write 


sec x + tan x — 


1 + sin x _ (cos lx + sin \x ) 2 _ cos \x + sin 
cos x ~~ cos 2 \x - sin 2 ~ cosl.r - sin \x 


1 -l- tan 
1 - tan lx 


:tan (Jar 4 Jtt), (15) 


and we therefore have the equivalent result 

] °ge I ten (\x + \n) I -= 1 


The results (10)-(16) are of importance, especially in connection with 
integration, and should be remembered. 

Ex. 9. Find the derivative of log e | log c a; |, (#>()). 

[Put log c a? ~-u. The result is l/(x log 6 x).] 

179. The ‘ Interest Law 9 of Change of a Quantity. 

The ' interest law ’ of variation of a quantity is such that the rate 
of change of the quantity is proportional to its instantaneous value. 
In symbols, if y is the measure of the quantity corresponding to the 
value x of the independent variable, the statement of the law is 


where k is a constant. This law is of frequent occurrence in Physics 
and Chemistry, illustrations from which are given below. 

The problem to be solved here is to determine y as a function of x 
with the aid of the above relation and given initial conditions. It 
will be seen that this can be effected by employing the result for the 
derivative of the logarithmic function. It is sufficient to take y 
positive. We write (1) in the form 

dx_ 1 > 

dy~'ky’ {Z> 

which, with the aid of the result referred to, can be written 

dx_\ d log, y d /l, \ 

dy~k dy ~dy\k ogey J’ 

OT Ty( X -k l ° S * y ) = 0 (3) 

Now, according to Art. 98. 1, if the derivative of a function is 
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zero throughout a range, the function is constant in the range. We 
conclude that 

X -\\og e y-G, (4) 

where the value of the constant C is fixed by the initial conditions 
of the problem. For example, if the initial amount of the quantity 
is y 0 , corresponding to the value 0 of x , the value of C is given by 

0 -l^og e y 0 = C, (5) 


and the special function y which satisfies this condition and the 
equation (1) is given by 

X-llogeV= ~l log,2/ 0) 


or kx = log e (y/y 0 ) (6) 

On inverting this relation, we obtain 

y^y*z kx , (?) 

which is the expression for the function sought. If k>0, this 


represents a function increasing exponentially with x, while if 
k < 0, the function decreases exponentially from the initial value 
y 0 to the final value 0. In the latter case it is usually more con- 
venient to replace k by - k, so that the decreasing law is expressed 

by y=y 0 e-* x , (*> 0 ). 

In practical applications of the law the independent variable is 
commonly the time, which is denoted by the letter t. The laws of 
increase and decrease are then expressed by y—y 0 e kt , y=y 0 e~ kt , 
respectively, where k> 0. 

In the case of a physical phenomenon, the value of k can be deter- 
mined experimentally by observing the time in which the varying 
quantity increases or decreases in a certain ratio. In the latter case, 
if the time in which the quantity decreases to one-half of its initial 
value is r, we have 

hyo=y<>e~ kr , ( 8 ) 


whence e kr — 2, or kx — log* 2. This gives 

j log, 2 — 0-693147 


( 9 ) 


on introducing the value of log e 2, (see Art. 182. 1). Hence the law 
of variation is given by 

yrry^C-O-6931471/r (IQ) 

The time r is usually described as the half-value period of the 
quantity considered. 
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Ex. 1. Shew that if the varying quantity decreases in the ratio 1 : e in 
time r, k is equal to 1/r. 


We now give some illustrations of the law. 

(i) Growth of capital at continuous compound interest. Considering at first 
the case when the interest is added at tho ends of finite intervals of time, let 
y be the capital at the beginning t of an interval and let A y be the interest 
added at the end t -f At of the interval. If the rate of interest is p per cent, 
per annum, and if the unit for the measurement of tho time is the year, we 
have 

Ay^^yAt, ( 11 ) 


so that the average rate of increase of capital in this interval is given by 
Ay/AJ — py! 100. 

In the case of instantaneous compound interest, this average rate becomes 
the exact rate, corresponding to an indefinitely small time interval, and we 
thus have the law 


dy_ py 
dt 100’ 


( 12 ) 


so that, if y 0 is the initial capital, that at the end of t years is given by 
y =y 0 e pt l 100 . The capital after one year (< = 1) is given by 

^=^/-=y 0 ( 1+ ^ + ^.g 4 + ^.fJ 6+ ...) (13) 


For example, if p—5, tho successive terms in the parentheses are equal 
to 1, 005, 0*00125, 0*00002..., ..., and we have y~ 1*051 27y 0 , which is 
sufficiently exact for most purposes. 

(ii) Radioactive transformations. The mathematical theory of radioactive 
transformations is based on the law y ~y 0 e~ kt . In tho simplest case, in which 
a quantity Q of radioactive matter is being transformed at a rate proportional 
to the amount of the quantity at the instant in question, wo have 



,(14) 


the constant A being called the radioactive constant of the substance. This 
gives, for the amount transformed after time t , 


Q=Q 0 e-M = Q 0 e-QM3U7llT, 


(15) 


where r is the half- value period. 

(iii) Newton's law of cooling. Under certain conditions, the rate of cooling 
of a hot body is proportional to the difference between the temperature of 
the body and that of the surrounding medium, which is here supposed constant. 
The excess 0 of the temperature of the body over that of the medium then 
varies according to the interest law, and we have 0 = 0 o e~ xt f where A is a 
constant and 6 0 is the excess when t — 0 . 

2 D 


M.B.M.A. 
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180. Use of Logarithms in the Differentiation of Products and Powers. 

The ordinary rule for the derivative of a product can be recovered 
with the aid of the derivative of the logarithmic function as follows. 
Let y~u x . u 2 . u 3 ... u n , where u r = u r (x). Then we have 

I V I = I « 1 1 • I W 2 |---| M nl> loge I V\ =10g« | % | + log, | U 2 \ + ... +log e | U n |, 

and, on differentiating throughout with respect to x } we obtain 

1 dy _ 1 du x l 1 du 2 ^ ^ 1 du n m 

ydx~u x dx u 2 dx dx 

Multiplication by y now leads to the ordinary formula. 

The same method applies to a quotient. Thus, if y — ufv , so that 
]°g* I y I = lo ge I u I " lo ge hi, we have 

1 dy _ 1 du 1 dv 

y dx~ u dx v dx 9 

which leads to the ordinary formula. 

The above method of differentiation can also be used to find the 
derivative for functions of the type y ={f(x)}^^ x \ This function is 
defined by the equation 

(2) 


where f(x) is supposed positive. Direct differentiation gives 


dy — e 4>{x)\°z 6 f(x) log e f(x) +cp(x) 


dx' 


f{x) I 


={f(x)}*M [<p'{x) log J(x) +( Pi X )jj£j} ’ 


which is also obtained by first writing 

\og,y=(p{x)\ogJ(x), 

and then differentiating throughout with respect to x. 


(3) 

(4) 


In the discussion of small corrections, where the fractional error is fre- 
quently required, it is sometimes an advantage to take logarithms before 
differentiating. Thus, let y =f(x) be the relation between a measured quantity x 
and a calculated quantity y, and suppose that thore is a small error dx in x. 
The corresponding fractional error in y is given approximately by 


1 dy 


dy 
V ’ 


.1 dy 
y dx 


dx, 


.(5) 


and the value of is obtained immediately by the process suggested. 
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Ex, 1. y — sj{(l ~x)(2 -x)}. Here x ^ I or x ^ 2. We have 

log« 2 /=ilog e |l-a;|+Jlog ( ,| 2 -a:|, 

which gives, on differentiating, 


so that 


1 (iy_ 1 -1 1 ^1 1 3 - 2x 

y dx~ 2 1 -x + 2 2 ~x~ 2 (1 -x)(2 -x) 

dy _ 1 3 - 2x 

dx~ 2 V {(1 -#)(2 - a ;)} 


.( 6 ) 

•(7) 

(8) 


Ex, 2. The area S of a triangle ABC is computed from the measurements 
of the sides a, b and the included angle G. If there is an error dC in G t find 


the percentage error in the calculated value of S. 

We have S = lab sin <7, whence 

log* S = lo ge(hab) + log* sin G (9) 

Therefore ^ ^ = cot G (10) 

and so ^ ~ SC — cot G6G (11) 

8 dG v ’ 


181. Successive Derivatives and Taylor’s Theorem for log*|a;|. 

Since > fh e n ^° L derivative of log* | x | is equal to the 

( n -l)th derivative of l/x, Referring to equation (15), Ex. 2, Art. 
86, p. 181, we thus have 

d n l og e \x\ _d”~ l ( l/x) = ( _ ^ (n- 1)! m 

dx n dx n ~ x v ' x n [ ' 

Now the function log* \x\ i together with all its derivatives, is 
undefined (infinite) at x — 0. This point cannot, therefore, be used 
as a starting point for the application of the I.D n ,T, to log*|#|. 
Any other starting point may be chosen and the theorem then applied 
to a range of which the end points have the same sign, and which does 
not accordingly include the value x = 0. It is sufficient to consider 
the case in which the end points are positive. Let a be the starting 
point and x the end point, so that the increment is x - a. We have 


log, a;=log, {a + (x -a)} =log, ja (l + ~p)} 

= l°g« a + l°gc (l + ’ ( 2 ) 

and this shews that it is sufficient to consider the special starting 
value 1, taking — as increment. With a change in the meaning 

CL 

of x , this increment can be taken as x - 1, and we write 

log, a; = log, {1 + (x -1)} (3) 
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It is plain that a simplification is effected by a shift of origin to 
the point x — l, the function log e x transforming to log* (1 + #'), say, 
where x' —x - 1 , and the starting point being x' = 0 . Using now x 
instead of x\ we are thus led to consider the application of the 
theorem to the function log^l-f#), (x> -1), with starting point 
# = 0 and end point any value of x greater than - 1. 

Writing, then, f(x) =log e (1 +#), (x> - 1 ), we have, from (1), 


/<«>(*) = ( ( 4 ) 

so that 

/( 0 )= 0 , / (r> ( 0 ) = ( - l) r-1 (r - 1 )!, /<-)( 0 *) = (-l)-i ( ^^ i ....( 5 ) 
The I.D n .T. for log,. ( 1 -|- x) i.s thus expressed by 

log, (1 +x) =x - X l +3 I)”- 2 + R n (x), (6) 

where #«(*) = ( - 1 )" -1 ^(rTto) ’ ( x >- 1 ) ( 7 ) 


We now investigate conditions under which the remainder con- 
verges to zero with increase of n. It will be shewn that if - 1 < x ^ 1 , 
the convergence is assured. 

Case (i). 0 < x < 1. In this case Ox > 0, and hence 

I £«(*)!< \ (8) 

It thus follows that | R n (x) | can be made as small as we please by 
taking sufficiently large values of n. The conditions for Taylor’s 
infinite series are therefore satisfied in the range (0, 1) of #, and 
Taylor’s Theorem for this range is expressed by 

log,(l + x)=x-~ + ^ -••• + ( + ( 9 ) 

Case (ii). -1<£<0. Write, for convenience, x~ -x\ so that 
0 <x' < 1. We now have, from ( 7 ), 



since 1 - x' < 1 - Ox'. We conclude, as in Case (i), that | R n {x) | -» 0 
as n -> oo provided that x'/(l - x ')< 1, that is, x' < It can be 
shewn, however, that the convergence of | R n (x) | to zero is assured 
for values of x' greater than this, the range of convergence being, in 
fact, given by 0 < x' < 1, that is, by - 1 < x < 0. 
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Ono step in this direction is made by using the identity 

loge ( 1 -X , )=log c i^ 7 =log e (l -z) - log„ ( 1 +x'), (11) 


where z =x' 2 , so that 0<z<l. If, now, 0 < z ^ the remainder in the 
expansion of log e (1-2) converges to zero as n-> cc , and this corresponds to 
the range 0 < x' ^ 1/^/2. Also, the remainder in the expansion of log e (1 +x') 
has been proved to convergo to zero asn-^oo if 0 < x' ^ 1, and by combining 
these results we establish the convergence to zero of | R n (x) | for 0 < x' ^ 1 jsJ2. 
This process can be repeated. 


A direct proof is afforded by using Cauchy’s formula for the 
remainder term, Art. 128, equation (19), which, in the present case, 

becomes /i _n\n-i r n 

R n (x) = ( - 1 )-i * ( if oi) *- . (0 < e < 1) (12) 


Therefore 


Uni*) | = 


1 x - Ox n _ 1 fx' - Ox' \ n 

1 -0 1 +0x ~ 1 - 0 V T~-0x’ ) ‘ 


Q% f 

If, now, x' < 1, we have x ' - Ox' < 1 - Ox', and hence - — r- f <1. It 

1 - Ox 


follows that if x' < 1, | R n (x) |-> 0 as n —> oo . The value x' — 1, 
that is, x— - 1 , is excluded from 
the discussion since the function 
log e (l+x) is not defined for that 
value. Actually the Taylor poly- 
nomials do not here converge to a 
finite value. 

We may therefore assert that 
Taylor’s Theorem for log e (1 +x), as 
expressed by equation (9), holds if 
- 1 < x < 0, and we have thus 
proved the validity of the theorem 
for the range [-1,1) of x. The 
infinite series on the right-hand side 
of (9) may thus be taken as the 
definition of the function log e ( 1 -f x) 
in this range. It is called the logarithmic series for log^ (1 +x). 

Case (iii). | x | > 1. The Taylor polynomials do not now satisfy the 
necessary condition for the validity of Taylor’s Theorem that the 
general term ± x n jn should converge to zero when n increases 
indefinitely. For if u n — | x \ n jn, we have 



U n±l = _ n _ 

u n n - f 1 


x |, > 1 


if 


n> 


1 

i*i-i 


(14) 
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Thus after a certain value of n , the term u n increases with n and so 
cannot converge to zero when n-> oo . The Taylor Theorem expressed 
by (9) therefore does not hold if | x | >1. 

The closeness of approximation of the earlier Taylor polynomials 
to log. (1+#) is illustrated geometrically in Fig. 148, which clearly 
indicates the range of convergence. 


Ex. 1. Obtain the earlier Taylor polynomials for log. (1 +x) by the process 
of successive substitutions, employing the corresponding polynomials for the 
exponential function. 

[Write y = log. (1 + x) f so that l +x=e y = 1 + 2/+^ + ..., and hence 


Ex. 2. Shew that log e (l +x) —x, correct to seven places of decimals, if 
0< x< 0*0003 10. 

We have log e (l -\-x) -~-x +R 2 (x), where | lt 2 (x) | = }/x 2 + ' q ^ a < Thus 

I RA X ) |< 5 x I0 _ ( n+1 ) if x 2 < 10~ n , or x< 10 _n/2 . If n = 7, this condition 
becomes x< v/10 x 10~ 4 ^0-0003 16. 


Ex. 3. Shew that for small rates of interest, the time taken for a sum of 
money to double itself at compound interest at the rate of p per cent, per 
annum (added annually) is about 69 Ip years. A rule employed for high rates 
of interest is 73 jp years. Examine the validity of this for interest rates of 
5 and 10 per cent. 

If ?/ 0 is the initial sum, that at the end of t years is given by 


2/=2/o( 1 +ify) < (15) 

If r is the time for the sum to double, this gives 2—^1 + Job) ’ anc * * ience 
log c 2=Tlog^l+j|g;) 

< 18 > 

4 .x 4 . 100 log. 2 

so that r = ■ ' (17) 

/. p > 

P \ 1 _ 200 + "' 


If p is small, we may neglect the terms pi 200 and those which follow it in 
tho denominator, as being small compared with 1, and we have 


100 log. 2 
V 


;69-315 Ip years, (18) 


introducing the approximate value 0-69315 for log. 2, (Art. 182. 1). 
A second approximation is given by 

100 log. 2 100 log. 2 


p( 1 


.JL\ 

200 ) 


P 


, 200 )" 


.(19) 
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which gives, for p —5, 

100 log e 2 x 1-025 _ 71 -05 
T P P ’ 


and for p = 10, 


100 log, 2 x L05 72-78 
P P 
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.( 20 ) 

.( 21 ) 


182. Calculation of Natural Logarithms. 

It is beyond the scope of this Book to discuss the various methods 1 
that have been employed to calculate tables of logarithms. We con- 
fine ourselves, for the most part, to the illustration of the application 
of the logarithmic series for log e (l +x). As we have seen, this series 
is theoretically applicable for values of x in the range [ - 1, 1), and 
hence for the calculation of logarithms of numbers in the range 
[0, 2), but for rapid convergence of the series x must be a small 
fraction. For example, corresponding to the end x — \ of the range 
we have 

log.2 = l-i + J-...+(-l) n - 1 i + ... , (1) 

and some 20,000 terms of the series are required to secure accuracy 
to four places of decimals. 

For numbers outside the stated range, as well as those in the 
range which are not nearly equal to 1, the practical method is to 
employ linear combinations of the logarithmic series for different 
small values of x. We proceed to illustrate the different cases. 

Let us first suppose that x~ 0-1. Then we get 

log, 1-1-^ 2 x 10 2 + 3x 10* 4x10 4 + 5x10 5 


and if we retain the five terms written, the absolute error involved 

will, according to (8), Art. 181, not exceed ^ 6 = 1*67 x 10~ 7 . We 
have 

log, M=0 1 - 0-005 + 0 0003333 - 0 0000250 4- 0-0000020 

= 0-0953103, (3) 

and here there is only one source of error due to approximating in 
the seventh place, and it is less than 4 in the eighth place. The total 
error will not therefore exceed about 2 in the seventh place. 

If, now, we take x— -0-1, we get 


jqJ IQ 9 s/ 102 


1 

2 x TO 2 


1 


3 x 10 3 


.(*> 


1 The student may refer to Encyclopaedia Britannica y Art. Logarithms , and to 

Shortrede, Logarithmic Tables. 
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and, including only five terms of the series, this gives 

•og. T \= -0-1053603 (5) 


The error here introduced due to omitting the terms after the fifth 

is, by ( 10 ), Art. 181, less than * 10 T ) = x 10 ~ 7 , and the 

* o v l — -j jj' o x 

total error is therefore less than 4 x 10 ~ 7 . The value of log, 9/10 

correct to ten places is found to be 

l°g« i"Tr= -0-105 360 515 7, 

so that log, J/ =0-105 360 515 7 ( 6 ) 


Ex. 1. Evaluate log* 2 correct to five places of decimals. 

[Write log e 2=log e j-t|r=log g (H- J) ~1og e (l - J), and employ the loga- 
rithmic series.] * 

Ex. 2. Find the value of log e H£ correct to ten places of decimals. 

[The given logarithm is equal to - log e (1 - , J 0 ). The value is found to be 
0 040 821 994 5.] 

Ex. 3. Find the value of log e gj correct to ten places of decimals. 

[Write log e |i= -log e ^l The required valuo is 0-0124225200.] 

Ex. 4. Adams's formulae. If a =log c b = logg HJ, c =lo g e show that 

logg 2 = la - 26 + 3c, log e 3 = 1 la - 36 + 5c, 

log. 5 = 16a -46 + 7c, log, 10 = 23a - 66 + 10c./ (7) 

Hence evaluate log e 2, log e 3, log e 5, log e 10 correct to seven places of decimals. 


We now shew how to calculate the logarithms of the natural 
numbers by the application of the logarithmic series for values of x 
so small that the series is rapidly convergent. For this purpose we 
use the two following equations, in which 0 <#< 1 , 


/V*2 /y» 3 

l°g«(l +x)—x- 2 +- 


log,(l -x)= -x - 2 - 




n - 1 


x 3 X n ~* 

3 ~n^l 


ry.2lX — 1 

+ ••• + 2n -1 +-^ 2 n( X )>"-( 8 ) 
o*2w — 1 

- 2 „ -!+«-<*> < 9 > 


The former of these is equivalent to equation ( 6 ) of the preceding 
Article, and the latter is obtained from it by replacing a: by -x. 
The remainder in each case converges to zero as n—> oo . On sub- 
tracting, we obtain 


log. 


1 +x 

I -X 


= 2 


( 



^»2w — 1 

2/m 



(10) 


where R is equal to R in (x) - R* n (x), and so converges to zero 
when n increases indefinitely. The conditions for the expansion 
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1 +x . 


of log e :j in an infinite series are thus satisfied, and Taylor’s 

i x 

Theorem for the function is expressed by 


lo g M _ x = H *+3 


- + ...+ 


2n -1 


An explicit form for R can be obtained from equation (7) of the 
preceding Article, but it is not very convenient for the determination 

1 ir 

of an upper barrier to the error committed in replacing log* y — - by 

its Taylor polynomial of any stated degree. We shall subsequently 
obtain an expression for R as a definite integral, Ex. 2, Art. 239, 
which leads directly to an upper barrier. We here indicate an 
indirect method of estimating the error. Write (10) in the form 

1 _l Of' / X^ sy2in — 1 \ 

loge \~—x ~^ n and let S m = 2 \ x+ 2 + — + 2^l/’ (m<n) - Then 


S m ~-$n "t Ry 


where we have 


/ rg2m+l /j*2m+3 X 2n ~* \ 

S„-S m = 2 [ 2m + 1 + 2m + 3 + • • • + 2 n Z[ ) 

^2m + l 1 

< 2 (1 + z 2 + . . . + X 2 "- 2 "*- 2 ) < 2 ; , 

2m + 1 2m + 1 1 - x 2 


....(13) 


which is independent of n. Since R -> 0 as n -> oo , we can therefore 
assert that 

1 J_ T /y» 2 m + l 1 

log e ~ -S m <2~ (14) 

for any value of m. The error committed is therefore less than the 
fraction 1/(1 - x 2 ) of the first term of the series which is omitted. 

We now introduce special forms for x. 


(i) Put 


1 +x ___ 1 +p 
1 -x~ p 5 


(P> 0), (U 


giving x = l/(2p + 1), so that if p is an integer, The series 

(11) now becomes 

l0ge ~p~ = 2 { 2^+1 + 3(2_p+l)' 3 + • • • + (2n-\)(2p + lj**- 1 + - “} ’ ^ 
from which we can find log e (l +p) as soon as log e p is known, since 


= l°ge(l + P) "log eP (17) 
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Also, since x < J, we have - 1 < - 1 , — and the error committed 

1 X 1 y- 

by neglecting the terms after a certain one is less than 9/8ths of the 
first term neglected. 

(ii) More flexibility in application is obtained by writing 

1 + x __p+q 
1 -x~ p 


(P, £>0), ( 18 ) 


which gives x — q/(2p +q) y the series (11) then leading to 
log t (p+q)=log e p 

q 


I 2 f q uV — i 
[2p+q 3^2p + q 


+ ... -I- 


1 


2n -l V2 p + 


2n— 1 ^ 

+ •••} ( 19 ) 


(iii) A second modification of (15) is obtained by writing 1 +p=k 2 , 
so that 

1+x h 2 


which gives o: = l/(2A; 2 - 1), and then, from (11), 
\og e k = \\og e (k -l) + ilog«(* + l) 

/ 1 


.( 20 ) 


+ 


\2k 2 - 1 ' 3 ' (2k 2 - l) 3 + ‘" + 2n - 1 ' (2k 2 - l) 2 "" 1 + '"f * 


+ O 


+ ... J- . ...(21) 


The use of the series (16), (19), (21) in calculation will now be 
illustrated. 

182. 1. Use of series (16). Calculation of log e 2. Put p — 1 in (16) and we 
have 

log < 2 = 2 ( 3 + 3 x 33 + 5 x 3 5 + -") = 3(l + 3x9 5^x92 + "•) ( 22 ) 

Working to eight decimal places, we have the following scheme : 


1-1 

1-1 

1/9-0111 111 11 

1/(3 x 9) —0 037 037 04 

1/9 2 = 0-012 345 68 

1/(5 x9 2 ) -0*002 469 14 

1/9 3 =0-001 371 74 

1/(7 x9 3 ) -0*000 195 96 

1/9 1 =0-000 152 42 

1/(9 x9 4 ) =0-000 016 94 

1/9 3 =0-000 016 94 

1/(11 x9 5 ) =0-000 001 54 

l/9« =0-000 001 88 

1/(13 x 9 6 ) =0-000 000 1 4 

1/9 7 =0-000 000 21 

1/(15 x9 7 ) =0-000 000 01 


1*039 720 77 


Hence, retaining eight terms of the sories, we get 

log,2=f x 1 039 720 77=0-693 147 18. 


(23) 
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The first term omitted in the series is 0 x - - — — * , and the error committed in 

3 17 x9 s 

neglecting the terms after the eighth is less than 9/8ths of this, i.e. less than 
about 10~*. In the actual calculations there are seven errors due to approxi- 
mating in the eighth place, and these together will not exceed 7 x 5 x 10“ 9 . 
Hence the total error will not exceed § x 35 x 10~ 9 + 10~ 9 ~2-4 x 10~ 8 . Actually, 


the result obtained is correct to the eight places given. 

Calculation of log, 3. Put p — 2, 2p + 1 = 5, and we obtain 

lo g ,3=Io S ,2 + 2(J + CT + J 5 , + ...) •<«> 

from which, with the aid of (23), we find, correct to seven places, 

log,3 = 1-098 612 3 (25) 


The evaluation of the logarithms of successive integers can be carried out 
by this step-by-step process, care being taken to ensure that the accumulated 
orrors do not bocome significant by carrying out the calculations in the early 
stages to more than the number of places finally desired. The student should 
verify the following results : 

log, 4 = 1-38629436, log, 5 = 1-60943791 , log, 6 = 1-79175947, 
log, 7 -= 1-94591015, log, 8 - 2 07944154, log, 9 = 2-19722458, 
log, 10 = 2-30258509. 

Since the logarithm of a product is the sum of the logarithms of its factors, 
the logarithms of prime numbers only are required in the construction of a 
table of logarithms. In the Thesaurus of Vega, a table prepared by Wolfram 
gives the natural logarithms to forty-eight places of decimals of all the 
integers from 1 to 2200, and of all tho primes from 2201 to 100 009. This 
allows the logarithm of any number of four figures to bo obtained at once. 
For example, 

log, 3-133 =log, 3133 - log, 1000 = log, 241 -flog, 13 - log, 1000 

= 5-48479693 + 2-56494936 - 6-90775528= 1-14199101 (26) 

182.2. Use of series ( 19). Calculation of log, 4-3. We have 

log, 4-3 “log, 43 - log, 10 (27) 

Putting p =40, q = 3, so that ql(2p -f q) =3/83, (19) gives 

log, 43 = log, 40 + 2{3 a H- H A ) 3 + . . .}, (28) 

and therefore, subtracting log, 10, 

log, 4-3 =2 log. 2 + 2{A+J (*)* + ...} (29) 

With the aid of Barlow’s tables, we find : 


3/83=0-0361446 
(3/83) 3 =0-0000472 
(3/83) s =0-0000001 

3/83=0-0361446 
i(3/83) 3 = 0-0000157 
i(3/83) 5 =0-0000000 


0-0361603 
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Hence 

log* 4-3 = 1-3862944 +2x 0 0361603 = 1-4586150, (30) 


a result which is actually correct to the seven places of decimals given. 

182.3. Use of series (21). Calculation of log* 4-3. Put k =43, so that 
k- 1=42, k + 1=44, 2k 2 - 1 =3697. Then (21) gives 

log f 43=ilog.42+ilog.44+ g ^ + J7 L_ + .„ 

= 4 log* 2+4 log* 3 + l log* 7 + log* 2 + 4 log* 1 1 + ttbVt + • • • 

— f J log* 3 + i log* 7 + | log* 10+* log*( 1 + i\y) + + ••• • (31) 

Now by equation (3) above, log* 1-1 =0-0953103, and also 1/3697 =0-0002705. 
Working to six decimal places we thus obtain 

log* 43 = £ x 0-693147 -f £ x 1-098612 -f J x 1-945910 

+ J x 2-302585 + \ x 0-095310 + 0-000270 


= 3-761199 (32) 

Therefore 

log*4-3 =3-761199 -2-302585 = 1-458614, (33) 


which is in error actually by only 1 in the sixth place of decimals. 

Ex. 5. Qlaisher's formulae. If a =log* 6 = log*Hf , c =log*f J, shew that 
log* 2 = 7a + 56 + 3c, log*3 = 11a + 86 + 5c, log* 5 = 16a + 126 + 7c. ...(34) 

Evaluate a, 6, c correct to eight decimal places from (16) with p = 15, 24, 80, 
in turn, and henco evaluate log* 2, log* 3, log* 5 correct to six places. 

183. Calculation of Common Logarithms. 

The values of the common logarithms of numbers may be found at once from 
the natural logarithms by multiplying by the modulus M =0-4342945 ... . 
Conversion tables to obviate the multiplication are usually included in 
logarithm tables, as in Chambers’s Mathematical Tables or Shortrede’s Log- 
arithmic Tables. 

184. Weddle’s Method for finding Logarithms. 

We here describe Weddle’s method for finding tho logarithm of any given 
number to a large number of decimal places b}^ means of a small table carried 
to that number of places. 

For ordinary purposes tho oxisting seven-figure tables give the common 
logarithm of any number to the necessary accuracy by means of simple 
interpolation. Occasionally it is required to find the logarithm of a number 
to a larger number of places than that of any accessible table of a complete 
kind, 1 and much study has been devoted to the discovery of rapid methods 

1 A table, Logarithmetica Britannica, of common logarithms to twenty decimal 

places of numbers up to 100,000, by A. J. Thompson, is in course of publication by 
the Cambridge University Press. 
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of effecting this. Those most frequently employed are based on the possi- 
bility of expressing any number with sufficient accuracy as the product of a 
small number of factors of some simple kind. 1 The required logarithm is 
then the sum of the logarithms of the factors. 

Any such method is made available by the calculation of a table for the 
logarithms of all the factors of the chosen kind which it is necessary to employ. 
Weddle considered factors of tho form (1 -r x 10~ n ) ' 1 , where n is a positive 
integer and r is one of the nine digits 1, 2, ...» 9. Indicating a product of such 
factors by prefixing II to the one written, any number can be readily expressed 
in the form p x 10 w x 11(1 - r x lO - * 1 ) -1 x ( 1 +z ), where p is the first digit in the 
number, m + 1 is the number of digits in the number and z is so small that the 
logarithm of the factor 1 +z is negligible. A table of common logarithms of 
Weddle’s factors is given, for example, in Shortrede’s Logarithms , Table IV, 
to sixteen places (with a supplement for twenty-five places). 

To illustrate the process, take tho number 4973, working to sixteen places. 
We have 4973 = 4 x 10 3 x 1-24325, and we have to express 1*24325 in the form 
11(1 ~r x 10“ w ) _1 x (1 +z). The Weddle factors for 1-24325 are found by 
multiplying it in succession by factors of the type 1 —r x 10 -n for increasing 
values of n, the digits r boing chosen by inspection so as to reduce that number 
to one having sixteen noughts after the decimal point. Thus the first factor 
is 1 ~tq, and wo get the following scheme : 


N 

1-2432 

5 




N x 10 1 

•1243 

25 




N t =N( 1 - 1 x 10- 1 ) 

1-1189 

25 




N l x lO" 1 

•1118 

925 




fe: 

ii 

i 

X 

© 

1-0070 

325 




iV 2 x 6 x 10-’ 

•0060 

4219 

5 



N 3 =N 2 (1 - 6 X 10-’) 

1-0009 

9030 

5 



N 3 x9 X 10 4 

•0009 

0089 

1274 

5 


N t =N 3 (l - 9 x 10- 4 ) 

1-0000 

8941 

3725 

5 


N t x 8 x 10" 6 

•0000 

8000 

7153 

0980 

4 

N 6 =N,{ 1 - 8 x 10- 5 ) 

1-0000 

0940 

6572 

4019 

6 

N & x 9 x 10-" 

•0000 

0900 

0084 

6591 

5 

JV 6 =iV 6 ( 1 - 9 X 10-®) 

1-0000 

0040 

6487 

7428 

1 

jV 6 x 4 x 10“ 7 

♦0000 

0040 

0000 

1626 

2 

N 7 =N t (l - 4 x 10~ 7 ) 

1-0000 

0000 

6487 

5801 

9 

N ? x 6 x 10“ 9 

•0000 

0000 

6000 

0000 

4 


From the last step onwards, the multipliers 1 - 6 x 10~ 9 , 1 - 4 x 10 -10 , ... 
replace the significant digits 6 , 4, ... by 0, 0, ... without affecting the remaining 
ones. Thus the Weddle transform of the number 4973 is 

4 x 10 3 x {{}*{«} (2) {£} {§} {f } {g} U) {,?} {,§} { x j} Ub 

where {{} is written for (1 - 1 x 10 -1 ) -1 , {§} for (1 - 6 x 10 -3 ) -1 , and so on. 

1 See Henderson, Bibliotheca Tabularum , Luroth, Numerisches Rechnen , Shortrede, 
Logarithm a, {Preface). 
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Taking the common logarithm of these factors from Shortrede, Table IV, 
we find, for log 10 4973, 

3-6020 5999 1327 9624 
457 5749 0560 6751 
457 5749 0560 6751 
26 1361 5602 6867 
3 9104 1028 5829 
3474 4948 3687 
390 8667 9262 
17 3717 8275 
2605 7669 
173 7178 
34 7435 
3 0400 
2171 
347 
1 

3-6966 1845 9232 2247 

If for the sake of a check we convert this to base e by means of the conversion 
table in Shortrede, Table VI, we find 

log e 4973 =8-5117 7855 8714 7380, 

which differs from Wolfram’s result, in the Thesaurus of Vega, only in tho last 
digit. 

Ex. 1. Use the logarithmic series to shew that 

logio(l -6 xlO-V 1 -0-0000 0002 6057 6697. 

185. Application of the Method of Proportional Parts to Tables of 
Logarithms of Functions. 

To test the validity of the method, we require to determine the 
value of lh 2 \f"(x)\ max , where f(x) is the function tabulated and 


h is the common difference of argument. 

185. 1 . Tables of log 10 x. Here we have /"(#) = - Mjx 2 , and so 

W\ f"(x)\ m ax = mhHl/x%ia X , ( 1 ) 

where M is, as usual, the modulus 0-434294 .... 


Consider a seven-figure table extending from 1 x = 10,000 to 
x =100,000 with constant difference of argument 1. Since the 
greatest value of l/x 2 is 10 -8 , the uncertainty of interpolation 
throughout the table will not exceed \M x 1 x 10” 8 » 0*0543 x 10~ 8 , 
which is negligible to the order of accuracy of tabulation. We may 
thus interpolate correctly by the M.P.P . throughout the table. 

1 The tabulated values of log 10 x in such a tablo are always the decimal parts of the 
logarithms, and the range of x is accordingly more correctly described as extending 
from 1-0000 to 10-0000 with common difference of argument 0-0001. 



PROPORTIONAL PARTS 


431 


arts. 184, 185] 

In the Thesaurus of Vega, the common logarithms are given correct to ten 
places of decimals, the range and difference of argument being the same as in 
the seven-figure tables. The above investigation shews that accuracy to ten 
places cannot be assured by the M.P.P. in the portion of the table extending 
up to about 30,000. In this statement the permissible uncertainty is taken 
to be 5 x 10 -11 . 

In those five-figure tables where the range is from 1,000 to 10,000 and the 
difference of argument is 1, the uncertainty will not exceed 0-0543 x 10~ 6 . 

185. 2. Tables of \og e x. The uncertainty of interpolation is now 
JA 2 ( l/x 2 ) max . Let us investigate the necessary subdivision of the 
range (1, 3) of x in order to get accuracy to ten places. The permis- 
sible error is 5 x 10~ n , and the desired accuracy will be secured 
throughout the range if we take £A 2 <5xlO -11 , or A<2xl0~ 5 , 
corresponding to the maximum value 1 of l/x 2 . 

In the tables of Hayashi, the natural logarithms are tabulated for numbers 
in the range (1, 3) to ten decimal places, the difference of argument being 
0*001. The M.P.P . is plainly inadequate to give intermediate values to this 
accuracy in any portion of the range. 

185. 3. Inverse reading of tables of log 10 x. As explained in Art. 163, 
if tables of 10* are not available, the antilogarithm of a number 
is to be obtained by reading backwards in a table of log 10 x. The 
tabulated values range from 0 to 1 and the corresponding values of 
x from 1 to 10. 

Consider a seven-figure table of log 10 a; in which the common 
difference of x is 0*0001. Write y — log 10 x, so that x~\0 v . The 
uncertainty U of a value x x taken as the value of 10 y corresponding 
to a tabulated value y x is, according to Art. 125. 1, given by 

U = 5 X 10- 8 J (f[V) = 5 x 10- 8 x xJM (2) 

The uncertainty U* of an interpolated value x* lying between two 
consecutive tabulated values x ly x 2 , and determined by means of the 
M.P.P., is, according to Art. 125. 2, given by 


E/* = ^ 2 


d 2 y 

dx 2 


dy 

dx 


= |x lO" 8 


M I x x 2 
~Mjx l 


= i x l0- 8 /x v 


(3) 


For completeness of the table for inverse reading, we must have 

^xl0~ 8 /x l <5 x!0~ 8 xxJM, or o; 1 2 >0*01, (4) 

a condition which is satisfied throughout the table. 

From (2), accuracy to seven significant figures is assured only if 
5 x 10~ 8 xxJM<5 x 10~ 7 , which gives x x < 4*343. For values of x 
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greater than this, the possibility of an error of a unit in the seventh 
significant digit is not excluded. 

185.4. Tables of log 10 sin#. Here we have f(x) =M log e sin#, so 
that /"(#) = - M cosec 2 x. The uncertainty of an interpolated value 
found from the M.P.P. is thus given by 

\Mh 2 cosec 2 x, (5) 

h being the difference of argument. Since cosec x decreases from 
oo to 1 as x increases from 0 to \n, it is clear that for small values 
of x the M.P.P . cannot be applied correctly. 

In tables of common logarithms of trigonometrical functions, the 
arguments are usually expressed in degree measure, and in order to 
avoid the introduction of negative characteristics into the tables, 
the logarithms are generally given in excess of their true values by 
10 . The student will be familiar with this procedure. 

Consider a seven-figure table of logarithmic sines in which the 
argument is in degrees, the common difference being 1 minute. 
The equivalent difference in a table of log 10 sin# is now equal 
to tt/( 180 x 60), and from (5) the uncertainty of interpolation is 

7t 2 

\M ~~ 0 Qp cosec2 x > or about 5 x 10~ 9 x cosec 2 x . The permissible 
error being 5 x 10“ 8 , the table ceases to be complete when 

cosec 2 x ^ 10 , 

that is, when sin 2 # 1 / 10 , or 1 when sin 2 x < jr 2 / 100 , which is 
satisfied when x<nj 10 , the degree measure of which is 18°. The 
M.P.P. is thus not to be relied on for values of the argument less 
than this. 

If the common difference of argument is 10", as in the tables of Callet, 
Gardiner and Vega (Thesaurus), the M.P.P. gives accuracy to seven places for 
arguments down to 3°, about. If the difference of argument is 1", as in 
Shortrede, the angle may be as small as 18'. The verification of these results 
is left to the student. 

186. The Functions lolog x, illolog x. 

Chappell in his Five-Figure Mathematical Tables gives tables for log 10 | log 10 # | 
and the inverse function. These functions he denotes by ‘ lolog x ’ and 
‘ illolog x \ The object of these tables is to shorten the calculation of powers 
where the indox is not a simple integer or fraction. Let it be required to 
find a b , (a >0). If we write c =a b , we have 

1 log 1() c I = I 6 I . I log 1() a I and log,, | log 10 c | 

= l°gio I b | +log 10 1 log,„o | . .. 

1 We here make use of the approximation n 2 ^ 10. 


.(i) 
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The direct table has a as argument and log 10 | log 10 a | as tabular value, so 
that log 10 | 6 | +log 10 | log 10 a | is found by one entry in a common-logarithm 
table and one in the lolog table, followed by addition. We have then to find c 
from a knowledge of log 10 | log 10 c |, where, if b is positive, the sign of log 10 c is 
positive or negative according as a is greater or less than 1, and if 6 is negative, 
is positive or negative according as a is loss or greater than 1. The inverse, 
or illolog, table consists of two parts, one printed in black and the other in 
red. If log 10 c is positive, the black table is used ; if negative, the red table. 
In either case c is the number tabulated against the argument log 10 | log 10 c |, 
so that a single entry gives the required value of a b . The method of propor- 
tional parts can, of course, be employed where necessary, as in the case of 
ordinary logarithms. 

187. Miscellaneous Examples. 

Ex. 1. Shew that log^l + x) >x - %x 2 if x > 0. 

[The function log g (l +x) -x + $x 2 vanishes when x—0 and has a positive 
derivative when x > 0. The result stated follows from Cor. 1, Art. 98. 5.] 

Ex. 2. Shew that ^ < log e (l 4- a;) < a; if a; > -1. 

[Apply the same corollary to the functions log e (1 + x), log^ (1 +x) -x.] 

I 4- x 

Ex. 3. Investigate the sense of the curvature of the graph of the function 
x\og e x, (x>0). 

Wo have d 2 y/dx 2 = l/a?, which is positive 
throughout, so that the curve is everywhere 
concave upwards, (Fig. 149). By (5), Art. 

177, y-> 0 as x-+ 0, so that the origin is a 
limiting point on the curve, to the left 
of which the curve does not extend. There 
is a negative infinite upper dorivativo at 
this point, since dy/dx — l 4-log e a;-> - oo as 
x~> +0. 

The curve crosses Ox where x — 1 and the 
gradient there is 1, or the slope \n. The 
point of minimum ordinate has coordinates 
(1/e, -1/e). 

Ex. 4. Find the general Taylor polynomial for {log e (l -fa;)} 2 . 


Denoting this function by y 9 we find 

(1 +x)yO) - 2 log e (l +x) — 0 (1) 

On employing Leibniz’s Theorem, this leads to the recurrence formula 

(1 +x)y( n+1 ) +nym + ( - l)" ^^ =fr (2) 

which, on putting x =0, becomes, for n ^ 1, 

y^ +1 >= - ny^ - ( - 1 )”2 (n - 1 (3) 

while from (1) we have = 0. 

2 E M.B.M.A, 



y — x log* x. 
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Now (3) can be put into the form 

< “ !)" 2/o n+1> ~ ( “ 1 )” _1 (n^T)! ^o" )= “ \ ’ W 

and hence, adding the equations obtained by giving n the values 1, 2, 3, ...» n 
in (4), we get 

( - 1)n ,-Jj24 M+,) = -2(l+4 + *+•••+£) ( 5 > 


The required Taylor polynomial is foimd to be 

2li# 2 - J(l + i)* 3 +i(l + J + J) a: 4 + ...+( - l)"i(l + £ + ... +^~Tj) •*'"}' •••<«) 


The same result is established by squaring the Taylor polynomial for 
.g e (l +x) of the (n - l)th degree and rejecting terms involving powers of x 
■ligher than the nth from the product. The earlier terms of the series are 
often found informally in the following manner. Writing 

(!+*)« =e» lo *« a +*>, (7) 


where we suppose | x j < 1, we have, by the Binomial Theorem and the 
exponential series, 


_ n(n-l) „ , , n(n - l)...(n -r - 1) 

1 + nx + — v wt — x 2 -1- ... + - — — — — r r 


2 ! r ! 

= 1 +wlog fl (l +x)+~ } {\og e (\ +x)} 2 + ... +™{log e (l +#)} r + .. . , ...(8) 


a; r + ... 
n r 


which is to hold for all values of n. Hence, comparing coefficients of n 2 in 
the two series, we get 


1 

2! 


3a; 3 


{ \og e (l+x)} 2 = ~-~ + 


11a; 4 

4! 


(9) 


which leads to the required form. 

It may be pointed out that the logarithmic series for log e (l -fa;) follows in 
the same way by equating the coefficients of n. 


Ex. 5. Investigate the Taylor polynomials of the sixth degree for 


(i) log, 

(iv) log, 


Hmx 

X 9 

sinh x 


x 


(ii) log^cosa:, 
(v) log 6 cosha;, 


(iii) log, 
(vi) log, 


tana; 

tanha; 

x 9 


[Results: (i) - W 

(iii) Jz 2 + 9 7 o * 4 + aS.ls* 6 ’ 
(v) 1 a : 2 - ^ x 4 + 


(ii) - J* 2 - ~ Jg**» 

(iv) $a; 2 -lib* 4 + 2^**. 
(vi) + 


SECTION IV. THE INVERSE HYPERBOLIC FUNCTIONS 

188. Definitions of the Inverse Hyperbolic Functions. 

We next consider the inversion of the hyperbolic functions. From 
the forms of the expressions for the direct functions in terms of 
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exponential functions, it follows, as we shall see below, that the 
inverse functions are expressible as logarithms of algebraic func- 
tions of the independent variable. The introduction of these 
functions is therefore not so urgent as in the case of the inverse 
trigonometrical functions for which no corresponding alternative 
expressions exist. 1 Nevertheless, from the analytical point of view 
there is a considerable advantage in introducing these inverse 
functions as fundamental functions, in order to maintain the 
parallelism between the trigonometrical and the hyperbolic func- 
tions. Moreover, from the point of view of application, the increas- 
ing availability of tables of the hyperbolic functions has led to a 
rapid increase in the use of the inverse functions. In the tables of 
Hayashi the direct and inverse functions are tabulated in parallel 
columns, while in the Smithsonian collection the inverse functions 
have to be obtained by the process of ‘ reading backwards ’ from 
the values of the direct functions. 

188.1. Inversion of y — cosh a;, (y^l). The function cosh x is 
strictly down-way in the range [ - oo , 0) and strictly up-way in the 
range (0, oo ]. Either of these is thus a suitable range for inversion. 
According to the usual convention, the inverse function 2 arcosh y 
is defined only for the range (0, oo ] of x, so that the inverse 
relation a; = arcosh y gives x as an up-way continuous function of 
y , increasing indefinitely from the value 0 as y increases from the 
value 1. 

Associated with the function arcosh y there is an adjoined function 
- arcosh y, which corresponds to the inversion of the relation 
y = cosh x in the range [ - oo , 0) of x. 

The existence of a definite, single-valued inverse hyperbolic 
cosine being thus established, there is no longer any reason for 
retaining y to denote the independent variable, and we now replace 
it by x, y being available to denote the function arcosh x , which is 
therefore a positive, up-way function, defined only in the range 
(1, oo ] of x. 

The graph of the function y — arcosh x is the same as that of the 
function ?/ = cosha; in the range (0, oo ] of x when the roles of the 
axes Ox, Oy are interchanged. It is most simply obtained by taking 
the geometrical image of the latter graph in the line bisecting 

1 The statement ceases to be true when complex numbers are introduced. 

2 Other notations employed are cosh -1 ?/, 3(tC08 y, tho latter mainly in German 
texts. The functional signs ‘ arcosh,’ etc., are pronounced as in tho case of the 
direct functions with the syllable ‘ ar ’ prefixed. 
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the angle xOy . These graphs are shewn as continuous lines in 
Fig. 150. 

1 88. 2. Inversion of y — sinh x. Here y is a strictly up-way function 
of x throughout. We can therefore invert without any restrictions 
of range, the inverse relation being written a; = arsinh y. 

Treating 4 arsinh 5 now as a symbol for a new function and taking x as 
independent variable, we have the function arsinh x , which is up-way 



Fig. 150. Fig. 151. 


— y = arcosh x . y — arsinh x. 


throughout, having an unlimited range of values and being defined 
for all values of x. The graph of the function y — arsinh x is shewn 
in Fig. 151. 

188. 3. Inversion of y = tanh (|y|< 1). Since y is strictly up- 
way throughout, we can again invert without restrictions of range. 
The inverse relation is expressed by x = artanh y, which defines x as 
an up-way function of y throughout the range 
[ -1, 1] of y. 

Treating ‘ artanh ’ as a symbol for a new function 
and taking x as independent variable, we arrive at 
the function artanh x , which is up-way and defined 
only for values of x in the range [ -1, 1]. The 
graph of the function y = artanh x is shewn in 
Fig. 152. 

188. 4. The inverse hyperbolic secant . According 
to the usual convention, the inverse hyperbolic 
secant, which is denoted by y — arsech x when the 
fig. 152. independent variable is x , corresponds to the 

y = artanh x. inversion of the hyperbolic secant, x=sechy, for 

positive values only of its argument, here y. The 
function arsech a; is thus a positive, down-way .function, defined 
only in the range [0, 1) and having the range of values (0, oo ]. 
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As in the case of the inverse hyperbolic cosine, there is the adjoined 
function y — -arsech#, which corresponds to the inversion of 
# = sech y for negative values of y. The graphs of the functions are 
shewn in Fig. 153, together with those of arcosh x and -arcosh x. 

188. 5. The inverse hyperbolic cosecant . Here we have the inverse 
relations y — arcosech x, x = cosechy, the ranges of x and y being 


y 




fig. 153. Fig. 154. 

y — arsech x. — y = arcosech x. 


unrestricted except for the exclusion of the value 0 in each case. 
The graph is shewn in Fig. 154, together with that of arsinh x. 

188. 6 . The inverse hyperbolic cotangent . Here we have the 

relations y ~ arcoth x, x = cotl\y , the 
value 0 only being excluded from 
the range of y and the ranges of x 
being [ - qo , - 1], [1, oo ]. The graph 
is shewn in Fig. 155, together with 
that of artanh x . 

189. Relations between the Inverse 
Functions. 1 Their Expression in 
terms of Logarithms. 

We begin with some relations be- 
tween the inverse hyperbolic func- 
tions. These are inverse forms of arcoth x. 

relations already established for the 

direct functions. Proofs are supplied in selected cases and the 
student should treat the other cases on similar lines. Complete 
proofs are given for the logarithmic expressions which follow. 

1 The student should observe that there are restrictions on the various arguments 
introduced, corresponding to the restricted ranges of definition of the inverse func- 
tions. 
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(i) arsech x — arcosh 1 , arcosech x — arsinh - , arcoth x = artanh 1 . ( 1 ) 
W x X x v ' 

These are inverse forms of the relations sech x~ 1/cosh a:, etc. 


If 1 we can put 1 lx — cosh <p , (99^0), and bonce x = sech 9 9. We there- 

fore have 

arsech x — 99 = arcosh ( 1 /a?) ( 2 ) 

Again, we can always put 1 / x =sinh 99 and hence x =cosech 99. Therefore 

arcosech x = (p = arsinh (1 /.r) (. 3 ) 

Finally, if | x | > 1 we can put 1 lx =tanh 99 and hence x =coth 99. Therefore 
arcoth x — 99 — artanh ( 1 /x) ( 4 ) 

These relations are also evident from the graphs by comparing the abscissae 
of the pairs of curves y = arsech x and y — arcosh x, etc. ; see Figs. 153 - 155 . 

(ii) arcosh | x | =arsinh v / (a; 2 - 1), (5) 

arsinh | x | = arcosh J (x 2 -f 1) (6) 


These are inverse forms of the relations sinh | x | ^^/(cosh 2 # - 1), 
cosh x — ^/(sinh 2 x + 1). 

If | x | ^ 1 wo can put | x | = cosh 99, »J(x 2 - 1 ) — sinh 99, (99^0). Therefore 

arcosh | x | = 99 == arsinh sj(x 2 - 1 ) ( 7 ) 

Again, since *J(x 2 + 1)^1 we can always put | x | —sinh 99, *J(x 2 -f 1 ) =cosh 9 9, 
(99^ 0 ). Therefore 



arsinh \ x\ —<p = arcosh sj(x 2 + 1 ) 

(8) 

(iii) 

arcosh 1 x 1 = artanh , - ■ , 

11 \x\ 

(9) 


arsinh x = artanh ,, f . r 

s/(a; 2 + l) 

(10) 


These are inverse forms of the relation tanh x = sinh #/cosh#. 

(iv) Inverse forms of the Addition Theorems . 

| arcosh x x ± arcosh a; 2 | — ar cosh {x x x 2 ±J(x x 2 -l)\/(# 2 2 -1)}> .(11) 


arsinh arsinh a; 2 = arsinh {x x J(x^ -f l)±.x 2 J(x 1 z + 1)}, ..(12) 

CC 1 

artanh x x ± artanh x 2 = artanh y-~=— ^ (13) 

1 X X X 2 

These are inverse forms of the relations 

cosh^ ±# 2 ) =cosh x 1 cosh x 2 isinh x x sinh x 2 , (14) 

sinh^ ±x 2 ) =sinh x x cosh x 2 ±cosh x x sinh x 2) (15) 

tanh(x x ±x 2 ) — (tanh x x ±tanh x 2 )/(l ±tanh x x tanh x 2 ). ...(16) 
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To prove (11) observe that since 1 x l ^l, x 2 ^l, we can put a: 1 =cosh^ 1 , 
s/(x x 2 ~ 1) =sinh <p lt (<Pi^zO), and a? 2 =cosh<p 2 , *J(x 2 * - 1) = sinh <p 2 , (<p 2 ^0). 


Then 

x l x 2 +s/(x l 2 - l)sj(x 2 2 - 1) 

= cosh (p x cosh (p 2 4- sinh <p x sinh (p 2 =cosh( 9 ? L 4- <p 2 ), (17) 

where 9 ?! -f (p-z^O, and hence 

arcosh x x 4 - arcosh x 2 = <Pi+ q>% =arcosh{a? l a ; 2 4- *J(x x 2 - \)>J(x 2 2 - 1)} (18) 

Also we have 

x x x t ~ s/(x t 2 - l)\/(^ 2 2 - 1 ) — cosh (p x cosh <p 2 - sinh <p x sinh (p 2 

— cosh ((p x - <p 2 ) —cosh | (p x - <p 2 1, (19) 

and hence 


| arcosh x x - arcosh a? 2 | =| <p x -q> 2 \ —arcosh {x L x 2 - sj(x x 2 - l)*J(x 2 2 - 1)}. (20) 


(v) Expression in terms of logarithms . 

(a) arcosh a; — log g {a; + J(x 2 - 1)} (21) 

= - log, {x - Jix* - 1 )} ; (22) 

( b ) arsinhx=log e {a; + v /(a; 2 + l)} (23) 

= -log e { s /(« 2 + 1 )-a ; }; (24) 

(c) artanhx = -|log,{(l +x)/(l -x)}\ (25) 

(d) arcoth a; = | log, {(# + !)/(#- 1)} (26) 


The relations (a), ( b ) correspond to the relation cosh x + sinh x = e x , 
and (c), ( d ) to the relation tanh x~(e- x - l)/(e 2x + 1). 

(a) If x^l we can put x =cosh <p , sj{x 2 - 1) =sinh <p, (<p^ 0). Then we have 
x f sj{x 2 - 1) =cosh (p 4- sinh (p -e^, and hence 

arcosh 2 — rp = log e {a? 4- s](x 2 - 1)} (27) 

Since {x + *J( x 2 - l)}{a? - sj(x 2 - 1)} = 1, we can write 

arcosh x~ -log e {a? - *J(x 2 - 1)} (28) 


(b) Without any restriction on the value of x, we can put a?=sinli 9 ?, 
s!{x 2 -f 1) — cosh <p. Then x + s/(x 2 4- 1) —sinh (p 4- cosh cp and hence 



arsinha; — <p —\og e {x 4- s/(x 2 4-1)} 

(29) 

Since (V(^ 2 

+ 1) J rx}{»j(x 2 + 1) -x] — 1, we can write 



arsinha? — - log e {\/(a? 2 4- 1) - x } 

(30) 

8 

Cm 

1—1 

| < 1 we can put x =tanh (p . Then 



1 4- x 1 4- tanh (p _ cosh (p 4- sinh (p _ e* __ e ^ 

1 - x 1 - tanh (p cosh (p - sinh <p e~$ 

(31) 

and hence 

1 4" a? 

artanh x — <p ~ \ log*. j 

(32) 


= ^log,(l +#) -£log,(l -x) 

(33) 


1 The student will recall that the function arcosh x is defined only when x ^ 1, 
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( d ) Similarly, if | x | > 1 we can put #=cothg?. Then (x + l) /(x - l) —e 2 ^ 
and hence , i 

arcoth x = q> = \ log e - — j (34) 

= %log e \x + l | -hlog e \x-l | (35) 

Ex. 1. Evaluate arsinh 1694, given log 10 3-661 =0-5636. [1-298.] 

Ex. 2. Obtain the following results, employing a table of common 
logarithms : 

arcosh 2-461 =1-5496, arsinh 0-1 =0-0998, arsinh 1 =0-8814, 


arsinh 2-461 =1-6326, artanhO-1 =0-1003, artanh 0-536 =0-5985, 


arcoth 1-626=0-7169. 

Ex. 3. Establish the following results : 

arcosh ( -x) = log* { -x + sj(x 2 - 1)}, (x ^ - 1), (36) 

arcosh | x | =lo g e {| x | + V( x 2 - 1)}, (\x \ ^\ ) (37) 


Ex. 4. Prove that arsinh x - log e x converges to log e 2 as x -> oo . 
We have 

arsinh x - log e x = log,, {x + *J(x 2 + 1 )} - log e x 

t |)} , 

and as x oo , Ijx 2 -> 0. 


190. Derivatives of the Inverse Hyperbolic Functions. 

We shew that for each function the derivative is an algebraic 
function of the independent variable, as in the case of the inverse 
trigonometrical functions and the logarithmic function. As usual, 
we make use of the rule connecting the derivatives of the direct and 


inverse functions, namely, dyjdx = 


1 

dxjdy ’ 


190. 1 . Derivative of arcosh x. Write y — arcosh x, (y^0,x^ 1). 
Then x — cosh y f dxjdy = sinh y, and therefore, sinh y being positive, 

dy_ 1 1 1 1_ 

dx~ dxjdy sinh y ~ ^/(cosh 2 y - 1) ~\J(x 2 - 1) * 


We thus have the result 


d arcosh x _ 1 

dx ~~J(x z -l)’ 

the derivative being positive throughout. 


( 1 ) 


Ex. 1. The function arcosh-. We must here have xja ^ 1, and so x , a 
must have the same sign and | x | ^ | a | . To find the derivative, write 
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?/= arcosh u, where u—xja , and employ the rule for the derivative of a 
function of a function. We find 

d arcosh ? ^ 

c lx ~ ± sj(x 2 ~a 2 ) 9 ^ 

where the positive (negative) sign is to be taken if a (and therefore x) is 
positive (negative). 

190.2. Derivative of arsinh#. Write y = arsinha;, so that 
x = sinh y , dxjdy — cosh y. Then 

dy_ 1 1 1 

dx ~ cosh y ~ ^/(sinh 2 y + l)~v/(# 2 + *) * 

We thus have the result 

darsinh£_ 1 . 

di “7(^1) J 

d / x\ 

Ex. 2. Shew that f arsinh- )= dh l/v^# 2 + a 2 ) according as ago (4) 

190.3. Derivative of artanhx. Writing y = artanh d*i <i). 
we have # = tanh y, dx/dy = sech 2 y, and hence 

dy_ 1 1 1 

dx ~ sech 2 y~ 1 - tanh 2 y ~ 1 - x 2 ’ 

d artanh# 1 /(W . 

or — = ra (5 > 

Ex. 3. Shew that f artanh 7 — 2 U - 2 - (6) 

190.4. Derivatives of arsech x, arcosech x, arcoth x. These are 
most simply obtained by making use of the relations (1), Art. 189, 
putting l/x — u 9 say, and employing the rule for the derivative of a 
function of a function. Thus, writing 

y — arsech x = arcosh ~ — arcosh^, where u— 1 , (0<#< 1), 

*r, x 

we find 

d arsech x __ 1 , 

dx ~ 0:7(1 -# 2 ) 

For the remaining functions we find 

d arcosech x _ 1 . 

dx - + ^ 2 TT) > W 

d arcoth x 1 /rkV 

Tz ? i ' < 9 > 
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where in (8), the negative (positive) sign is to be taken if x is positive 
(negative). 

Ex. 4. Shew that ~ (arsinh 2 #) . [Write y = u 2 , u = arsinh#.] 

Ex. 5. Shew that ~ — - = i sec x. [Put tan \x = u.] 


191. Successive Derivatives of the Inverse Hyperbolic Functions. 

As in the case of the inverse trigonometrical functions, there are 
no simple formulae for the nth derivatives of the functions arcosh x , 
arsinh x. The successive derivatives are thus to be found either by 
repeated differentiation, or by use of a recurrence formula. 


For the function y = arcosh x, ( x ^ 1), we have 

= l/(a?* - 1) 17 *, y (2) = -z/(x 2 - 1) 3/2 , (1) 

which give 

(x 2 -l)yW + xyM = 0 (2) 

Applying Leibniz’s Theorem to this equation, we obtain 

(x 2 - l)y( n+2) + x(2n + l)y (n+1 > + n 2 y (n) = 0, (3) 


which gives the derivative of order n + 2 linearly in terms of those 
of orders n + 1 and n. The successive derivatives can now be found 
by a step-by-step process, employing the results in (1). 


For the function y = arsinh#, we find, similarly, 

y( 1 ) = l/(a? 2 + l) 1 /*, y (2) = -xl{x 2 + l) 3 / 2 , (4) 

( 1 -f x 2 ) y (2) H- xy {1) = 0, (5) 

and the recurrence formula is 

(1 + x 2 )y (n+2) + x(2n + l)y (n+1) -i-7i 2 y (n) ==0 (6) 

For the function y = artanh x , we have 

»“=ra=I(lT5 + ra) < 7 > 

and hence, referring to Ex. 2, Art. 86, we can write 



Ex. 1. Shew that the Taylor polynomial of the (2n + l)th degree for 
arsinh x is 


f] + 34 FV 


• 8 * 5 *^ + ...+( 


l) n 3 2 5 2 ... (2rc - 1) ! 


rr 2n +i 
(2n + 1)! ' 


(9) 
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The conditions for the application of the I.D n .T. to arsinh x with starting 
point x =0 are satisfied. Putting x =0 in (6), we get the formula 

^ n+2) + n 2 y { * ) =0, 

which, together with the results — 1, y^~ 0, shews that all the even 
derivatives vanish when x = 0, and that 

' y^ n+1) =( - l) n 3 2 5 2 ... (2n - l) 2 (10) 

This leads to the polynomial form given. It can be proved, moreover, that 
when x lies in the range [ - 1, 1], arsinh x can be expanded in a convergent 
Taylor infinite series, of which the first n + 1 terms constitute the above 
polynomial. 


Ex. 2. Shew that the Taylor Series for artanh x , (M<l),is 


x s or x “ 7t ~ 1 

x + .. 


.( 11 ) 


[This follows from the result (10) of Art. 182, observing that 
artanh x = £ log e {(l +x)K 1 -#)}.] 


SECTION V. THE EPICENE FUNCTIONS 


192. Definition and Fundamental Properties of the Epicene Functions. 

These functions have been referred to in Section II above when 
considering the fundamental properties of the hyperbolic functions. 
The results established in that section exhibit a close correspond- 
ence with well-known formulae of Trigonometry. With the aid of 
the Epicene Functions, which are functions of a real variable, we can 
discuss this correspondence systematically and in a very simple, 
direct manner, thereby avoiding the introduction of complex numbers 
in the treatment of the elementary theory of functions of real 
variables. 

It is convenient, at the present stage, to define the epicene func- 
tions and to investigate their fundamental properties. Some of these 
properties are utilized in Chap. XX when dealing with the subject 
of Linear Differential Equations of the Second Order . There are two 
primary epicene functions, which are denoted by €(x), &(x) when 
the independent variable is x , and which are defined by the equations 


fcoshjx, (x>0), 

(C(x) — i &(x) = 

{) loos ,/(-*), (*< 0 ), [) 


^-sinhVx, (x> 0), 


w(-») 


sin J( -x), (x<0). 


A more natural definition of the functions is in terms of convergent 
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infinite series. If we introduce the Taylor infinite series for the above 
hyperbolic and trigonometrical functions, we readily obtain, as the 
infinite series for C(#), &(#), 


C ( x ) — 1+ ^ x + ^!* 2 + -" + ( 2 ^ *” + "• ’ 
*(*) = i + ri* + h x * + - + (2» + 1) 1 *" + - 


We may take these equations as defining the functions in question, 
but as the theory of Power Series ha3 not been considered, the 
investigation of the properties of the functions from these definitions 
must be postponed. 

The graphs of the functions 1 5C ( x ), 5£> (x) are shewn in Figs. 156, 
157, the change of the functions from the trigonometrical to the 
hyperbolic type when x crosses the origin from the negative to the 
positive side being clearly seen. 






The following properties follow immediately from the definitions 


of the functions : 

(i) C(0) = 1; fr(0) = l (1) 

(ii) C(#)~>oo as#->oo; &(#)->oo as x — > oo (2) 

(iii) £(#)=() when J( -x) = ^ n ^ -re, J 


that is, when x — - ^ j n 2 \ ’ ^ 

&(#)=() when -x)=m r, that is, when x— -ri^n 2 ., 

(iv) | C (x) | = 1 when x — - n 2 n 2 ; & (x) -> 0 when x -> - oo (4) 

Some of these results are illustrated in the above Figures. 

1 The factor 5 is introduced in each case to give a sufficiently open scale along Oy. 
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(v) The fundamental relation between the functions is expressed 

b y X C 2 (x) -x&{x) = l (5) 

(vi) For the derivatives we have 

•<*>'- < 6 > 


Ex, 1. Prove the result 


*«*•*<•»-*»«» 1,1 

192. 1. Introduction of special independent variable , The epicene 
functions obtained by replacing the argument x by hx 2 , where A is a 
constant, are of particular importance. We have the definitions 

,, fcosh(N/Ax), (h> 0), 

C(/h; 2 ) = s 

[cos - hx), (h < 0), 

{--mnhiJtix), (h> 0), ' ( 8 ) 


\j-~hx sin (V-Ax)> (^<°)>j 

and the corresponding infinite series are given by 

£ (hx 2 ) = 1 + hx 2 + * f ft 2 # 4 + ... + ^ 2n + • • • > 

! ! T (9) 

g>(hx 2 ) = 1 + 3 | ^ 2 + + ( 2 ^+ " i ) ! h n x 2n -f . . . . 

We now have the following results : 

(i) The fundamental relation between the functions &(hx 2 ), $b(hx 2 ) 
is expressed by 

€ 2 (hx 2 ) -hx 2 & 2 (hx 2 ) = 1 (10) 

(ii) The Addition Theorems for the functions are expressed by 

C{h (x x i x 2 ) 2 } = £ (hx x 2 )<L (hx<f) i hx x x 2 §3> (hx x 2 )^>(hx 2 2 ), (11) 

(x l ±x 2 )&{h(x l ±x 2 ) 2 }=:x 1 £>(hx 1 2 )e(hx 2 2 )±x 2 &>(hx 2 2 )C(hx 1 2 ), ...(12) 

where the upper (lower) signs on the right-hand sides must be taken 
with the upper (lower) signs on the left-hand sides. 

(iii) From (11), (12), we have, as particular cases, 

£(4 hx 2 ) = C 2 (hx 2 )+hx 2 & 2 (hx 2 ), (13) 

ft (4 hx 2 ) = ft (hx 2 )€ (hx 2 ) (14) 

1 As in the case of the trigonometrical and hyperbolic functions, C 2 (#) means the 
square of C («), etc. 
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(iv) With the aid of (10), the result (13) leads to the relations 

&*(hx 2 ) = \{&{4hx 2 ) + \}, (15) 

hx 2 & 2 (hx 2 )=l{C(4hx 2 ) -1} (16) 

(v) For the first derivatives of the functions C(hx 2 ), x&(hx 2 ), we 
find 

C (hx 2 ) =hx& (hx 2 ), ^ {x§s> ( hx 2 )} = &(hx 2 ), (17) 

and, for the second derivatives, 

✓72 ( 12 , 

£(hx 2 ) =h<£(hx 2 ), {x&(hx 2 )} =hx&(hx 2 ) (18) 

It follows from the last two results that the equation 

2*-hV = ° 09 ) 


is satisfied when y is replaced by either of the functions C(/h? 2 )> 
x§s>(hx 2 ). This important result is employed subsequently in 


Art. 358. 2. 

Ex. 2. Establish the following results : 

(i) C(4a;)^C 2 (.T)+.T^ 2 (a’), (20) 

(ii) §3* (4a;) = §s> (x)C (x), (21) 

(hi) C 2 (#) = (4a;) + 1}, (22) 

(iv)z& 2 (a;)=|{e(4z)-l} (23) 

Ex. 3. Prove the results : 

(i) & (hx 2 ) =C (hx 2 ) - &> (hx 2 ), (24) 

(ii) hx 3 j x & 2 (hx*) =2hx 2 &> {4hx 2 ) -C(4/^ 2 ) + 1, (25) 

(iii) d-£2(hx 2 )=2hx§b(4:hx 2 ) (26) 


SECTION VI. THE EXPOCYCLIC FUNCTIONS 

193. Definitions of the Functions. 

Products of exponential and sinoidal functions of the form 

e mx sin (nx + a), (1) 

where m, n , a are constants, are of such frequent occurrence in 
Analysis that it is convenient to standardize them as fundamental 
functions 1 and to introduce a special notation for them. These 

1 In the theory of complex numbers these functions appear in* the generalization of 
the exponential and trigonometrical functions. 
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functions will be used continually in the sequel, especially when 
dealing with certain types of integrals and differential equations, 
and also in the investigation of fundamental series for functions of 
the types e x sin x, sinh x cos x. 

The standard forms of the functions are led up to by observing 
that the coefficients m, n can be expressed in the forms 


m — k cos c, n = k$inc, (2) 

where k , c are constants such that 

k 2 = m 2 f n 2 , tan c = n/m (3) 


We can take n to be positive in the expression (1) by adjustment of 
a, and the above relations can then always be satisfied by taking k 
positive and c in the range (0, n) ; for this choice imposes no restric- 
tion on the value of k cos c, or m, and keeps &sinc, or n , positive. 
We thus arrive at the standard function 

e lcx cos c gj n (k x s j n C 4. a ) (4) 

The constant a, which is the phase-constant of the sinoidal term in 
this product, is also called the phase -constant of the function. 

All the functions of the kind here considered are included in the 
form (4), but, as in the case of the trigonometrical functions, it is 
convenient to introduce a cosine function 

e kxcosc cos (fa s in c + a) (5) 

The functions (4), (5) are, from their form, called expocyclic 
Junctions , and the special notations introduced for them are com- 
binations of the functional symbols for the exponential and trigo- 


nometrical (circular) factors. Thus we write 

exsin c (kx, a), excos c ( kx , a) 
for the respective functions (4), (5), so that 

exsin c (fcr, a) = e^ C0SC sin(A:xsincH-a), (6) 

excos c (kx, a) = e kxC08C cos (kx sine -ha) (7) 


If the phase-constant a vanishes, the notations for the functions 
become exsin c (kx), excos c (kx), simply. 

The inclusion of the exponential and the trigonometrical functions 
among the expocyclic functions is expressed by the equations 

e kx =excos 0 (kx), sin kx — exskq*. (kx), cos fcr =excos i7r (kx). (8) 

The verification of these results is left to the student. 

Expocyclic functions for which the parameter c lies in the range 
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(\n, n), (so that k cos c < 0), can, when desired, be expressed in terms 
of the corresponding functions for values of c lying in the range 
(0, \n). Write c — n -c', so that c' lies in the range (0, %n). Then 
cos c = — cos c', sinc=sinc', and we have 

exsin c ( kx , a) = e kxc0 * c sin ( kx sin c + a) 

-. e -kzco3c ' s j n (fcsgin c' + a) 

— _ e -fca;c08c , s J n ( -hxsinc' -a) 


— -exsin C '(-kx, -a) (9) 

Similarly we find 

excos c ( kx , a)=excos C '( - kx, -a) (10) 

Ex. 1. Express e x sinx in expocyclic form. 

Writing e x sinx in the form (6), we find 


kcosc = l, ksinc = l, a=0, 
so that k — n/2, c = \n. Hence 


e^sina; ^exsin^f^a?) (11) 

Ex. 2. Show that 

e _a; sina; =exsinj 7r (>/2a;) = -exsin^f -\/2x) (12) 


194. Properties and Derivatives of the Expocyclic Functions. 

In investigating the general properties of the expocyclic functions 
it is sufficient to consider the sine function y = exsin c (kx, a), for 
this includes the cosine function by suitably adjusting the value of 
a ; thus excos c (kx, a) =exsin c (kx, a + \n). 

The function y has a certain quasi-periodic character, for if we 
increase x by nj(k sin c), the value of y is simply multiplied by the 
constant factor - e 1TCOte . 

A characteristic portion of the graph of 2 / = exsin c (kx, a) for a 
negative value of cos c is shewn in Fig. 158, p. 453. The same figure 
obviously serves as a representation of the function for which cos c 
is positive merely by reversing the direction of the #-axis. 

From the physical point of view, the graph may be regarded as 
representing an infinite train of waves with continually increasing 
(or decreasing) maximum displacement, or amplitude, the same 
general form repeating itself after the equal intervals 2jr/(£sinc), 
which we call the wave-length of the graph or of the function. The 
factor e" cotc is called the factor of growth or the factor of decay , 
according as cot c (and hence also cosc) is positive or negative. In 
the former case the amplitude continually increases and in the 
latter it continually decreases as x increases. 
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Ex. 1. Explain how the graph of the function exsin c (kx, a) may be em- 
ployed as a representation of the function exeos c {kx, a). 

[The origin is to be transferred to the point x = 7i/(2&sinc), y= 0, and the 
scale along Oy increased in the ratio el^cotc : i.] 

As in the case of the trigonometrical functions, we have Addition 
Theorems for the expocyclic functions. Some of these are set as 
exercises below ; see Examples XXXVI, p. 467. 

Passing now to the differentiation of the functions, we have 

f(x) = e kxcosc sin (kx sin c 4- a), 

/' (x) = ke kx 008 c {cos c sin (kx sin c 4- a) 4- sin c cos (kx sin c 4- a)} 

_ folcx cos e s j n (Jcx sin c 4- a 4- c) 

= &exsin c (kx, a4c) (1) 

Stated in the form of a rule, the result is that the derivative is formed 
by multiplying the function by k and increasing the phase-constant by c. 
The same rule applies at each successive differentiation, and the 


general derivative is thus given by 

fW(x)=:k n exsin 0 (kx, a-t-nc) (2) 

The case of the expocyclic cosine is included in this merely by 
replacing <x by a 4- \n. The general formula is found to be 

d n 

^---excos c (kx, a) = k n excos c (kx, oc + nc) (3) 


Ex. 2. Find the nth derivative of e x sin#. 

Expressed in expocyclic form, this function becomes 

y =exsin^( ^2x), 

as in Ex. 1, Art. 193. Therefore we have 

y( n ) =2 n l 2 exsin^ (s/2x, \nn) (4) 

When n = 1, this reduces to dyldx — e x (sin a; +cos;c). 

Ex. 3. The function e mx &i nnx, (n > 0). Here we have, as on p. 447, 
k = sj(m a 4n 2 ), tanc =n/m, and the first derivative is given by 

= JS /( m 2 + n 2 )e mx sin ( nx + c), 

which reduces to e mx (mainnx +ncosna?), as in Ex. 6, Art. 161, p. 385. 

195. Application of Taylor’s Theorem to the Expocyclic Functions. 
When/(#)=exsin c (kx, a), we have 

/( 0) =exsin c (0, a) = sin a, f^ r) (0)=k r exsin c (0, a 4-rc) = k r sin (a 4-rc), 

2 P M.B.M.A. 
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and therefore, by the I.D n .T., 

k 2 x 2 

exsin c ( Jcx , a) = sin a 4- kx sin (a 4- c) + sin (a 4- 2c) 4- . . . 

+ sin ^ + ( n ~ ^ + R "^’ 9) 

where R„(x) =^f (n) (0x) = -^y- exsin c (kOx, a + nc) 

e k6xcose sin (k6x sin c + a + nc) (2) 

Now | sin ( kOx sin c 4- a 4- nc) | < 1 , and hence 

| R„(x) I < L^i! e *exco sc < I k *\ n e \kxcosc\ ( 3 ) 

The term cl fc * cosc l is independent of n, and since we can make 
\kx\ n ln\ as small as we please by taking n sufficiently large, it 
follows that | B n (x) | ->0 as n-> <x> . The conditions for Taylor's 
infinite series are therefore satisfied and we have, as the expression 
of Taylor's Theorem, 

k n x n 

exsin c (kx, <x) = sin a 4- kx sin (a 4- c) 4- . . . 4- -y sin (a 4- nc) 4- (4) 

In the case of the expocyclic cosine, Taylor's Theorem becomes 

k^x ^ 

excos c (kx, a) = cos a 4 -kx cos (a 4- c) 4- ... 4 r- cos (a 4- nc) 4- (5) 

n ! 

195. 1. Series for e^sin#. As in Ex. 1, p. 448, the expocyclic constants are 
given by k — sJ2, c a =0. The general term in the expansion is therefore 

jjtl 

2 n / 2 ~ sin JnTT. The terms corresponding to values of n which are multiples 
of 4 thus vanish. We find 

/V*2 /V* 3 /V»5 ,y% 6 /V«7 rv\Tl 

e*sin a: -x + 2 % + 2 f- , - 2 2 ~ - 2 3 ~ - 2 3 + . . . + 2 w / 2 ~ ; sin \nn + (6) 

195.2. Series for e~ x sin:r. Since e~ x s\nx — -e~ x sin ( -x), the required 
series can be obtained from (6) by writing -x for x and changing the sign of 
each torm. We find 

e~ x sinx =x - 2^ + 2^ -2 2 ^ + ... +( - l) n + 1 2 n l t —,sininn + (7) 

2! 3! 5! n\ 4 

The same result is obtained by the direct application of (4), where here we 
have k = sJ2, c=j7 r, as in Ex. 2, p. 448. The general term is found to be 
x n 

2 n / 2 — sin \nn, which we identify with the general term in (7) by observing 
that 

sin f nji = sin (nn - \nn) = - cos nn sin \nn = ( - 1 ) n+1 sin \nn. 
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195.3. Series for e^cos#. Here we have k = s/2, c=Jtt, a— 0, and (5) 
becomes 

e x co8x — 1 +x - ~ 2 2 ^ - 2 2 ^ +2 3 ^| -f 2 4 ^ ~ + 2 n / 2 ^ cos + (8) 

195. 4. Series for e~ x cosx. This is obtained from (8) merely by changing 
the sign of x throughout. We get 

e~~ x cos x = 1 -x + + ( - l) n 2 n / 2 ^-jCos \nn -f ( 9 ) 


195. 5. Series for cosh x sin x, sinh# sin#, cosh x cos x> sinh# cos#. Series 
for these functions may be found by combinations of the abovo series using 
the equalities 

cosh a; sin a; ^^(e^sina; -fe^sin#), sinh# sin# = ^(e^sin# - e~ x sin#), 

and so on. The justification for the addition of infinite series in this manner 
is given in Art. 58. 1. 

Thus we have, from (6), (7), 

cosh# sin £=£ + 2 !^ - 2 2 ^ - + 2 4 ^+ ... + ( - 1)^™ ' + ••• . (10) 


where [£(n - 1)] means the integral part of i(n - 1). 
Similarly we find 


sinh x sin x = 2 


rtf* 1 0 /|d4 

- 2 3 + 2 5 — 2 7 — +. . 

6! 10! 14 1 


4. ( _ l)n-i22n-i 


(4n -2)! 


+ ( 11 ) 


cosh x cos x = 1 - 2 2 + 2 4 ~ - 2 6 

sinh x cos x — x - 2 ~ - 2 2 ^ + 2 3 ~ - + 
o! o! 7! 


+ ... +( - l )"-^ 2 

... +( - l^Wyn-i 


n-2__± , 

(4n - 4) ! ‘ 

x 2n ~i 

(2n~ 1)! + '"’ 


. ( 12 ) 

(13) 


where, as before, [in] means tho integral part of \n. 

The values of the above functions are tabulated in parallel columns in 
Hayashi’s tables to eight decimal places, the values of x ranging from 0 to 10. 
The student should verify the following results : 

cosh 1 cos 1 =0-8337 3003, cosh 1 sin 1 =1-2984 5758, 
sinh 1 sin 1 =0-9888 9771, sinh 1 cos 1 =0-6349 6391. 


196. Further Properties and Graph of e“ fc * C08c sin(&#sinc + a). 

We consider in detail the function e~ fcajcosc sin (fesinc + a), 
where icosc>0. This function, and the corresponding expocyclic 
cosine, are of special importance in Mechanics and Physics in 
connection with vibrations in which the amplitude continually 
diminishes (damped vibrations). This is referred to again in 
Chap. XX when dealing with Differential Equations of the Second 
Order. 

Denoting the function by f(x), we have, as in Art. 193, 
f(x) = e~ kx 008 c sin ( lex sin c + a) = - exsin c ( - lex , - a) 


( 1 ) 
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(i) f(x) = 0 when sin (kx sin c + a) = 0, i.e. when kx8inc + <x=nn, so 
that the zeros of the function are given by 


nn - a 
k sin c ’ 


( 2 ) 


(ii) Since | sin (kx sin c + a) |< 1 , the graph of ( 1 ) must lie between the 
curves y — ± e~ kxcos c , and it meets them where | sin (kx sin c + a) | = 1 , 
that is, where 

2n + 1 

2 nn - a *n /ov 

X — 7 ; (3) 

«sinc tfsmc &smc 


These points are thus mid-way between the zeros of f(x). 

(iii) For the bounding curves we have 
dy 


dx 


= ^k cos c . e~ kxco * c , 


..(4) 


while for the given function 

f'(x) = kex&in c ( -kx, -a + c)= -fce~ fcxC08c sin(ifo;sinc + a -c). ...(5) 
At a point given by (3), this becomes 

f(x)= -ke- kxcosc ein(^~^7i -c) = ^fke- kxcoae cosc, (6 

the negative (positive) sign being taken if n is even (odd). The 
gradients are thus equal at the points of contact, so that the graph 
of (1) touches the bounding curves, which are described as enveloping 
the graph. 

(iv) From (5) we have/'(a;) = 0 when for sin C + a - c—nn , i.e. when 

nn -a c 

ksmc ksmc v 7 


Comparing (2), (3), (7), we see that a stationary value occurs for a 
value of x lying between a zero and the abscissa of the next point of 
contact on the right with an enveloping curve. 

(v) We have 

/"(#) = -& 2 exsin c ( -kx, -<x + 2c)=k 2 e~ kxcOfi0 Qm(kx$mc + a -2c), (8) 
and employing the result (5), it is readily shewn that 

/" (#) 4- 2k cos c . /' (x) + k 2 f(x) = 0 (9) 

When f(x) = 0, this shews that f"(x) has the opposite sign to f(x) 
and thus the stationary values are maxima (minima) when f(x) is 
positive (negative). The abscissae of the maxima (minima) are 
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given by (7) when n is even (odd). Since when lex sin c + a - c 
si n(kx sin c-f- a) is equal to sin c or to - sin c according as n is even 
or odd, it follows that f(x) is equal to e~ kxcoac sin c at the upper ex- 
tremes, and to - e~ kx cosc sin c at the lower extremes. Thus the upper 
extreme points of the curve y=f(x) lie on the curve y — e~ kxcoac sin c 
and the lower extreme points on the curve y = -e~ kxc09c sin c. 

(vi) The ratio of successive amplitudes is constant throughout, 
and is equal to e~ wcotc . This is the factor of decay (p. 448). The 
logarithm of its reciprocal A, say, is given by 

log e X = 7icotc, (10) 

and this is called the logarithmic decrement of the oscillation. 

(vii) The abscissae of the points of contraflexure are found from 
(6) to be given by 

nn “ a 2c . , , . 

x^j --. — + 7 . — ( 11 ) 

k sm c le sin c v 7 

It is now seen that an extreme lies mid-way between a zero and the 
next point of contraflexure to the right of it. 



Fig. 168. 

y = 4e -°* 25X sin ( 2x + 0*3 ). 


Some of the above features are illustrated in Fig. 158, which 
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represents the function y = 4e~ 0,25x sin ( 2x + 0*3) in the range ( - 4, 12). 
We have the following results : 

(а) 5, c = artan 8 = 1-4464, a = 0-3. 

(б) Abscissae of points of intersection with Ox : x — \nn -0-15. 

(c) Equations of enveloping curves : y— ± 4e ~ 0,25x . 

(d) Abscissae of points of contact with enveloping curves : 

x = \nn -0*15 + \it. 

(e) Abscissae of extreme points : x — \nn - 0* 1 5 + \ artan 8. 

(/) Abscissae of points of contraflexure : x = \nn -0*15 + artan 8. 

Ex. 1. Shew that the equation (9) is satisfied when f(x) is either of the 
functions 

(i) excos c (-kx, -ft), 

(ii) A exsin c ( -kx, - a) -f J5excos c ( -Jcx, -/?), 
where A, B are arbitrary constants. 


EXAMPLES XXXI 

EXPONENTIAL FUNCTIONS 

1 . Examine the continuity of the functions : 

(i) a x /x, (ii) a sinx , (iii) a arsina; , (iv) expV(l — a?). 

e ax — 1 

2. Prove that lirn -~a. 

x-+o x 

3. Shew graphically that if c, Jc have opposite signs, there is one, and only 
one, solution of the equation x~a -ce~ kx . 

[Draw the curves y =a -x, y =ce~ kx .] 

4. In one American wire gauge tho diameters of the successive gauge 

numbers are in tho ratio 0-890522. Given that the diameter of No. 12 is 
0-080808 inches, find the diameter of No. 20. [0-031961 in.] 

5. The distance x traversed by a body is given in terms of the velocity v by 

rjQ 1 21 p 2 

the formula exp — - — - — ^7777 » and the time t elapsed by 

L 1 V“ l V A 

t -t 0 — T{ artan {v 0 /V) - artan {v/V)}. 

Find the distance traversed and the time elapsed when the velocity vanishes. 

[The formulae correspond to vortical upward motion under gravity, the air 
resistance being taken proportional to the square of the velocity.] 

6. The masses of each of two substances which are mixed together decreases 
exponentially so that the total amount after time t is given by the law 
Ae~ at + Be~ bt , (A, B, a, b constants). If the whole mass is found to be 
m v m 2 , ra 3 , m 4 at the times t— 0, r, 2r, 3 t, shew how to find the values of the 
constants. 

If, in like manner, three substances are mixed and the total amount at 
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time t is Ae at +Be bt + Ce ct , shew how to find the constants from the 
observed values m lf m 2 , ... , ra 6 of the whole mass at times 0, r, ... , 5t. 

[For the first part, write e~« T =u , e“& T =v. Then 

m x — A +B, m 2 =Au + Bv, m 3 = Au 2 +Bv 2 , ra 4 —Au z +Bv z . 

It follows that m x uv -m 2 (u +v) +m 3 =0, m 2 uv - m 3 (n + v) + m 4 - 0. These 
give u +v and uv y and therefore u , #.] 

7. Establish the result A n a x ~a x (a^ _ l)«. 

8. Find the first derivative of each of the following functions : 

(i) xe~ x ; (ii) e a ~ x ; (iii) e x (x 2 - 2x + 2) ; (iv) x m e~te % ; (v) x a a x ; 




x 2 +a 2 


(vi) (vii) expV(a*) ; (viii) exp ; (ix) 

(x) cos e x ; (xi) 2artane x ; (xii) e“ x sin#; (xiii) e-'* 1 ; (xiv)(e*) w ; 

(xv) exp(# w ) ; (xvi) eartanar/^l + a ; 2 ) . ( X vii) X n e kx cos m:r . 

(xviii) e~£* cos 2a;. 

9. Shew that the most general function whose derivative is e kx is i e kx + C, 

( C arbitrary). ^ 

10. If (a: - 2 /)exp (~~) ~ c > prove that y +x = 2 y. 

11. Find the value of c for which the line y=2x+c is a tangent to the 

curve y=e x . [0*614.] 

12. If A is a variable parameter, shew that the gradient of each curve of 
the family y = £(sin x -fcos x) -1 + Ae x at a point whero it moots the curve 
y = sin x is 1 . 

13. Find the values of the constants A , B, C, D for which 

~ {e x (A cos x+B sin a;)} -~e x sin#, ~ {e x (C cos a; +D sin#)} =e x cos#. 

14. Shew that each of the functions e mx , e~ mx , ae mx -\-be~ mx , (a, b any real 
numbers), satisfies the equation d 2 y/dx 2 =m 2 y. 

15. Prove the following results : 

(i) if e y -f e~ x ~ 2, then d 2 y/dx 2 + (dy/dx) 2 + dy/dx~0 ; 

(ii) if s in(c -y/a) =be x I a , then ad 2 y /dx 2 -dy/dx {1 + (dy/dx) 2 } —0 ; 

(iii) if y ~ae^ cos(#V2 +a), then yty : yft =4 : 1. 

16. Find the nth derivative of each of tho following functions : 

(i) e kx ; (ii) #e _x ; (iii) # 2 e ax ; (iv) e x cos#. 

17. If/(#) = e-tan*, S hew that/( 2 )(irc) =0,/( 3 )(l^r) -0. What is the nature 

of the graph of the function in the neighbourhood of the point for which 
# ? Sketch the curve for the range ( - \n, hn) of #. 

18. If the independent variable # is changed to t by the transformation 

x-e at shew that - l dy x* d * V - 1 ( d * y n Ay \ 

6 ’ Sh ™ that X dx ~ adt ’ X dx* ~ a 2 ~ a di)' 

19. (i) If 2 =exp {qs/(x 2 +xy)}, prove that - -q 2 z = ^ ^ . 

(ii) If 2 =e qx + rv cos pt , where q 2 +r 2 = 1, prove that 
S*2 0*2 i^dH 

dx 2 dy 2 p 2 dt 2 

(iii) if z = ex p( - hx - &)• prov ° that £ + hz = k 5 • 



MATHEMATICAL ANALYSIS 


456 


[CH. 


20. If y = ex P prove that dyjdx >0 if x > 1. Hence shew that 

the equation exp {xsj(x 2 - 1)} = m{x + *J(x 2 - 1)} has only one real root if m > 1. 


21. Shew that lim ™ s * n X — — — = -§. 

z ->0 * 3 

[Employ the I.D Z .T. for sin e*, e - *.] 

22. Investigate the range of convergence of the infinite series of term- 
sequence {eV n x n }, ( x>0 ). 

23. Shew that the extreme values of x 5 /(e x -l) occur at x=0 and 
a?»5(l -e~ 5 ). 

24. Investigate the extreme values of (i) x 2 e~ x/a , (ii) xe 1/x . 

[(i) 0, 4a 2 e -2 ; (ii) e.] 

25. Investigate the extreme values of the ordinates and the points of 
contraflexure of the graphs of the following functions : 


(i) e 1 ^ 2 ; (ii) e~ 1 ^ ; (iii) — e~ l l x * ; (iv) exp( 

sJX 


(vi) xe~ 

(X); 1 


(vii) 6(e“ 

/ -x \/ x 

( x *) -47^75; 


(xii) 


1-5*) . 

e llx . 


cot 2 x) ; (v) xe~ x ; 

1 


(viii) e _1/la;| ; (ix) 


X?e alx 


1 


(xiii) 


1 + e b ~ x ' 


' x*e a i x 9 v ' x*e~ a l x 9 v ' e 1/aj + l ’ 

Sketch the graphs of the functions. 

26. Employ Newton’s method to improve the approximation 0-85 to the 

root of the equation x =2e~ x . [0*8526.] 

27. Shew that tho curvature of the curve y—e x has the maximum value 
$ -s/3 corresponding to the value 1 /s/2 of e x . 

28. Find n lln approximately when n = 100, given log e 10 =2*30259. 

[Write w 1/n =exp (* log, n) =oxp(7^ log, 100) —ex'p(j%o log, 10), and use the 

exponential series. The result is 1*04713.] 

29. Employ the exponential series to obtain the results: 

ei/ 1 0 = 1*10517 092, e"^ 10 =0-90483 742, 

e 1/2 = 1*64872 127, er 1 ' 2 =0*60653 066, 

e 2 =7*38905 610, e~ 2 =0*13533 528. 


30. Find the Taylor polynomials of the sixth degree for the functions : 
(i) e*cos.r, (ii) expo; 2 ; (iii) esin*; (i v ) ewarsins. 


oc 

31. Shew that - x — ^ + \x is an even function of x and find the Taylor 

polynomial of the eighth degree for x/(e x - 1). 

[Denote xj(e x - 1) by y and write y (e* - 1) —x. Differentiate this equation 
successively and assume that the derivatives of y converge to finite limits as 
x-^0. For the justification of this process, see Ex. 4, Set LXX, Chap. XVIII. 
Otherwise, assume the form y =a - \x +bx 2 -f cx* +dx* +ex 8 , use a Taylor 
polynomial for e x and equate coefficients. The required polynomial is 
1 - \ x + jfr x 2 - 7^0 x 4 + 30 2 4 0 x s - 1 20 9 6 0 0 x 8 . If we write this in the form 

2 BfX r lr !, where 5 0 =1, B t = -J, £* = £, J5 3 =0, # 4 = -3^, # 5 = 0, H 6 =A, 
0 

J3 7 =0,B 8 = the numbers B 0 , B v ... , B s are the earlier Bernoulli numbers , 
referred to in Art. 147.] 
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g® sin x 

32. If o n is the coefficient of x n in the expansion of , prove that 


, 2 n/2 sin \nn 

a n+«n- 1= ZTy • 


33. 


f d\ n 

The formula ( ( e “ **) defines the general Hermite poly- 


nomial H n (x). Obtain the first four polynomials of the set and sketch the 
graphs of the functions H n (x) e~W for the values 0, 1, 2, 3 of n. 

Shew that H n (x) satisfies the equation d 2 yjdx 2 - 2 xdyjdx + 2ny =0. 
d \ n . 


34. The formula e x \ 


dx) 


( x n e~ x ) defines the general Laguerre polynomial 


L n (x). Employ Leibniz’s Theorem to obtain the developed form of L n (x). 
Shew that L n (x) satisfies the equation xd 2 yjdx 2 +(I -x) dyjdx +ny =0. 
35. Establish the following results : 


<■> (£)• 


(e ax u) : 


d_\ n 

dx) 


(x m e 




(»• 


d n ~ l u 


(ii) x n ^ 

(iil) xn ~ l {)x) (xu) = L(; 


\ dx) 


dx n ~ x 

( x n e x ) ; 

d^u\ 

dx n 


o 


,d nr u 
dx n ~ T ' 


- ; 


S): 


( fi \n r d \ m f d n - m ii\ 

n 


36. Establish the result 


(jz) /(<**) = 2 x nrf {r) (e x )> where 
\axj r=1 

r bn 

^nr=^2(-l) r+fc j 


k\(r -k)\ ‘ 

[Employ the general result of Ex. 11, (i), Set XVI, Chap. III.] 

37. Prove that for the general Hermite polynomial, Ex. 33, 




( -l) n e-*’[(2x) n - 


n(n - 1) 

Ti 


(2x) n ~ 


+ ^-l)(n-2)(n -3) (2x) „- 4 _ .. j f 

the last term of the polynomial in the braces being ( -1 ) n / 2 n!/(£n)! if n is 
even, and ( - l)( n ~ 1 ) ,2 2x . n\l{\(n - 1)}! if n is odd. 

Establish the recurrence formula 


H n+1 (x) -2xH n (x) -b2nH n ~ 1 (x) =0. 

38. Find the extreme values of the dimetric function 
( ax 2 + by 2 ) exp( -x 2 -y 2 ). 

[The stationary values occur at the points (0, 0), (0, 1), (0, -1), (1, 0), 

(- 1 , 0 ).] 


EXAMPLES XXXII 

DIRECT HYPERBOLIC FUNCTIONS 

1. Sketch the graphs of the functions sinh|a;|, tanh(l/a;), (tanh x)/x, 
x tanh ( 1 \x). 

2. Find the limiting value of the ratio sinh x x : sinh x % as x lf x 2 each diverge 
to oo but in such a manner that their difference is constant, [expf^ -x 9 ).] 
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3. Shew from the definition that eoth # differs from 1 by less than 0-001 

if #>4. [Deduce e 8 >2001 from e>2-7.] 

4. Assuming that the velocity v of a falling body in a resisting medium is 

given by v — V tanh(£/T) at time t , where V, T are constants, shew that the 
velocity converges to V when t is a large multiple of T . Find the velocity 
when t—T log e 2 and when t=3T lo g e 2. [|F, %$V.] 

5. Given 3 log e 2 =2-0794, shew that 

tanh 2-0794 =0-96923 and sech 2-0794 =0-24615. 


6. Establish the following results : 

cosh x + cosh y = 2 cosh i(x +y) cosh J (x - y) ; 
cosh x - cosh y = 2 sinh £ (x + y) sinh \(x -y) ; 
sinh x -f-sinh y =2 sinh \(x +y) cosh b(x -y) ; 
sinh x - sinh y — 2 cosh \ {x +y) sinh \(x -y) ; 

tanh x ± tanh y = ^ ; 

cosh x cosh y 

cosh (a; +y) cosh (a? -y) = cosh 2 # + sinh 2 y ; 

+ ^ Rn v ^ — cosh 2# +sinh 2# ; 

1 -tanh# 

coth £# - coth x =cosecli x ; 

(cosh x + sinh x) (cosh y + sinh y) = cosh (x + y) + sinh (x + y). 

7. Shew that in a common catenary the ordinate of the middle point of the 
chord whose ends have abscissae x - a, x + a is in a constant ratio to the 
ordinate of the curve corresponding to the abscissa x. 

8. Find the first derivative of each of the following functions : 

(i) a cosh (mx +c) ; (ii) sinh | x | ; (iii) sinh^ | x \ ; (iv) cosh 2 # +sinh 2 # ; 
(v) cosh m z ; (vi) sinh m x ; (vii) # n sinh m (a.r +5) ; ( viii) tanh 2 x ; 

(ix) e ax sinh bx ; (x) cosh x cos x -fsinh x sin x ; (xi) x sinh (1 lx) ; 


(xii) x - tanh x ; 


(xiii) 


1 + cosh x ' 
1 - cosh x * 


(xiv) 


cosh x - cos x 
sinh x + sin x 9 


(xv) sinh x + J sinh 3 x ; (xvi) J sinh 2x + lx ; (xvii) cosh (A; cosmx) ; 
(xviii) tanh a; tanh 3 x; (xix) tanh {m sech x) ; (xx) artan (tanh#) ; 
(xxi) cot# coth#; (xxii) tanh e x . 


9. Verify the following results : 

(i) if tanh ~~ =tan 2 ~ , then ^ =tan - ; 

w 2 a 2 a ax a 

(ii) if # = s/( 1 +cosh y), then dyjdx = 2/V(# 2 - 2), (y > 0) ; 

(iii) if sinh (p =tan 0 , ( ~\n<Q< ^n) 9 then tanh \(p =tan sin0 =tanh cp 
and dO/dcp =sech (p =cos 6 ; 

(iv) if sinh # tan y — 1, (0 <y< In), then dyjdx — -sin y. 


10. If # = c cosh £ cos r), y — c sinh £ sin r /, where £, rj are variable parameters, 
shew that the (#, y) curves corresponding to constant values of £ are confocal 
ellipses and those corresponding to constant values of ?/, confocal hyperbolas. 
Shew further that the two families of curves intersect orthogonally. 

11. Shew that if the law of variation with the time t of the variable # is 
given by # =a + b tanh kt> (a, b, k constants), then the rate of variation of # is 
proportional to the product of the differences between # and two constants. 
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12. Shew that each of the functions cosh mx, sinh mx, a cosh mx + b sinh mx, 
(m, a, b constants), satisfies the equation d 2 yjdx 2 —m 2 y. 

13. Find the nth derivative of each of the following functions : 

(i) cosh 2 #; (ii) sinh 2 #; (iii) e^cosh#; (iv) e“*sinh#; 

(v) # 2 cosh#; (vi) cosh# cos#; (vii) sinh# sin#. 

or ,, , # 2 -sin# + tan# 

14. Shew that lim =2. 

cosh # - 1 

[Use the I.D 2 .T . for sin #, tan#, cosh#.] 

15. Shew that lim ( ~ - coth 2 x \ = -2/3. 

[Write the function in the form x 2 - . ^ - C °— 1 x - and employ the l.D z .T. 

x sinn # 

for sinh # and the I.D 2 .T. for cosh # in the numerator.] 

16. Sketch the graphs of the function sech(# - a) -f sech(# +o) for the values 
1, 5 of a. Plot also the value of the maximum ordinate as a function of o. 

[Use the results cosh 1 =1*54, cosh 5 = 74-2.] 

17. Shew that for catenaries of uniform section and of the same strength 
of material, the span is a maximum when the tangents at the ends intersect 
on the directrix and that this occurs when the ratio of half-span a to the 
parameter c of the catenary satisfies the relation (a/c) tanh (a/c) = 1, or 
a/c« 1-200. 

Shew that if the greatest tension is 20 tons per square inch of section and 
the density is 500 lbs. per cu. ft., the greatest span is about 17,000 feet. 

[The ratio of tension T in a common catenary to the weight w per unit 
length is equal to the height y above the directrix. Since y = c cosh (#/c), the 
half-span a is to be made a maximum by varying c, where T —wc cosh (a/c).] 

18. If tanh # = tanh 3 y, find the maximum value of y - #. 

[Maximize tanh (y -#). The result is 0-54931.] 

19. A uniform chain hangs from two points at the same level at distance 
2a apart and the sag in the middle is a. Find the parameter c of the catenary. 

If, as an approximation, the form of the chain is taken to be parabolic, 
find the greatest difference of ordinates of the two curves. 

[c/a =0-619 ; a/20, approximately.] 

20. Shew that the points of contraflexure on the curve i/=sech# occur 
where sinh # = ± 1 . 


21. Shew that the curvature at any point P of the curve y = c sinh(#/c) is 
y*/(c 2 PN 3 ), where PN is the normal, taken to have the same sign as #. 

22. Use the series for cosh #, sinh # to shew that 

cosh Jjy = 1 -00500 41681, sinh ^ = 0- 1 00 1 6 67500, 

cosh l = 1-12762 59652, sinh £ =0-52109 53055. 


23. Obtain power series for (sinh #)/#, (cosh # - 1)/#. 

, i . i f\ # (sinh 0 -x n sinh (n + 1)6 +x n+1 sinh nd} , 

24. Shew that2*r 8 .nhrfl = -i T r^ihTO ’ and 

n 

by differentiation with respect to 6 find the value of 2 r# r cosh r6. 

r— 1 

[Express sinh rO in exponential form.] 
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25. Shew that for the catenary y =c coahfx/c) the length of the perpen- 
dicular MQ from the foot M of the ordinate MP to the tangent PT at P 
is c. Hence shew that MP — c sec y), where rp is the slope at P. 

Shew further that the coordinates (£, y) of Q are given by 
£ =c(u - tanh u) 9 rj—csechu, (u—x/c). 

Sketch the locus of Q when the position of P on the catenary varies. 

[The locus is called the tractrix.] 

26. Shew that the length PT of the tangent at any point P of the tractrix 
x ~c{u - tanh u), y —c sech u is c. 

Shew also that the curvature at any point is l/(c sinh u) and that the 
coordinates of the centre of curvature are ( cu t c cosh u). 

[The first result suggests a means of drawing the curve. The plane xOy 
being horizontal, if a string of length c is placed along Oy with one end at O 
and if a weight W is attached to the other end, the path traced out by W as 
the free end is slowly moved along Ox is a tractrix.] 

27. A uniform heavy chain is suspended from two points at the same level 
and 100 feet apart, the sag in the middle being 1 foot. Use the Taylor 
polynomial of the second degree for cosh (x/c) to shew that the parameter c of 
the catenary is approximately 1250. 

Employ Newton’s method to shew that a closor approximation is 

c«1250-167. 

[Use cosh 0-04 -1-00080 0107, sinh 0-04 -0-04001 0668.] 

28. Find the equations of the circle and parabola of closest fit to the 
catenary y—c cosh(xlc) at the vertex. Shew that the difference of ordinates 
between the curves and the catenary are of the fourth order in x, the first 
terms in the polynomial expressions for the differences being -j^a^/c 8 , fax*/c 3 . 

If the catenary of the preceding Example is replaced by the above curves 
in turn, shew that the differences of ordinates at the positions of the supports 
are 0-0032, 0-0016 inch, respectively. 

29. Find the real root of the equation x z - 6x 1 2 + 15# - 13 — 0. 

[The condition for one real root, as given in Ex. 4, Art. 95. 1, is here satisfied. 
Its value is 1-67784.] 

30. Find the real roots of the equation 2a? 8 + 6x 2 -1=0. 

[There are three real roots, one of which is 0-38437.] 


EXAMPLES XXXIII 

LOGARITHMIC FUNCTIONS. ILLUSTRATIONS OF THE 
‘ INTEREST LAW * 

1. Sketch the graphs of the functions log e sin x, logj tan \x\, x\og e x> 
(l/x) log, x, log, I log, *|, exp (a; log e x). 

2. Shew how the graph of the function log e | x | can be made to represent 
the function log* x 2 . 
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3. Investigate the continuity of the following functions, and sketch their 

graph8 ' (i) io s*V(r^) ; (ii)i< WG^ i) : 

(iii) log e {x + s/(x 2 -hi)}; (iv) log* {x + s/(x 2 - 1)}. 

[Treat each as a function of a function.] 


4. Discuss the continuity of the function log^ (1 4-»)sin(l/») in the range 
(0, l)of». 

5. Find the value of the sum rx r and hence find for what values of x the 

r- 1 

infinite series of term -sequence {nx n } converges. Find the sum of this series 
when convergent. 


6. If tanh =tan 2 ^ j ' |< » prove that y —a log e sec(»/a). 

( k\ n 

1 +- ) = e k , where k is any real number. 

nj 

[Write kln = ljm and use the result (8) of Art. 177.] 


8. Investigate the convergence of the sequences whose general terms are 

(1) ; (u)(1 ° g « W ) l/n; (1U) {nr-f ^+. -T br ) • 

9. Find the first derivative of each of the following functions : 

(i) (log, x)/x ; (ii) x* log, | x | ; (iii) (log, | x\Y ; (iv) log e {x + ^(a' - x*)} ; 
(v) Iog 10 |/(a?) | ; (vi) log 10 | sint x\ ; (vii) x artan x -log^l +* 8 ) ; 

(viii) log, ( f~inl) ’ (ix) loge COsh * ; (x) lo &> I tanh 4* I '< 

Xs/3 


. . x 2 4-» + 1 , 2 

(XI) log, r x + 1 + T3 ar^n l xl , 

(xii) log e [1 - s/{l - exp ( - n cosec a;)}] ; 
...» arsin x .. 

(x,v) v(r ^) + ^ loge(1 ~ x ); 

(xvi) log, | log, (cosh e x ) | ; 

O 

(xviii) x n e x log e | x | ; 

(xxi) (log, x) mx . 


a -x 
a +x 


(xiii) xlog, 
(xv) sin 2 (log <> »*); 


(xvii) 


(xix > n7« IOg ‘ 


s/(bx n ) 

>J(a+bx n ) 4- s/a 9 


(xx) x x ; 


10. Establish the following results : 

(ii) if x —a \og e then ~ =sinh — . 

v 7 sja dx a 

11. A function f(x) is plotted as ordinate against x as abscissa and log^ \f(x) | 
is plotted against log c | x | as abscissa. Find the relation between the gradients 
of the two graphs corresponding to the same value of x . 

Find the most general function f(x) for which the second graph is a straight 
line. 
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12. If y=u vW , shew that =yv w {log e u\og e + \og e u™^ + - ^\ 


udxf * 


13. If X n —x Xfl ~ l , where X 1 ~x, shew that 


X ^2 + Vn-^n -2 log, X + X n X n _ x X n _,X n _ 3 (log, *)* + ... 

+ X n X n _ 1 ... X % (log, a:)"- 1 . 


14. If X n = y „ n ~ 1 and X x —y v prove that 
'IX n _dz n 
dx dx 


dX n dz n v v , ^ dz n __ i Y - v - v 

; rlsy* A n A n— 1 + ~7/7~ A n A n-l A n-2 


dx 

dz 

i « - u</ n-2 y y Y Y 

^nrn—x ~~ ( { x n-Y x n-2 yV n 

where 2 n = log,, ?/ n . 

Hence find dXJdx when y r ~e ax , (r = 1 , 2, , n). 




15. A body in a room at 15°C. is initially at a temperature of 75° C. and 
10 minutes later its temperature is 55° C. What is the temperature after 
another 5 minutes ? 

[47*7° C. Assume Newton’s law of cooling.] 

16. A sum of money bears interest at the rate 5% per annum, added 
annually. Find the constant k of exponential increase which gives the same 
amount after any integral number of years. 

[k =log e (1 +1/20), the unit of time being 1 year.] 

17. The bacterial content of milk increases 1000 times in 12 hours when 
the temperature is 80° F., and this increase is sufficient to turn it sour. For 
every 10° F. fall in temperature the rate at which the bacteria multiply is 
halved. Find how long it takes milk to go sour at 70° F. and at 60° F. 

[24 hours, 48 hours. Assume an exponential law of multiplying.] 

18. The loss of light in passing through a small thickness of absorbing 
material is proportional to the amount that enters it and to the thickness. 
Find the fraction of light that penetrates a given thickness. 

If one-half is lost in passing through 1 cm., how much is left after 10 cm. 
have been traversed ? [The fraction 1/2 10 of the initial amount.] 


19. A rope, which is used to moor a ship, is wound round a bollard on the 
ship, the coefficient of friction being 1/6. If there are 4| complete turns on 
the bollard, find the strain in the rope that can be balanced by a pull of 30 lbs . 
wt. on the free end. 

[The tension varies according to an exponential law, the ratio of the 
tensions for an angle of wrap of 1 radian being e M , where y is the coefficient 
of friction. Result 3339-5 lbs. wt.] 


20. A body moving in a straight line loses velocity at a rate proportional 
to the instantaneous velocity. Find the velocity at the end of time t . 

Find also the position at any time and the total distance traversed. 

21. If the distance x fallen in time t from rest by a body in a resisting 
medium is expressed by x = (g/b 2 ) log e (cosh bt), find the acceleration in terms 
of the velocity. Hence shew that the resistance varies as the square of the 
velocity. 
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22. If y =ocos(log, |# |) +6sin(log, |z |),prove that a; 2 ^ + 2 / ==0. 

23. Find the nth derivative of each of the following functions : 

(i) a log e \x\; (ii) log, \ax+b\; (iii) log, | ax + x 2 1 ; 

(iv) a; 3 log, | x | ; (v) a; n log, \x\ ; (vi) log, (1 - 2x cos a -fa; 2 ). 


24. Employ Leibniz’s Theorem to prove that 
/ d \ n lo g, a; , V(M n! 


\dx) 


= ( - 1 )"J?l( 1 Og e 0J-l 



25. Prove that the function x cot x - log, | (sina;)/a:| is strictly down-way 
in each of the intervals [nn y nn + n] of x , (n — 0, 1, 2, ... ). 


26. Prove that x < -log, (1 -x)<x + \x 2 j(\ -x) if0<a;<l. 

27. Investigate the extreme values of the function a; 2 log, (1/a;). 
[Maximum when a;« 0-606.] 


28. Sketch the graph of the function y = k log, sec(x/k) y (k> 0), shewing 

I “4n 1 4n 1 ”| 

that it consists of branches lying in the ranges — ^ — kn y — ^ — kn ^ • 


Shew that for the branch in the range [ - \kn y \kjt\ y x—k\p y where ip is the 
slope at the point (x y y). 

[Any one of the above branches is called a catenary of uniform strength , 
for which tho greatest span is kn.] 


29. Find the values of the extreme ordinates and the points of contra - 
flexure of the graphs of the following functions : 

(i) (log e x )l x ; (ii) sin(log e |a|) ; (iii) log,, | sin a; | ; 

(iv) log, | log, x | ; (v) a; m (log,a?) n , (x >0 and m, n > 1). 


30. Find the curvature at any point of the curve y=a log, |cos(a;/a)|. 
[ - (1/a) cos (x/a).] 


31. Shew graphically that an approximate solution of the equation 

logio ^ +0-783 log, 0 T+0-00043T 

in T is 675. Use Newton’s method to shew that a closer approximation is 
676-2. 

[The equation arises in the determination of the absolute temperature at 
which a mixture of steam, carbon monoxide, hydrogen and carbon dioxide, 
in equilibrium, contains 10% of carbon dioxide.] 

32. Given log 10 3 —0-47712 12547 and log 10 e —0-43429 44819 03, calculate 
logio 37 correct to ten places of decimals by means of the equation 

37 x 27 =999 — 10 3 - 1. 


33. Find log 10 n correct to sixteen places of decimals by finding the Weddle 
factors for n and using Shortrede’s Tables for their logarithms. 

[0-49714 98726 94133 9.] 

34. Find the principal at the end of one thousand years of £1 at 1 % per 
annum, added annually, correct to the nearest penny. [£20,959 3s. 2d.] 

35. Find the millionth power of 1-01 correct to six significant figures. 
[2-36474 x 10 4321 .] 
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36. Shew that a sum of money, accumulating at compound interest p% per 
annum, added continuously, increases in the ratio e : 1 in 100/p years, and 
that at compound interest p%, added yearly, it increases in the same ratio 
in 100/p -f J years, nearly. 

37. Shew that log 10 13 = 1 +3 log 10 11-10 log 10 2 with an error of magnitude 

0*0000653. [Shew that the error is log 10 ( 6656/6655).] 

38. Use the exponential and logarithmic series to shew that when n is 

large ’ i 1 + DM 1 ~ k 

39. Shew that e is equal to £{(1*1) 10 + (0*9) -10 }, with an error of about 0*46%. 

40. Use the series (21), Art. 182, to obtain log* 71 correct to five decimal* 

places. [4*26268.] 

41. By writing jp in the series (11), Art. 182, shew 

that 

log < (2V + 2)=log < ,(AT-2)+21og e (A r + l) -2 log^A’-l) 

\N° -3N*3\N* -3NJ + "7 ' 

Hence evaluate log* 5 correct to six decimal places, given log* 2 =0*693147. 

[1*609438.] 

42. Find the Taylor polynomials of the fourth degree for the functions 

(i) log « iTos*, ’ (ii) log « {1 +a: ' /(1 +a;2)} - 

7 * ® 

[(i) log, 2 - j2 - ; (ii) * - \x* + - frc*.] 

43. If y —a +x log* (?//&), shew that the Taylor polynomial of the second 
degree for y is a +x lo g e (a/b) + (x 2 /a) log e (a/b). 

44. A table of log 10 sinhcc is given to six decimal places, the common 
difference of argument being 0*001. Investigate the range of the table in 
which it is complete. 

45. Shew that a seven-figure table of logarithmic-tangents (to base 10), in 
which the common difference of argument is 1 minute, is complete only for 
angles between 17° and 73°, approximately. 

46. Shew that the most general continuous function which satisfies the 
relation f(x 1 +x 2 ) =/(# x ) f(x 2 ), where x v x 2 are any two values of the variable, 
is given by f(x) = a kx , (a>0). 

[Writing log a f(x) —<p(x), the relation becomes (p(x x +x 2 ) =q>(xj -f <p(x) 2 . 
Now employ the result of Ex. 7, Set III, Chap. I.] 

47. Shew that the most general continuous function which satisfies the 
relation f(x t x 2 ) =f(x 1 ) +/(x 2 ) is given by f(x) =& log a :r, (a>0). 

[Write x = af and put f(x) =f(ai) = <p(£).] 

48. Shew that the sequence {u n } defined by w n = l+*i+J + ... + ^ -log* n 
is down- way and convergent. 
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[Writ© u n+1 -u n in the form 4-log,, (1 - ) and us© th© I.D^.T. for 


log, ( I 4- x) to express this difference in the form - 


>R n + 1 (°)> shewing 


(n + iy n+lK 

71 4 1 

that | R n+1 (0) | <2. From this it follows that | u n+i ~ u i I < 2 ^/r 2 . Since 

r— l 

GO 

the series v 1/r 2 is convergent, u n must converge to a definite limit as n->oo . 
r—l 

This limit is called Euler's Constant and is denoted by the letter y.] 

49. Using Taylor’s Theorem for log^(l -f.r) for the values 1, |, ... of x 

and summing the expansions, show that 

- iog« (» + 1) = K - J*3 + ... + ( - 1 )— 1 - *,-1 + ( - 1 ) n ^„, (0< e< 1 ), 


, ii i 

where s r = j- r + ^ +...+ - r . 

Hence shew that y — 1 - log 5 2 + £(& 2 - 1) - J(*S f 3 - 1) + ... , where S r = lim 8 r . 

n-> oo 

Using the known values of S r for r =2, 3, ... , 11, shew that y =0*5772... . 

[The values of S r are given in the Smithsonian Mathematical Formulae and 
Tables, p. 140. The value of y correct to ten places is 0-57721 56649.] 

50. Shew that 

/ d \ m + 1 m f 

\dx) loge 0 + **) = - (i +a; »)('».+ij r * • 2 008 + 1 ) ( artan * + i 71 ))- 

Hence obtain the expansion of log e (1 + (x + h) 2 } in powers of h , and, writing 
h —ks/( 1 +x 2 ),x/s/( 1 +x 2 ) = cos 0, deduce the expansion of log e (1 + 2k cos 0 + k 2 ) 
in powers of k, ( | A? | < 1). 

( rf \ m+i / d \m Ox 

log ^ 1+xi ' > = \dx) T+x i and apply 
Leibniz’s Theorem, using the result (13) of Art. 152. 2. The final expansion is 

2 2 ( - l) n+1 ^ cos nx.] 
n— 1 ^ 


EXAMPLES XXXIV 

INVERSE HYPERBOLIC FUNCTIONS 

1. Prove that if the coordinates of a variable point P satisfy the equation 
artanh# -artanhy =c, then P lies on a rectangular hyperbola. 

2. Sketch the graphs of the functions arcosh \x\, - arcosh ( - x), arsinh \x\, 
artanh ( -x). 

!+>/(! -x 2 ) 


3. Prove that (i) arsech x = log e 
(ii) arcosech x = log, 


1 ±V(l+* a ) 


the upper (lower) sign being taken when x is positive (negative). 

4. Establish the results : 

(i) arcogu (xla) _ / log. + V(* 2 - a 2 )} - log, a, (x, a >0), 

(i) arcosh (x/a) - 1 Iog# ( x ^ _ a , ){ _ log< | aj> (*, a<0 ); 

fii) arsinh (xla) - / log « {a: + +a * )} ~ log « a - (° >0 )- 

(u) arsinh («/a) - \ log< , „ _ ^ + a>) | _ log< 1 0 |, (o< 0 ). 


2a 
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5. Prove that the functions (arsinh x)/x, (artanh x)/x are potentially con- 
tinuous at x =0, the completing value being 1 in each case. 

6. Find the first derivative of each of the following functions : 

(i) arsech(#/a) ; (ii) arcosech (x/a) ; (iii) arcoth (x/a) ; 

1 x 

(iv) arsinh ( ( sec 2x) ; (v) arsinh -= ; (vi) Xs/(1 + x 2 ) + arsinh x; 

yu 1 ~h X 

(vii) XsJ(x 2 - a 2 ) - a 2 arcosh {x/a) ; (viii) x>J(x 2 +a 2 ) + a 2 arsinh (x/a) ; 

(ix) artanh ; (x) 2a artanh ( tan 2 ; 

i -f" x \ £a ) 

(xi) £log,(l x 1 *4” x artanh x . 

7. Shew that if \p is the slope at any point ( x , y) of the catenary 

y—c cosh (x/c), 

then x =c log e | sec yj± tan y>\. 

8. Expand sj(x 2 + 1 ). arsinh x in powers of x and shew that if a n is the 

| 

coefficient of x n , a n+2 = - n ^ 2 a n- 

9. Establish the results arsinh 0 1 =0 0998341, artanh 0-1 =0*1003353. 

10. Prove that (i-\ (x 2 - 1 ) w +l = ( ■ — - - --- (% m — 1) ••• ^ sinh{(m + 1) arcosh x) 

\axj 7Yi ~1~ A 

_/ _ ] \m (2m + 1 ) (2m - 1) »** 1 , 1 2 _ i\(m+i)/2 f ^ \ m 1 

} (m + 1)1 “ ( ' \dXJ A 2 - 1 ’ 

where A =x/s/(x 2 - 1). 


EXAMPLES XXXV 

EPICENE FUNCTIONS. 


1. Shew that €(x) satisfies the equation 4x < ^^ 2 + 2~^ ~V~ 0* and &>(x) 


the equation 4x +6 -y— 0. 


1 


Shew also that sj\ x | . §s>(x) satisfies the first equation and — , C(x) the 

vl^l 

second. 


2. Establish the results 

x&(x) C (4a;) €(x) 1 ^_e(i#) x&(±x) 

K) €(x) &(4x) &(x)' K } &(x) &(ix) 4€(\x)' 

3. Prove that ^ log, | C<») | = | log, | »(*) I = ^ {|(I) " l ) • 

4. Shew that the Taylor polynomial of the fourth degree for 1 /<£(#) is 


1 -h X+ * x2 - 


61 

6! 


x a + 


1385 
8 l~" 


Deduce the corresponding polynomials for sech x , sec x. 

[The numerators in the coefficients of the above powers' of x are the earlier 
Euler numbers, referred to in Art. 147.] 
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5. Shew that the Taylor polynomial of the fourth degree for <C(x)/8>(x) is 

02 04 06 08 

1 + 2~, B * x + 4] B * x * + 6! B&X * + 8 ! B » X *’ 
where the B ' s are Bernoulli’s numbers. 

Deduce the corresponding polynomials for x§s> (x)/€(x), 1 j§b(x), x coth x % 
x cot x , tanh x, tan x, x/(sinh x ), x/(sin x). 

6. If a; = C(£) and ?/ ==C(m£), shew that (a? 2 -l)^-^ + x< ^j. -?ny= 0. 

7. If x = <t(i) and y = £>(m£) /&>(£), shew that 

(x 2 - l) dJ > +3 x dx +{l - m) y=°- 

8. If x = t;§s> 2 (£) and 2 /=C(m£), show that 

4x (i +x)d <ix i + 2 ( l + 2x ) < ^.- m y=°- 


EXAMPLES XXXVI 

EXPOCYCLIC FUNCTIONS 


1. Prove the results 

exsin c (for, a) =A exsin c (&a;) + B excos c (kx), 
excos c (kx, a) =A excos c (kx) -B exsin c (A%t), 
exsin c (A;ir) =A exsin c (kx, a) -B excos c (kx y a), 
excos c (&.r) =A exeos c (kx, a) + B exsin c (&#, a), 
whore A — cos a, B = sin a. 


2. Prove that 

a exsin c (A;a;, a) +6 exsin c (for, ft)—r exsin c (A^, y), 

a excos c (kx, a) +b excos c (kx, ft) excos c (£:r, y), 

u 2 2 , ro , o u < q\ a sin OL + b sin P 

where r 2 — a 2 + o 2 + 2 ab cos (a - p), tan y — - — n . 

v r/ f a cos a +6 cos P 

3. Prove that 

exsin c {k(x-hy)} = exsin c (kx) excos c (ky) + excos c (kx) exsin c (ky) , 
excos c {k(x + y)} = excos c (kx) excos c (ky) - exsin c (kx) exsin c (ky) . 


4. Prove that 

exsin c (nk) — 2 exsin c {(n - 1 ) &} excos c k 

- exsin c {(n -2)k} , { (excos c k) 2 + (exsin c k) 2 }, 
excos c (nk) = 2 excos c {(n - 1 ) k) excos c k 

- excos c {(n ~2)k} . {(excos c k) 2 + (exsin c A;) 2 }. 


5. A particle is moving with decaying S.H.M. so that the displacement is 
given by x — a excos c +6 exsin c . Shew how to find the constants 


a, by c f T by the observation of x at four equally spaced instants. 

[Take the instants to be 0, ^ . In the elimination of 

2n 2n 2n 

from the equations obtained, use the results of the preceding Example.] 


a. 


b 
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6. Establish the results : 

exsin^ (k x x, a x ) exsinc^A^#, a 2 ) = - i excos c ' (&'#, a') excos c " (k"x, a"), 

excos Cl (k x x f aj) excos C2 (k 2 x, a 2 ) = J excos c ’{k'x, a') + J excosc"(Aj"#, a")> 
where k' 2 =k x 2 + & 2 2 + 2kjc 2 cos ( c 1 - c 2 ), A;'' 2 = A^ 2 + k 2 2 4- 2&xA; 2 cos (Cx + c 2 ), 

, , A^xsincx +& 2 sinc 2 , „ A^sm c x - k 2 sin c 2 

k x coscj +k z cosc 2 k 1 coscj +k 2 cosc 2 

a / =a 1 -fa 2 , ot" — oc x — otg. 

Deduce the result 

excos c'(k'x, a') =excos Cl (k 1 x, a x ) excos C8 (A; 2 #, a 2 ) 

-exsin Cl (A;x#, aj) exsin C2 (& 2 #, a 2 ). 

7. Find the first derivative of each of the following functions : 

(i) kx exsin c (kx, a +c) -exsin c (&#, a) ; (ii) x m exsin c (&#, a) ; 

(iii) A; 2 # 2 exsin c (&#, a + 2c) -2kx exsin c (&#, a +c) -f 2 exsin c (&#, a) ; 

(iv) x 2 e~ zx sin 5#. 

8. Shew that if y =A exsin c (kx) + B excos c (kx), then A , B can be found so 
that ^rjj( + 2 Ajcosc~ +k 2 y = excos c (kx). 

9. If y = e ax sin bx, prove that y( n+1 ) - 2ay ( n ) + (« 2 +6 2 )2/( n_1 ) =0. 

[Express y in expocyclic form.] 

10. If y — e x sin #, prove that y ( 4 ) = - 4 y. 

1 1 . Find the nth derivative of each of the following functions : 

(i) e~ x sin# ; (ii) e mx cos nx ; (iii) xe x sin# ; 

(iv) x 2 e ax cos bx ; (v) e x cos # cos 2# ; (vi) x m exsin (kx, a). 

12. Find the most general function whose derivative is exsin c (&#, a). 

13. If y =a exsin c (&#, a), where c, k, a are variable parameters, find the 
values of dy/dc, dyjdk, dyjda. 
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CHAPTER VIII 

CURVES VARIOUSLY SPECIFIED. POLAR COORDINATES, 
LINE COORDINATES, RADIUS-RECEDENT RELATION 

SECTION I. POLAR COORDINATES 

197. The Polax System of Coordinates. 

The position of a point in a plane is completely specified when 
the length and direction (bearing) of the line drawn from a fixed 
point of the plane to it are assigned. Let P (Fig. 159) be the point 
whose position is to be specified, 0 the 
fixed point, and OA a line of fixed direction 
relative to which other directions in the 
plane are specified. Then the position of 
P is uniquely determined by the distance 
OP and the direction of OP relative to OA . 

The former is denoted by r, this being a 
positive number, and the latter is measured 
by the angle of rotation 0 from OA to OP. 1 We adopt the conven- 
tion that this angle is positive if OP is supposed reached by counter- 
clockwise rotation from OA, and negative if by clockwise rotation. 
This, without further restriction, is the ordinary convention for the 
measurement of an angle in Trigonometry. 

For some purposes it is important to ensure a one -one correspond- 
ence of plot-point P and coordinate pair r, d, as in the Cartesian 
system of coordinates, and we may then restrict the range of values 
of 6 to 2n. Thus we may take the range as (0, 2 tz), or as ( -n, n)> 
or generally as (a, a + 27c), where a is arbitrary, one of the terminals 
in each case being excluded from the range. From the analytical 
point of view, however, this restriction is often inconvenient as it 
leads to a discontinuity in the value of 6 in passing from one side to 
the other of the line for which 6 = a. We shall not, therefore, restrict 
the range of 6 except in special cases for the purpose referred to. It 
is important to notice that with the general convention for the 



1 The measure 6 is always in radians, unless otherwise stated. 
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measurement of 0, there is still one, and only one, plot-point cor- 
responding to an assigned pair of values of r and 0 (the former being 
positive *), but to any chosen point in the plane there corresponds an 
infinite number of values of 0. If a is any one of these values, the 
ambiguity in 0 may be expressed by the relation 0 = a 4- 2 nn, where 
n is any integer. 

The quantities r, 0 are called the polar coordinates of the point P, 
and, following the similar practice in Cartesian coordinates, this 
point is referred to simply as the point 2 (r, 0). The line OA is called 
the initial line or polar axis , O is called the pole, r the polar radius 
or simply the radius , and 6 the polar angle. 

Other conventions for polar coordinates have been employed, but 
the system described above is sufficient for all practical purposes, 
and it is the one always used in the geometrical representation of 
complex numbers. We therefore keep to this system throughout. 

198. Connection between Polar and Rectangular Coordinates. 

The connection between the polar and rectangular coordinates of a 
point is simplest when the pole is taken as the origin and the polar axis 3 

OA as the axis Ox, the axis Oy being 
obtained from it by counter-clockwise 
rotation through a right-angle. If the 
coordinates of P (Fig. 160) are (r, 0), 
(x, y) in the two systems, we have 

a;=reos 0, y — r sin0 (1) 

These equations plainly determine the 
rectangular coordinates when the polar 
ones are given. Conversely, they 
determine the polar coordinates when 
the rectangular ones are given, except for the unimportant ambiguity 
of amount 2 nn in the polar angle. For they give r — J(x 2 + y 2 ), which 
determines r, and the relations 

cos 6—x/r, sin 0—y/r (2) 

then determine 0, except for the ambiguity mentioned. The relation 
tan 6 = yjx may be conveniently used to find the orientation of the 

1 The point O is exceptional ; it corresponds to the value 0 of r and to any value 
whatever of 6 . 

2 The practice is to give the value of r first in the parentheses. 

8 On account of the frequency of transformation from rectangular to polar co- 
ordinates, and vice versa, the polar axis OA is usually denoted by Ox. This practice 
will be adopted in the sequel. 
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polar radius, the direction of that line being then decided by the 
sign of cos 0 (or of sin 0 ). It should be observed that it is only when 
x > 0 that artan (y/x) can be taken as the angle 0, since the inverse 
tangent is a number lying in the range ( -\n, \ti). If x<0, we can 
take 7t + artan (y/x) for 0. 

199. Curves in Polar Coordinates. 

Suppose that there is a relation between the variables r, 6 which 
defines r, say, as a positive 1 single-valued function of 0 within, it 
may be, a limited range. Then to each value of 0 in this range there 
will correspond a plot-point P, and the aggregate of these points 
forms the graph of the function r, or of the functional relation 
between r and 6. If the graph is a continuous curve, the (r, 6) rela- 
tion is called the equation of the curve in polar coordinates, or 
more curtly, the polar equation of the curve. 

Ex. 1. The relation r —aO 2 , (a>0) (1) 

This defines r as a positive function for all values of 6. Portion of the 
graph is shewn in Fig. 161, A being the point (a, 1) and A' the point (a, - 1). 

Ex. 2. The equation r=aO (2) 

When 6 has the same sign as a, this defines r as a positive function of 0. 
The corresponding curve is known as the Spiral of Archimedes Portion of it 



Fig. 161. Fig. 162. Fig. 163. 

r=ad 2 . r=aO, r = 2ocos0. 


is shewn in Fig. 162 for a positive value of a (and hence positive values of 0). 
The coordinates of A are (a, 1) and those of B are (2 na, 2 n). The form of 
the graph when a<0 is the geometrical image in Ox of the curve drawn. 

Ex. 3. The equation r = 2acos0, (a>0) (3) 

Since cos 6 has the period 2 7i, it is not necessary to consider a range of 0 

1 The statement here, and in similar cases, is not intended to exclude a zero value 
of the function. 
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greater than 2jt in order to obtain the complete range of values of r. Consider 
one such range, say ( - n f n). This must now be further restricted since cos 6 , 
and hence r, is positive only when Q lies in the sub-range ( - \n). The 

curve is a circle with the pole 0 on the circumference and the polar axis Ox 
as a diameter. This is clear from the fact that if P (Fig. 163) is the point 
(r, 6) and A the point (2 o, 0), then OPjOA = cos0, so that OP A is a right- 
angle ; this is a characteristic property of the circle. 

Ex. 4. The equation r—ae kQ , (a>0) (4) 

This defines r as a positive function for all values of 0. The graph is a 
spiral, r having the range [0, oo ] corresponding to the range [ - oo , oo ] of 0. 
It is known as the logarithmic spiral , or, for a reason explained in Ex. 3, 
Art. 202, the equiangular spiral. Portion of the curve is shewn in Fig. 164, 
corresponding to a positive value of k , A being the point (a, 0). 

The student will also observe that the same curve is specified by the 
equation r —ae k ( e + 2nir ), where n is any integer. 

Ex. 6. The equation r= YT6* ( a > 0) (6) 

This defines r as a positive function when 0>O and when 0< - 1. We 
can write (5) in the form r =a j 1 + , which shews that as | 0 | -> oo , r-> a 

and the curve approximates indefinitely to the circle r—a. If 0 >0, we have 



r<a, while if 0< - 1 , r>a. Again, as $-+ -1-0, r-> oo . The general form 
of the curve is shewn in Fig. 165, the lightly dotted curve being the circle 
r—a . The significance of the heavily dotted portion marked OA is explained 
in Ex. 2 of the following Article. The line BC is an asymptote to the curve. 
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Ex. 6. The equation r =o + b cos 0 (6) 

According to the relative values of a, b t we get a variety of curves which 
comprise the family of limagona. The special curve for which 0<6=o, 
namely, 

r =a(l + cos0), (7) 

is called the cardioid. 

The forms of the various curves of the family for positive values of b are 
shewn in Figs. 166-169, the lightly drawn curve in each case being the circle 
r = 6cos0. It is clear that the polar radius of a lima$on is the sum or differ- 
ence of the polar radius of this circle and the constant distance a. It is by 
means of this property that the lima 9 on is usually defined, and it may be 
conveniently utilized in drawing the graph for chosen values of a, b. 



Fio. 166. 0 < 6 < a. Fig. 167. 0<6=a. 



Fio. 168. 0 < a < b. Fio. 169. 0 < - a < b. 

The curves r = a -f b cos 0. 


When 0 < b < a (Fig. 166) and when 0 < 6 = a (Fig. 167), equation (6) defines 
rasa positive function for all values of 0. Since cos 0 has the period 2 n> it is 
sufficient to restrict 0 to the range ( - n, n). When 0 < a < b (Fig. 168) and 
when 0< -a<b, (a< 0), (Fig. 169), we must further restrict 0 to the range 

^ -arcos » arcos i 11 order to have r positive. 

When b < 0, the corresponding curves are reflections in Oy of those drawn. 
When 0< ~6<a, the curve is the reflection of Fig. 166 ; when 0< -6=o, 
that of Fig. 167 ; when 0<a< -6, that of Fig. 168 ; and when 0< - a< -6, 
(a<0), that of Fig. 169. 
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200. Polar Representation of a Functional Relation. 

The preceding Article immediately suggests a method of con- 
structing a polar graph of a functional relation. Let f , rj be any two 
variables having a functional relation r\ =f(£) between them. Then 
if, for a certain range of £, the function rj is positive, we may identify 
rj, f, respectively, with the polar coordinates r, 0 of a point in the 

plane of representation. The relation 
between | and rj then becomes the polar 
equation r~f(6) of the graph. If, how- 
ever, rj is negative in a certain range of £, 
it cannot be identified with the positive 
coordinate r and a further convention 
must be introduced for this case. That 
which leads to the most natural connec- 
tion between the graphs for positive and negative values of rj is to 
take the plot-point P corresponding to £, rj as the polar opposite of 
the point P' whose polar coordinates are (| rj |, |). Thus the polar 
coordinates (r, 0) of P are given by 1 

r = \rj | = - rj , + (1) 

as illustrated in Fig. 170. The polar equation of the graph for a 
range in which rj is negative is thus 

'= -/(»-*) ( 2 ) 

If we take O' as the polar angle corresponding to an initial line 
Ox ' in the opposite direction to Ox, this polar equation becomes 

r= -m (3) 

On this convention there is, in ordinary cases, no discontinuity of 
the gradient of the complete graph when rj passes through the value 
zero and changes sign. 

When the plots for /(£) positive and for /(£) negative are combined 
according to the above convention, we get a complete representation 
of the relation rj — /(£ ) in polar coordinates, and the curve is called 
the extended graph of the relation, the term unextended being taken 
as referring to the representation when /(£) is positive. When a 
name is assigned to a graph representing a particular relationship 

1 In Analytical Geometry the radius for the plot-point P is in this case said to be 
negative, P being looked on as reached by measuring backwards (or in the negative 
direction) a distance | r} | along a line whose positive direction is OP ' and bearing £. 
Radii are always treated as positive in this Book. 



Fig. 170. 
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between rj and £, it is largely a matter of tradition whether it applies 
to the extended or to the unextended graph . 1 


Ex . 1 . The equation r)=a£, (a> 0). When £ > 0, the polar representation 
is specified by r =a0, and when £ < 0 , by the relation 

r =-a(Q-n), (0 < n), ....(4) 

or, when referred to a reversed initial line, by 


-a0', (O' <0) (5) 

The extended graph is shewn in Fig. 171 and is referred to as the extended 
Spiral of Archimedes. 

Ex. 2. The equation rj= (a > 0). The polar representation of this 

relation when £ lies outside the range ( - 1, 0] is shown in Fig. 165, p. 472. 
When £ lies in the range [-1,0], rj is negative and the polar representation is 

a(0 - n) 


specified by 
or by 


1 + (0-n)' 
aO' 


(n - 1 < 0 < 7i), 


r =-r+o'> (-i<0'<o). 


( 6 ) 

( 7 ) 


when the initial line is Ox'. The unextended graph is shewn in Fig. 166 by 



Fig. 171. 

r =a0 and r =a(n - 6). 



r= ±2-f-3 cos 0. 


the heavy continuous line, and the extended graph is the combination of this 
portion with the branch marked 0^4. 

Ex. 3. The equation * 7 =a+ 6 cos£. For the polar representation of this 
relation it is clearly sufficient to consider only a range of £ of magnitude 2 n. 

If a >0 and | 6 |^a, rj is a positive function and the corresponding polar 
equation is 

r =a+b cos 0, ( 8 ) 

where 6 has the same restriction as £. 

If, next, | 6 [ > | a |, we have to consider separately the sub-ranges of £ in 
which tj is positive and in which rj is negative. In the former case we may 

1 The extended graph for the function r}—f ( £) forms the curve represented by the 
polar equation r=f(6) when the negative radii of Analytical Geometry are intro- 
duced* 
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restrict £ , and therefore 0 , to the range ^ - arcos , arcos > and 
polar equation is the same as (8). In the latter case we may take the range 
of £ to be ^arcos-^ , 2n - arcos » and the corresponding polar equation is 

r = - {a +b cos(0 - n)} — -a + 6 cos 0, (9) 

where the range of 0 is now ^ - n + arcos , n - arcos 

If, finally, a< 0 and |o|> |6|, r\ is negative for all values of £ and the 
polar equation is now given by (9), where 0 has a range of magnitude 2^r. 

The extended polar graph of the relation rj —2 + 3 cos £ is shewn in Fig. 172. 
This is composed of the graph r = 2+3 cos 0 for the range ( -2-301, 2-301) of 
6 and the graph r = -2 + 3 cos 0 for the range ( - 0 841, 0-841) of 0 . 


201. Transformation of Equations of Curves. 

We here illustrate the transformation of equations of curves from 
rectangular to polar coordinates, and vice versa. If the Cartesian 
equation is f(x, j/)=0, the corresponding polar equation, with 0 as 
pole and Ox as initial line, is obtained by writing x=r cos 6, 
y=r sin 0, and is therefore given by 

f(r cosfl, rsin0) = O (1) 

This transformation is the one most frequently employed. If any 
other point O', (a, b), is chosen as pole and 0 V, at an inclination a 
to Ox, is taken as initial line, x — a-\- r cos(0 + a), y~ 6+-r sin(0+-oc), 
and the polar equation is 

/{a-fr cos(0 + a), b + r sin(0 + a)} =0 (2) 

In transforming from polars to rectangulars in the simple case 
above, we write 

r = J(x 2 + y 2 ), cos 0 = x/J(x 2 + 1 / 2 ), sin 0 = y/ J(x 2 + y 2 ). ... (3) 

Ex, 1 . The straight line x cos a + y sin a =p, 
(p > 0). Here we get, as the polar equation, 
r cos 0 cos a + r sin 0 sin a =p, or 

rcos (0 - a) =p (4) 

Let AB (Fig. 173) be the given line, P 
being the point (x f y) on it and ON being 
perpendicular to it. Then, by projection, we 
have ON = OM cos L MON + ilfPsin L MON , 
where OM—x, MP —y . This equation is 
identified with the Cartesian equation of 
the line by taking p =ON , a = L MON, 

Fia. 173. The polar equation is also obtained direct- 

r cos(0 - a) =p. ly by observing that it is the equivalent of 

the equation ON =OP cos lPON, 
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Ex, 2. The parabola y 1 = 4a (x + a), (a>0). The focus is here taken as 
origin. The corresponding polar equation is found from r* = (r cos 0 + 2a) 1 , 
which gives, on solving for r, 


± 2a 

1 ff cos 0 * 


(5) 


We must discard the solution corresponding to the lower signs in the numerator 
and denominator, since then r is negative. Thus the polar equation of the 
parabola with the focus at the pole is 

r — i — — a cosec 3 i6 (6) 

1 - cos 0 * 


Ex. 3. The ellipse. When the origin is at the centre, the (a;, y) equation is 
x 2 /a 2 +y 2 /b 2 = 1, (a supposed greater than 6), and the corresponding polar 
equation is given by 


l_cos 2 0 sin 2 0 
V 2 ~~~a 2 + ~W ’ 

It is often convenient to 
take the origin (pole) at a 
focus, O' say, (Fig. 174), whose 
coordinates, referred to the 
centre, are ( -ae, 0), where e, 
the eccentricity, is given by 
e 2 = (a 2 - b 2 )/a 2 . The Cartesian 
equation of the ellipse is now 


(x-ae) 2 j 2 _, 
a 2 o 2 1 


....( 8 ) 



If the length of the semi-latus 

rectum O'H is l, we have b 2 =l 2 /( 1 -e 2 ), a 2 =l 2 /( 1 -e 2 ) 2 . We now find, on 
transforming (8) and inserting these values of a 2 , b 2 , 


r 2 —l 2 +2reJcos0 +r 2 e 2 cos 2 0, (9) 

or r = ±(l +recos6) (10) 


We must exclude the negative sign here as it leads to negative values of r. 
Taking the positive sign, we get, as the required equation. 


- = 1 -ecos0. 
r 


(ID 


If the focus 0" is taken as pole and O n x as polar axis, the equation is 


l 


— 1 +ecos0. 


(12) 


The student should obtain these equations directly from the focus -directrix 
definition of the ellipse. 

The parabola y 2 =4 a(x +a) is included in (11), being the special case where 
e = 1 and 2a takes the place of l. 

For the hyperbola x 2 /a 2 -y 2 /b 2 = 1, if we take as pole the focus ( - ae, 0), 
where now e>l, we find, in place of (10), noticing that here a 2 ~l 2 l(e 2 — l) 2 , 
b 2 =l 2 /(e 2 -l), 


r = ±(l - re cos 0), 


(13) 
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so that 


- — l+ecos0 or -=-l-fecos0. 
r r 


.(14) 


In the first of these equations, therefore, we must restrict 0 to the range 


[- 


arcos , arcos 

e e 


*]■ 


this gives the nearer branch. In the second we 

must restrict 0 to the range £ - arcos * , arcos ~ J ; this gives the farther branch. 
If we take as pole the focus (ae, 0), we find, similarly, 

- = l-ecos0 or -=-l-ecos0 (15) 

r r 

The first equation gives the nearer branch, 0 being restricted to the range 
|^arcos i , 2n - arcos , and the second gives the farther branch, 0 being now 

restricted to the range [jra - arcos ^ , n + arcos i J . 


Ex. 4. Shew that the transform 



r —a*J{ cos 26). 


of the equation (x 2 + y 2 ) 2 =a 2 (x 2 -y 2 ), 
(a > 0), in polar coordinates is 

r =as/( cos 20) (16) 

[The curve is called the lemniscate of 
Bernoulli , and is shewn in Fig. 175.] 

Ex. 5. The equation r— a sec 0+6, 
(0<6<a). We here illustrate the 
transformation from polar to rect- 
angular coordinates. We get 

N/(z* +y z ) +b, -(17) 


or 


v'(* 2 +^ 2 )-(l - a f)= b - 


(18) 


If now we rationalize this equation to obtain 
(x i +y 2 ) (l =b 2 , 


(19) 


we introduce the additional relation 


V(^+2/ 2 ).(l-^)= -b, (20) 

or r— asec0-6 (21) 

If, further, we multiply up by x 2 to obtain the integral equation 

(x 2 +y 2 )(x -a) 2 =b 2 x 2 f (22) 


we must exclude the point (0, 0) from the corresponding graph, for the 
curves r —a sec 0±6 do not pass through the pole when a >b. 

Portions of these curves are shewn in Figs. 176-178. They belong to a family 
of curves known as Conchoids of Nicomedes, which are most easily defined as 
follows : A straight line LM and a point 0 are taken in a plane, a being the 
distance of 0 from LM, and a variable line is drawn through 0 to cut the 
fixed line in B. From R equal distances b are measured along OR (in both 
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senses). The locus of either of the ends P, P' is a conchoid of the type 
considered. When b < a we get the curve shewn in Fig. 176 ; when b =a, that 
in Fig. 177, and when 6 >a, that in Fig. 178. 



Fig. 176. b < a. Fig. 177. b-a. Fig. 178. b > a. 

The curves r —a sec 6 ±b. 


202. Geometrical Interpretation of the Derivative dr/dd. The Recedent. 

We proceed to consider the application of the Differential Calculus to 


the investigation of certain pro- 
perties of curves in polar coordi- 
nates, examining in the present 
Article a connection between the 
derivative drjdd and the inclina- 
tion of the tangent at a point to 
the polar radius of the point. 

Let AB (Fig. 179) be the 
curve r=/(0) in a certain range 
of 0, and let P l9 (r ly 6 x ), and 
P, (r, 0), be neighbouring points 
on the curve, where r — r 1 + Ar, 
6 = 0 1 -\- A0. Also, let the secant 
PP X R make an angle a with OP, 
and let P X L be drawn perpen- 
dicular to OP. 
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Assuming the existence of a definite tangent at each point of the 
curve, let P^ be the tangent at P v making an angle <p x with 
the radius OP v The angle cp between the tangent at any point 
and the radius to the same point is here defined to be the smallest 
angle of counter-clockwise rotation required to bring the radius into 
parallelism with the tangent ; it therefore lies in the range ( 0 , 71 ). 

Now the secant PP X R converges to the tangent P 1 T 1 as P moves 
up to P x (from either side) and hence a converges to 9 \ in this 
process. Thus tan a is a function of 6 which is continuous at P x 
provided we take tan cp x as its value there. 

Referring to Fig. 179, we have 


tan « = P ' L = r i einAd 

LP r l + Ar - r x cos A 6 ' 


( 1 ) 


The last expression in ( 1 ) is a continuous function 1 of 0 except when 
0 = 0 X . It is potentially continuous when 6 — 6^ for it can be written 
r x sin AO 

2r 1 sin 2 |A0 + Ar’ ° r 


sin A0 



where the terms in the numerator and denominator are all potentially 
continuous. The completing value is plainly 


{drjdd) x ’ (3) 

where, for the present, we suppose (dr/dO) 1 ^ 0 . 

Equation ( 1 ) shews that tan a has the same completing value, so 
that 

(4) 

Thus for any point of the curve at which dr/dd ^ 0 , we have 


, r dO 

t&n<}>= dr/d& =r dr' 


(«) 


If at the point considered dr/d0 = 0 , the above argument can be 
carried out for cot a to prove that 


cot<p = 


1 dr 
r dO 9 



1 Since Ad is equal to 0 - 0 V 
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and this shews that when dr/dd — 0 , we have cot 99 = 0. It follows 
that where r is stationary with respect to 0, the tangent is at right- 
angles to the radius, and conversely. 

The angle <p is called the angle of recedence or simply the recedent 
of the curve at P, as being the angle at which the point P recedes 
from the pole. Equation (5) shews that it lies in the range (0, \n) 
when dr/dd > 0, that is, when r is an increasing function of 0, and in 
the range (|tt, n) when dr/dd < 0, that is, when r is a decreasing 
function of 0. 

We can write (6) in the form 

cot ^ (log, r), (7) 

and from (5) we obtain the following results for the other trigo- 
nometrical functions of the recedent : 



There is no ambiguity of sign in (9) since sin cp is always positive, 
but in (10) we must take the positive or the negative sign according 
as dO/dr is positive or negative. 

It will be observed that in introducing the above convention for 
the measurement of the recedent cp it is not necessary to prescribe 
a direction for the tangent. Subsequently (Art. 281) we shall intro- 
duce the notion of a directed tangent and with it a more general 
convention for the measurement of 9? . The results (5), (6) are, how- 
ever, unaffected. 

202. 1 . Change of dependent variable. It is often convenient to 
change the dependent variable from r to its reciprocal. Writing 
u=zl/r } so that the equation of the curve is u = l/f(0), we have 


du ___ l dr 
dd~ ~r*dO’ 


( 11 ) 


and hence, from (5) and (6), 

, d6 l du 

Un ( p=-u^ > cot 


( 12 ) 


2 H 


M.B.M.A. 
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Ex. 1. Shew that if, in Fig. 179, P moves up to P lt P x Lj(rA0) and LP/Ar 
both converge to 1, and hence that P 1 P/ v / {(Ar) 2 + (rA0) 2 } also converges to 1. 
We have 


(i) 

(ii) 


lim 

P->Pi 


PJ, 
rAO ' 


■ lim 
A0-*»O 


sin AS 


AO 


1; 


.(13) 


lim ~ ~ = lim ( 1 + 
°-+p 1 A0—> 0 v 


r(l - cos A 0)\ 

Ai / 


= lim { 
A0-*O 1 


1 + r 


— lim ( 
A0— > 0 1 

sin(lAd) AO 


1 + 


2r sin 2 (|A 0)\ 


A r 


7 


since 


(iii) 


sin(|A0) AO 
*■ l ’ Ar ' 

I (P,P)* 


|(Ar) 2 +(rA0) 2 


|A 0 A r 
>0 as A 0 — >0 ; 
(LPy - (Ar) 2 + (PJ.y - (rAd) 


sin(iA0)}=l, ...(14) 


and sin(|A0) 




(Ar) 2 + (rAO) 2 

IWV 

\\rA0J 


1 


1 


and hence 


P P 

P 1 !™, V {(Ar) 2 + (rAO) 2 } 


= 1 . 


.(15) 

.(16) 


In the language of infinitesimals, the equivalent statements are that P X L, 
LP, P X P are ultimately equal to r SO , Sr and \/{((5r) 2 +(rdO) 2 }, respectively. 

202. 2. Working notions. The formulae (5), (6) can be easily recovered 
with the use of infinitesimals. Referring to Fig. 180, where PL is drawn per- 
pendicular to OP', the sides PL, LP' of the elemen- 
tary triangle PLP' are taken as equal to rSO, Sr, 
respectively, and the angle PP'L is treated as the 
angle between the radius and the tangent, that is, 
as the recedent at P' (or at P). While thinking of 
the relations tan ep =rS0/Sr, cot <p = Srj(rS0), which 
apply for this triangle, we write down the corre- 
sponding accurate results 

dd 1 dr 



tan ( f= r dr’ 


, 1 dr 

eot cp =- jq , 


which apply for the point P. 

Ex. 2. The spiral of Archimedes r ~a0. 
drjdO — a and therefore 


Here 


Fig. 180. 


tan ’’ = 3r735 = ®- 


.(18) 


Hence tan g? -> oo as 0 oo and the tangent is 
ultimately perpendicular to the radius. Referring to Fig. 1 62, p. 47 1, the value 
of <p at the point B is artan 2^r, or about 1-413 radians, that is, about 80° 57'. 


Ex. 3. The equiangular spiral r — ae ke , (a > 0). Here drjdO =kr , and hence 

(19) 

Thus the angle of recedence is the same for all points on the curve, which may 


, r 1 

tan ’’=*rj- 
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accordingly be called the spiral of constant recedent. The term equiangular 
is, however, traditionally employed in this connection. 


Ex . 4. The parabola — = l-cos0, (a>0). This is the equation of the 

curve when the focus is taken as the pole (Ex. 2, p. 477). Changing the 
dependent variable to u( — 1/r), the equation of the curve becomes 



2 au = 1 - cos 0, 

(20) 

and so 2 adu/dd =sin0. 

We now have, from equation (12), 



, sin0 , 

cot w = - r A = - cot 40, 

^ 1 - cos 0 2 

(21) 

and therefore 

<p —UTZ - |0, 

(22) 


where n is an integer chosen so that <p lies in the range (0, tz). 

For the description of the complete curve it is sufficient to restrict 6 to the 
range (0, 2 jz), and we then have 

(P-7Z -\Q (23) 

Ex, 5. The cardioid r ==a(l -f cos 0), (a > 0). Here dr/dO = - asin0, and 
hence, by equation (5), 

cot <p = - --- n -—a = - tan £0 (24) 

r 1+COS0 2 v ' 

Therefore <p = \d + \n +nn, (25) 

where n is an integer chosen so that (p lies in the range (0, tz). In order to 
obtain the complete graph it is sufficient to restrict 0 to the range ( - n , n ), 
starting from O (Fig. 181) where 6 = -n, and proceeding by way of A, B, G 
back to 0 where now 0 = n. On this convention 
we have, for all points on the curve, 

<p = l0+i7i (26) 

It will be observed that for the lower half 
OAB, (p has the range (0, Jrc), and for the upper 
half BCO, the range n). 

Ex. 6. The equation r m =a m sinrn0, (a > 0). 

Herer > Oonly ifm0 Iiesinarange(2n7i,2n7i4- tz). 

We find 

1 civ 

cot w = - -775 =: cot mO, (27) 

^ r dO v ' 

and hence, taking into account the above 
restrictions, 

op =m0 +2n'jz, .. 

where n' is an integer chosen so that <p lies in (0, n). 

The curves corresponding to different values of m are described, as a class, 
as sine spirals , and a similar description is applied to the curves given by the 
equation r m =a m cos md, which differ in position only from the former. The 
typical spiral character is, however, only exhibited by the curves for which 
m is a small fraction. 


C 
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We note the following special forms. 


m 

Equation 

Name 

m 

Equation 

Name 

i 

r =a(l 4-cos 0) 

Cardioid 


2a, 

— = 1 - cos 0 
r 

Parabola 

1 

r = 2a sin 0 

Circle 

- 1 

r cosO —a 

Straight line 

2 

r 2 — a 2 cos 20 

Lemniscate 

-2 

r 2 cos 20 — a 2 

Rectangular 

hyperbola 


202. 3. The polar 4 tangent ’, 4 normal \ 4 subtangent 4 subnormal ’. 
Let PT , PN be the tangent and normal at P (Fig. 182), and let a 
line through O perpendicular to OP meet these lines in T, N. In 
books on Geometry, the lengths PT, PN , OT , ON are called respec- 
tively the polar tangent , poZar normal , poZar subtangent , poZar 
normal , corresponding to the point P. We have the following 


results : 

(i) Polar tangent : PP=r^/|l j, (29) 

(ii) PoZar normal : PA = jr 2 + (^g) j, (30) 


(iii) PoZar subtangent : OP = r 2 


cZ0 _ 1 

eZr — j dufdd | ’ 


(31) 


(iv) Polar subnormal : 01^ = | 
i£r. 7. The spiral of Archimedes 


dr 

dd 


.(32) 


r=aO , (a > 0). Hero drjdO—a, and (32) 
shews that the subnormal has the 


constant length a, so that the point N 
(Fig. 182) lies on a circle of radius a 
and centre 0, This leads to a simple 
construction for the normal at any 
point P. For the point N is deter- 
mined by drawing a lino through O 
perpendicular to OP to cut the circle 
in question. 

203. Concavity and Convexity in 
Polar Coordinates. 

The notion of concavity (or 

Fig. 182. . . , J 

convexity) ot a curve with respect 
to an assigned direction has been introduced in Section III, Chap. IV, 
for curves in rectangular coordinates. Associating the positive side 
of a straight line with the half-plane entered by a point moving in 
the assigned direction when it crosses the line, we describe a curve 
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as concave (convex) with respect to the assigned direction at a 
point P on it when its deflection in the neighbourhood of P from 
the tangent there is on the positive (negative) side of this tangent. 

In dealing with curves in polar coordinates, the radius to the point 
considered, drawn outwards (or else inwards), naturally suggests 
itself as a suitable direction for the purpose of describing the form 
relative to the tangent at the point. Throughout this Book the 
outward drawn radius is chosen as the assigned direction, so that a 
curve is convex at P if its deflection in the neighbourhood of P 
from the tangent there is on the same side of the tangent as the 
pole. In briefer terms, we may describe a curve which is convex 
with respect to the outward drawn radius at a point as convex out- 
wards at the point. If a curve is convex outwards at all points in a 
range, we describe it as convex outwards in the range. 1 

We now investigate analytical conditions in polar coordinates for 
the determination of the local form of a curve relative to the tangent 
at the point considered. Let this be 


the point P l9 (r l9 OJ. We suppose, 
at first, that the tangent at P x does 
not pass through the pole. 

Let P, (r, 0), (Fig. 183) be any 
point on the curve, and let the 
radius OP be produced to meet, at 
T 9 the tangent P X T to the curve 
at P x . Denoting 01 7 by P, the form 
of the curve in the neighbourhood 
of P x can be inferred if the nature of 
the variation of the difference R - r 



Fig. 183. 


is known as P passes through P v If 

this difference is positive (negative) on both sides of P l9 the curve 
is convex (concave) outwards at P x ; if it changes sign, the curve 
crosses the tangent at P 1? which is then a point of contraflexure. 

In place of the difference R - r we can work with the difference 
* - X R , or u - U, say, where u — \fr 9 U = 1/P, and this is found to be 
the most convenient procedure for the analytical discussion. This 
difference is expressed in terms of polar derivatives 2 * * * (of the form 


1 Curves in polar coordinates are sometimes described as concave (convex) with 

respect to the pole. A curve which is concave outwards under the convention intro- 

duced above would thus be described as convex with respect to the pole. 

a As in the corresponding case of rectangular coordinates, we assume that all the 

derivatives introduced are continuous. 
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d k ujdO k ) by applying the general I.D.T . , and the investigation of the 
variation of the difference as P passes through P x is actually replaced 
by the investigation of the sign, at P l9 of an expression involving 
polar derivatives. 

In the triangle OTP x we have lP x OT — 0 -Q x — AO, lOTP 1 —<p 1 - AO, 
and hence 

iL _ = Ti (l) 

sin (n -(p x ) sin (<p x - AO) 

Therefore 

u-TJ — u -^cos AO + w 1 cot<p 1 sin A0, (2) 

or, writing y for the variable AO , we have, on recalling the result (12), 
Art. 202. 1, 

u - U — u -%cosy “(^) sin y~F(y), say (3) 

Now by the I.D n .T. we have 

F(y) = F( 0) + yFW(O) + . . . + £ F™(y), (4) 

where y lies in the range (0, y), and from (3) we have 

~ w » d n u ( n \ (du\ . ( n \ 

F (y) = dy - " ^ C0S V + 2 *)~ xm A sm V + 2 n ) (6) 

^n u fln u 

Also 1 =^ n , and hence, if k is any positive integer, we have 

w 

=(m>i - “■ cos (r+i*)- (m),, 8in (y +s*)- -< 7 > 

Observing that P(0) = 0, P (1) (0)=0, equation (4) thus leads to the 
result 

- HS {(SO, W+0S O, +(»),)+••• 

+ «i (S^ 003 0* + 2 71 ) - (S(, 8 * n 0* + 1* 1 )}’ -(»> 

tvhere the bar indicates that the value of the expression in braces is 
jo be taken at some intermediate point of the range (0 l9 0). 

Suppose now that (d 2 ujd0 2 )o x + u x ^ 0, and take n — 2, so that 

u-U = \y* {g + u, cos y + sin y} (9) 

1 We have = = , and similarly for the successive derivatives. 
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Since u and its derivatives with respect to 0 are assumed continuous 
at 0 l9 there is a neighbourhood of this point within which the expres 
sion in braces has the same sign as at the point 0 l9 (y = 0). It follows 
that in this neighbourhood the difference u -U has the same sigi 
as (dPujdd^+u^ If this sign is positive, then u>U or R>r oi 
both sides of P l9 and the curve is convex outwards at P x . If th< 
sign is negative, the curve is concave outwards at P x . 

Suppose next that (d 2 u/d0 2 ) ei +u 1 = 0 but (d*u[dd*) ei + (du/dd) dl ^ 0 
Employing the I.D 3 .T. we conclude that the difference u -U, anc 
therefore R -r, changes sign with y, i.e. as P passes through P x 
which is now a point of contraflexure. If the sign of the above non 
vanishing term is positive (negative) at P l9 the curve is concavi 
(convex) outwards for 0 < 0 l9 and convex (concave) outwards fo 
0 > 0 1 . 

We may now state generally that if the first non-vanishinj 
derivative of F(y) at P x is odd, P x is a point of contraflexure, whil 
if even, the curve is convex or concave outwards according as th< 
sign of the derivative there is positive or negative. 

It is usually unnecessary to proceed beyond the third derivativi 
criterion, and we have the following summary of results 1 : 


(i) Second Derivative Criterion. The curve is convex or concavi 
outwards at P according as 



is positive or negative at P. 


(ii) Third Derivative Criterion. If the above expressions vanish 
the form of the curve changes from concave (convex) outwards tc 
convex (concave) outwards with increase of 0 if 


d z u du 
dd s + dd’ 


or 




' dd 3 ’ 




+ r 


or 


■wi 

m dr) / 


0 d*d( d*6 n dd\ „ddd 3 0 
* r dA r dF* + 2 dr) +r drd? 


(-) 

\drJ 


.(11 


is positive (negative) at P. In either case there is a point of contra 
flexure at P. 


\The third form in each case is obtained from the second by employing th 
results of Art. 89. 3. 
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Ex. 1. The equation r =a/ N /0, (a > 0). Here we have au — s/0, so that 

du_ 1 d 2 u _ 1 d 3 u _ 3 

d6~2a¥r if dd 2 ~'4a0 3 J 29 W~^aB 3 f 2 ' 

We now find 

d 2 u 1 . £2 v d z u du 3 1 ^12^ 

dd 2+U== “4^~ 3 72 (1 >> dO 3 + dO" Sad*! 2 + 2a0V^ 1 ' 

The first of these expressions vanishes when 0 — 1/2, and then the sign of the 
second expression is positive. The point (a>J 2, £) is thus a point of contra- 
flexure, the curve being convex outwards when 0 > 4 and concave outwards 
when 0 < 

The curve is of spiral form and is known as the Lituus. Portion of it is 



r-a/s/d. 


shewn in Fig. 184. We observe that as 0-> 0, r-> oo , while as 0-> oo , r-> 0. 
Also, 

tan (p— -u ( ^ = -20, (13) 

and at the point of contraflexure this gives tan ep — - 1, so that the value of 
the recedont there is 


203. 1. Exceptional cases, (i) Tangent through the pole. At the point P x 


concerned we now have (p = 0, tan^=0, i.e. 


• = 0, and since r=h 0, by 


drjdO 

supposition, we must have |dr/d0l=ao, Two possible cases arise, as illus- 
trated in Figs. 1 85, 1 86. In each there is a change from concavity to convexity 

with respect to the outward drawn radius 
as we pass through P, but in the second 
case the radius r is not a single-valued 
function of 0 in the neighbourhood of P. 

We can discuss the form of the curve 
at P directly by introducing r as the 
independent variable, 0 being in each 
case a single-valued function of r . At 
P we have dQjdr — 0, and if d 2 0fdr 2 =£ 0, the 
stationary value of 0 corresponding to P 
is either a maximum or a minimum. In 
Fig. 186, d 2 0/dr 2 > 0, and 0 is a minimum. If, however, d 2 0fdr 2 = 0, d 3 Qjdr 3 ^ 0, 
we have a point of contraflexure, as in Fig. 185. The discussion of higher 
derivative criteria in such cases is left to the student. 



0 * 
Fig. 185. 



Fig. 186. 
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(ii) Curve through the pole. The curve is now always convex outwards 
in the neighbourhood of the pole, whether this is a point of contraflexure or 
not, as illustrated in Figs. 187, 

188. This case is considered 
analytically in Art. 204. 2 below, 
where also a formula for the cur- 
vature at the pole is investigated. 

204. Curvature in Polar Co- 
ordinates. 

If the equation of a curve 
is r—f(Q) and its curvature 
at any point is required, we 
might proceed to find the 
corresponding equation of the 
curve in rectangular coordinates and then use the formula for the 
curvature already obtained, Art. 133. It is, however, usually more 
convenient to employ a formula involving polar coordinates and 
derivatives, and we proceed to investigate the standard formula of 
this type. 

The question of an appropriate convention for the sign of the 
curvature must first be considered. This is practically settled in the 
above discussion of convexity and concavity, for we can hardly 
avoid making the sign of the curvature the same at all points where 
the curve is convex (concave) outwards. It only remains to decide 
whether positive curvature is to correspond to convexity or to con- 
cavity outwards. We adopt the former alternative, that is, the 
curvature is to be positive or negative according as the curve is 
convex or concave with respect to the outward radius. 

This convention is directly connected with the second main 
convention for the sign of the curvature of a curve, as explained in 
Art. 133. 1. On this latter convention we suppose a curve described 
by the continuous motion of a point on it in a definite sense, and 
we draw rectangular axes Px', Py ', the former being along the 
tangent and in the sense of description of the curve at P, the 
latter being obtained by counter-clockwise rotation through a 
right-angle from Px ' . The sign of the curvature is then determined 
relative to these axes, being positive (negative) when the curve is 
concave (convex) relative to the direction Py It is evident that 
these axes may be replaced by any system of parallel axes, so 
long as their directions are unchanged. In the present case, if we 
take the sense of description to be that corresponding to 6 increasing, 
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and draw axes of x' and y ' as described, a curve which is convex 
with respect to the outward drawn radius at a point is concave with 
respect to the axis of y\ and will, therefore, have positive curvature. 

The standard formula for k in terms of the variables r, 0 and 
their derivatives can be obtained in various ways. We may, for 

example, transform the ordinary formula the 

of the relations x~r cos0, y=rsin0. The treatment given here 
illustrates the use of the original measure of the curvature as the 

rate of change of gradient with 
respect to the tangent at the 
point considered. 

Let AB (Fig. 189) be a curve 
which is convex outwards in the 
neighbourhood of P ly (r l9 0 ± ), 
the point at which the curvature 
is to be investigated, and let 
P, (r, 0), be an adjacent point. 
The tangent P X T is drawn at 
P l9 and 00' is the perpendicular 
to it from 0. The sense of 
description of the curve being 
supposed counter-clockwise, as 
indicated, we draw the axes O'x', 
O'y' in the directions shewn, the 
point O' being chosen as origin 
instead of P x for convenience. 
The slope of the tangent at P relative to O'x' is xp' , and if O'N =x', 
where PN is perpendicular to O'x', we have, from the definition of 
Art. 131, 

_/d tany'\ __(dxp'\ 

Kl ~\~dx'/p t -\dx'Jp l ’ 

since y>’ = 0 and sec 2 y'~l at 1\. Introducing the intermediary 
variable 6, we can write this in the form 



( 1 ) 



Now, from the Figure, we have (p=y>' + lPTN = ii)' +<p 1 -(0 -0 X ), 


so that 

ip' = 6 -0j +<p - 9 ?! (3) 

Also x' = OP cos lPTN = r cos (tp 1 - 6 + 6 t ) (4) 
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df' _ dtp 

dd~ + dd’ 


dx' dr , 
dd^dd 008 ^ 1 


-0 + 0 X ) + rsin fa -0 + 0 x ) (5) 


At P x we have 0 = 0 X and hence 

(fjn) = (^g cos <p + r sin cpj = (r cot cp cos <p + r sin cp) Pl = r x cosec 9 ^. ( 6 ) 


A 


Thus equation ( 2 ) becomes 

n+WM ) 

\r cosec 92 ^ 

Further we may write 

, dw _ . 0 dcotw . 0 / o dcotw\ 

l+ M =l f’-de = Bln ’ , ( coseo f-~r) 

—v{‘^ (5)’ -»(;»)} 

w 


and the formula (7) becomes 


( » nfdr\ 2 d 2 r) 
| r +2 W ~ r d6 2 



Kl [ r 3 cosec 3 (p J 

Pi 

MST J 


.(9) 


Dropping the suffix, we thus have as the standard formula for the 
curvature at any point, 


9 o fdr\ 2 d 2 r 
r +2 \d0 ) ~ r d0 2 

r+y } 


.( 10 ) 


The radius of curvature q at any point is the reciprocal of the 
magnitude of k. 

It should be noticed that if the curve AB is concave outwards at 
P l9 the slope tp' at P, for which 0>0 1? lies in the range ( \n , n). We 
now have y>' =<p + 0 - 0 X + n -<p l9 and dtp'/dd is negative, but the final 
result is unaffected. 

If we introduce u as dependent variable, where u = l/r, then 

dr _ 1 du d 2 r _ 2 / du \ 2 1 <Pu 

dd~~u 2 dB 9 dd 2 ~u*\dOs ^u 2 W 9 
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v? 



k — 



duyyi*’ 

deJ j 
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( 11 ) 


which is sometimes a more manageable form. 


204. 1. Working notions. The formula (11) for the curvature is easily 
derived informally from Newton’s formula, with the aid of the formula (9) of 


Art. 203, namely 

n - u = fr* (S +m > cos * + (SI, sin ( i2) 

In Fig. 189 we take 

PN =PT sin LPTN^(E -r)sin - ?7)sin<^ 1 

» Jr,Vsin ¥>>(^ + u ) i ( 13 ) 

and (P 1 A) 2 «(P 1 P) 2 »r 1 2 sin 2 y/sin 2 (^ 1 (14) 


Hence 


2 PN _ 1 ( d*u \ 

P,N ™ o eos °c 3 V , 1 Vrf6 2 +U Ji 


where cosec 2 



i + L 


fduy\ 

\dd) fi 


(15) 


Ex. 1. The spiral of Archimedes r - 
and hence, by (10), 


-a0, (a> 0). Here dr/dO=a , d 2 r/d0 2 = 0, 


1 + 2a 2 


(r 2 + a 2 ) 3 / 2 * 


.(16) 


P#. 2. P/ie cardioid r=a(l+cosO), (a>0). Here we have dr jdO = -asinO, 
d 2 r/d0 2 = -acosO, and the formula (10) leads to the result 


3 3 

2 s/(2ar) 4a | cos $0 | 


(17) 


If, as in Ex. 5, Art. 202. 2, p. 483, we restrict 6 to the range ( - n, n ), which 
is sufficient for the description of the complete graph, the modulus signs may 
be omitted in (17) since cos JO is positive throughout. 


Ex. 3. The equiangular spiral r = ae 6cota , (a> 0). Here wo have 
dr jdd —r cot a, d 2 rldd 2 ~r cot 2 a, 



and (10) leads to the result 


The radius of curvature is thus equal to 
r | cosec a |. Referring to Fig. 190, which re- 
presents a portion of the spiral for which a 
lies in the range (0, Jtt), PC is the normal at 
P and OC the perpendicular to OP. Thus 

CP = OP cosec oc —r cosec a, (19) 

so that C is the centre of curvature at P. 
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204. 2. Failing cases, (i) Tangent through the pole. In this case drjdd is 
infinite and the above formula (10) is not then applicable. 

If we introduce r as independent variable, writing 

dr _ 1 d 2 r d 2 6jdr 2 

d0~ddjdr 9 d0~ 2 ~ ~(dd/dr)*' 

the curvature at any point is given by 




( 20 ) 


In the case under discussion ddjdr—0 , and (20) therefore gives 


K 


d 2 6 

~ r dr 2 9 


(21) 


but it must now be noted that the sign of the curvature changes as we pass 
through the point ; see Figs. 185, 186. The formula (21) must therefore be 
taken as giving only the magnitude of the curvature at the point. 

If d 2 6jdr 2 =0, k =0 and the point is, in general, a point of contraflexure. 


(ii) Curve through the pole. The angle 0 is now undefined at the pole 0 
and is, in general, discontinuous in passing through it. Also, the radius r is 
at the lower terminal 0 of its range there. In consequence we must consider 
separately each of the parts, such as OA , of the curve 
proceeding from O (Fig. 191). Considering this part, it 
is convenient to tako r as independent variable, and we 
suppose that the angle 0 converges to a definite value 
when the point P, (r, 0), moves along CM up to 0 so that 
there is a definite one-sided tangent at 0 to the branch 
OA. We suppose, further, that the derivatives of 0 with 
respect to r which are introduced are continuous in a 
neighbourhood of the pole and that they converge to 
finite limits when P moves up to 0. 

If we now introduce rectangular coordinates at 0 with 
Ox along the tangent to OA and take Ox as initial line 
in the polar coordinates, 0 converges to 0 when 0 is approached. It is easy 
to see that, on the assumptions made, the derivatives of y with respect to x 
are continuous and converge to finite limits as O is approached. For, from 
the relations x =r cos 0, y — rsin 0, we have 



dy _dyt dr 
dx~ dx I dr 


sin 0 + r cos 0 


cos 0 - r sin 0 


dO 

dr 

TB’ 

dr 


( 22 ) 


and so on. The denominator of the expression for dyjdx does not vanish 

in a range terminating at 0 since cos 0 -> 1 and r sin 0 ^ -* 0. Thus dyjdx 

converges to a finite value, namely 0, and corresponding results will be 
arrived at for the higher derivatives. 
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We can now use the two /.D w .jF.’s 


2 ! \dr 2 


<24) 

where, in each case, all the derivatives, except the last, have the values to 
which they converge when r, or x , converges to 0. 

Since 0/r-> (ddldr) 0 and 

y _ sin0 _0 sin 0 1 

x 2 ~ rcos 2 6~ r 0 cos 2 0* 

y\x 2 converges to the same value as 0/r, that is, to (dd/dr) 0 . But from (24), 
yjx 2 -> i{d 2 y/dx 2 ) 0 , and hence we must have 


In the same way, if (dd/dr) 0 — 0 we find that 0/r 2 and yjx 3 converge to 
i{d 2 Q/dr 2 ) 0 , and hence that 


So, generally, if £ = ^ =...= 


= 0 we find that 


n + 1 \da; n+1 


The results of investigations already made, in terms of rectangular co- 
ordinates, of the nature of a curve in the neighbourhood of a point can now 
be expressed in terms of polar coordinates. In particular, 

(i) the curvature at 0, which is measured by lim — f , is given by 


= 2 lim - = 2 


(ii) the deflection of the curve from the tangent at 0 is of the order of 
x n if d n ~ 1 6/dr n ~ 1 is the lowest derivative which does not converge to zero at O. 

Throughout the preceding investigation we may, if convenient, take tan0 
or sin 0 as the dependent variable, the conditions stated taking the same forms 


as above with 


d n tan 0 
dr n 


d n sin 0 


substituted in place of 


If the initial line makes an angle a with the tangent at 0 and 0' is the 
polar angle relative to a new initial line along the tangent, we have 0 =0' + a , 
, d»d tf*0\ . , . , . 


and therefore — ^~n * ^he results involving derivatives with respect to r 

obtained above are therefore unchanged on introducing 0 instead of O' as 
dependent variable. 

If the equation of the curve is r =/(0), we have ^ ^ the tangent at 
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the pole makes an angle a with the initial line, the curvature there of the 
branch considered is given by 

Ko= fW (29) 

Ex. 4. Investigate the curvature of the circle r = 2asin0 at the pole. 

We ha ve/(0) = 2asin0, f'(0) = 2acos0. 

Consider the branch OA (Fig. 192). For it 0-* 0 as we approach the pole, 
and therefore the curvature there is given by 

2 1 


*o : 


?'(o r 


.(30) 


For the branch OB, 6->n as we approach the 
pole, i.e. a = 7i. We now have 

*‘=/7rr-« (31 > 

The difference in sign of these results is accounted 
for by the fact that, according to the method of 

treatment, the sign of the curvature is decided by the form of the curve 
relative to the direction of the corresponding ?/-axis. In the first case the 
y - axis is towards the centre of the circle and in the second in the opposite 
direction. 



Ex. 5. Investigate the form of the lemniscate r 2 =a 2 cos20, (a>0), in the 
neighbourhood of the pole. 

We have, on differentiating with respect to r, 

r— -a 2 sin20^, 1= - 2a 2 cos 20 - a 2 sin 20 (32) 

As r-> 0, cos 20 0 and hence sin 20 -> ± 1. The orientations of the tangents 

at 0 are thus ±^n. For each branch we have ( dO/dr) 0 =0, so that the curva- 
ture for each is zero at O. 

Consider the branches along which sin 20 1. For each of them we have, 
from (32), (d 2 0ldr 2 ) o = - l la 2 , and hence the deflection of either branch from 
the tangent at 0 is of the order of x 3 , where a; is a small distance along the 
tangent to either branch. The pole is thus a point of contraflexure for 
the combined branch consisting of the two portions described. A similar 
result holds for the other combined branch through O corresponding to 
sin 20 -> - 1. 


Ex. 6. Investigate the nature of the curve r 2 = tan0sec 2 0 at the pole. 

[Write r 2 = 2(1 +J 2 ), where t =;tan0, and work with t as dependent variable. 
The curve is a cubic parabola.] 

Ex. 7. Investigate the nature of the curve r =acos 2 0 -6sin 2 0 in the 
neighbourhood of the pole. 

[At the pole each branch proceeding from it has a finite curvature, although 
the pole is a point of contraflexure for each of the two combined branches 
along which the gradient is continuous.] 
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205. Centre of Curvature in Polar Coordinates. 

Let <7, the centre of curvature at P, (Fig. 193), have coordinates (r c , 0 C ). 

By projection along and perpendicular to OP, we 
obtain the results 

r =r c cos(0 c -6) +gsin<p, (1) 

0 =r c sin (6 C -0) - pcos g?, (2) 

and from these we obtain the equations 



r c 2 ~r 2 + Q 2 - 2rQ sin (p, tan(0 c -0) = — 


q cos (p 


(3) 


- q sin (p 

which give the required coordinates. 

In the Figure, k is positive and we can write, in 
place of equations (3), 


-■r 2 +— 2 -2- sin (p , 


tan(0 c - 0) — 


cos (p 

kv - sin (p ' 


.(4) 


Moreover, these equations, but not (3), can be shewn to be true when k is 
negative. 


206. Extreme Distances of a Point from a Curve. 

Taking the point considered as the origin of coordinates, let r =f(0) be the 
polar equation of the curve. The condition that the radius r 19 of polar angle 0 l9 
should be a stationary radius to the curve is ( dr/dO) 1 =0, or f'(Qx) =0. Since 
(drldO)x —r 1 cot < p l9 where (p 1 is the recedent at (r u 0 X ), the condition is (p l — 
so that the radius must be a normal to the curve at that point. The stationary 
distance r 1 is a maximum (minimum) if (dV/dO 2 ^ is negative (positive). Now, 
since ( drjd0) l =0, the curvature of the curve at (r x , OJ is given by 



so that (d 2 r/dd 2 ) 1 ~r 1 ( 1 The stationary distance is therefore a maxi- 

mum if 1 - K 1 r 1 < 0. To satisfy this condition tho curvature must be towards 
the pole and the radius of curvature must be less than r 19 that is, the centre of 
curvature must be between the pole and the curve. The stationary distance 
is a minimum if 1 - k x r x > 0. The curvature is then away from the pole or else 
tho radius of curvature is greater than r l9 so that the pole lios between the 
centre of curvature and the curve. 

If the centre of curvature is at tho pole, so that 1 -K 1 r 1 = 0, (d 2 rldd 2 ) 1 = 0 
and the stationary distance is neither a maximum nor a minimum unless 
( dK/dd ) 1 =0. If ( dK/dd ) 1 = 0, the distance is a maximum (minimum) if (d 2 K/dd 2 ) 1 
is positive (negative). The proofs of these statements concerning the critical 
case are left to the student. 

Ex. 1. Shew that the distance of a point on the major axis of an ellipse from 
the nearer apse is a minimum if the point lies at the corresponding centre of 
curvature or between it and the apse. 
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SECTION II. THE LINE-EQUATION OF A CURVE. CURVATURE 
IN LINE -COORDINATES 

207. Line-Coordinates. 

In elementary Analytical Geometry it is usual to regard the 
points of the plane as the fundamental elements, a straight line or a 
curve being regarded as defined by the points on it. From this 
standpoint, the coordinates 1 which are introduced are quantities 
which define the positions of points, and they are accordingly called 
point-coordinates. A straight line or a curve is then defined by a 
point-coordinate equation. 

It is sometimes more convenient to treat the straight lines of the 
plane as the fundamental elements, a point being then defined by 
the intersection of two straight lines, and a curve by the straight 
lines which touch it, i.e. by its tangents, the curve being then 
referred to as the envelope of its tangent lines. From this stand- 
point, the coordinates which are introduced are quantities which 
define the positions of straight lines, and they are accordingly called 
line-coordinates. A point or a curve is then defined by a line- 
coordinate equation , as will be seen presently. 

The coordinates of a line have been chosen in various ways. If 
rectangular axes are drawn, we note, in particular, that the following 
sets of coordinates may be taken as specifying uniquely the position 
of a line in the plane : (i) The intercepts a, b, say, cut off the axes 
Ox , Oy by the line. It is, however, more convenient to employ as 
coordinates the reciprocals l, m, say, of these intercepts, 2 the point- 
equation of the line then becoming lx A my — 1. (ii) The above 
intercept b and the gradient g of the line with respect to Ox. The 
point-equation is then y —gx + b. (iii) The slope xp of the line relative 
to Ox and the perpendicular p from the origin on it. The point- 
equation is then xsinxp -y cos xp=p. We shall take y) to lie, as 
usual, in the range (0, n), and p will then be positive (negative) if 
O is on the negative (positive) side of the line with respect to the 
direction Ox, i.e. if 0 is to the left (right) of the line. 

Suppose next that the position of the line is to be specified relative 
to a pole 0 and an initial line Ox, the point-coordinates in the plane 
being of the polar type. Suitable line-coordinates, corresponding to 

1 The meaning of the word coordinates is here extended to cover quantities of any 
nature by means of which the position of a configuration is specified. 

2 In Analytical Geometry, l , m are usually taken as the negative reciprocals of 
the intercepts chiefly for the sake of symmetry when proceeding to other types of 
coordinates (e.g. homogeneous coordinates). 

2 i 
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the above pair (p, y>)> are then obtained if we treat the perpendicular 
p as a positive radius and replace \p by the polar angle, co say, of 
that radius. 

The connections between the above sets of coordinates are shewn 




in Figs. 194, 195. In Fig. 194, a> 0, 6>0 and in Fig. 195, a< 0, 
b > 0 . We have 

l — 1/a, m = l/6, g — tan ip = -b/a— - l/m , 
p—a sin ip = -6 cost/;. 

From these we find 


l — (sin ip)/p, - (cos xp)jp (1) 

We observe that p has the sign of a, which is in agreement with the 
convention laid down in (iii) above. 

For the polar type of coordinate-pair (p, co), p being now positive , 
we observe that the difference of the angles co, ip is always an odd 
multiple of We now have p = a cos co = 6 sin co, and hence 

l — (cos oj)/p } m — ($in(o)/p, (p> 0) (2) 

The one-one correspondence of line and line-coordinate-pair (l, m) is lost 
if the line passes through the origin, i.e. if one or both of the coordinates l, m 
becomes indefinitely great. There are three cases, (i) A line along Ox is 
definitely specified by coordinates (l, oo ), where l may have any finite value ; 
(ii) a line along Oy is definitely specified by the coordinates (oo , m), where m 
may have any finite value ; (iii) a line in any other direction through 0 
corresponds to coordinates (oo, oo) but its direction is not defined by such 
(infinite) coordinates. A knowledge of the (limit of the) ratio //m is here 
required to determine the direction. A line along an axis may be supposed 
defined in this way, the ratio i/m being 0 in case (i) and oo in case (ii). 

It should be observed that when lino -coordinates (p, ip) are employed, 
there is no loss of one-one correspondence in the above cases since in them 
p = 0 and the value of ip specifies the slope of the line. 
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208. The Line-Equations of a Point and of a Curve. 

We may now employ the line-coordinates (l, m) in order to explain 
the definition of a point or a curve by a line-equation. 

The (1, m) line-equation of a point is the relation that must hold 
between Z and m in order that the line (Z, m) may pass through it. 
Let (x l9 y x ) be the point considered. The point-equation of the line 
being lx + my = 1, this passes through (x l7 y x ) if, and only if, 

lx x + my 1 — 1 (1) 

This is therefore the line -equation of the point (x 1} y x ). Conversely, 
a relation of the form 

lh + mk = 1 (2) 

defines a point (h, Jc) through which the line (l, m) passes if the 
relation is satisfied. Thus the line-equation of a point is linear in 
the line-coordinates. 

Consider next the case of a curve. Here the (Z, m) line-equation is 
the condition that the line may touch the curve. 1 If we take any 
value of Z, corresponding to a definite 
intercept of the line (Z, m) on Ox , we 
shall have to adjust the intercept 1/m 
on Oy in order to make the line touch 
the curve, as in Fig. 196. In other 
words, m is a function of Z. Conversely, a 
relation between Z and m, say /(Z, m) =0, 
defines a curve, for, corresponding to 
each value of Z (in a range) the relation 
determines a definite value, or set of 
values, of m, i.e. a definite set of lines, 
and a definite curve is specified by the 
condition that it is touched (or enveloped) by all the lines so found 
for all the values of Z (in the range). 

Ex. 1. The circle x 2 +y 2 =c 2 . This is touched by the line lx +my = 1 if the 
perpendicular from O on this line is equal to c, that is, if 1 l*/(l 2 +m 2 ) =c, or 

Z 2 -f -m 2 = l./c 2 (3) 

This is therefore the (l, m) line-equation of the circle. 

Ex. 2. The equation lm — 2. If we give to l a succession of values, the 
corresponding values of m can be determined at once and the system 

1 The preceding case is to be regarded as a limiting one in which the curve shrinks 
up to a point. 

2 1 2 
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of lines drawn. This has been done in Fig. 197 corresponding to the values 
± 1, ± L ±1, ±2, ± 3 ; ± 4 of l. It is shewn in Art. 210. Ex. 1, that these lines 



Fig. 197. 
lm— 2 . 


envelop a rectangular hyperbola, and 
the given ecpiation is thus the (Z, m) 
line-equation of this hyperbola. 

209. Determination of the Line- 
Equation of a Curve. 

209. 1. Cartesian equation 
given. Let the point-equation 
of the curve be y=f(x). If 
( l , m) are the line-coordinates of 
the tangent at (x, y ), we have 
lx + my = 1 , that is, 

lx + m,f(x) — 1 (1) 

Also the gradient g at this point 
is the same as that of the 
tangent, or 

f(*)= -ih (2) 


The required (Z, m) equation of the curve is found by eliminating x 
between these equations. 

If the Cartesian equation of the curve is given in the form 
f(x,y)= ~0 9 the required (Z, m) equation is to be found from the 
equations 

lx-{-my — 1, l + mdy\dx — 0, f(x,y) = 0, (3) 


the derivative dyjdx being obtained from the equation = 0, 

(Art. 82). X V X 

dv b 2 x 

Ex. 1. The ellipse x 2 /a 2 + y 2 jb 2 = 1. Here we have — - a2 ~ » and, corre- 
sponding to the first two equations in (3), we have ' X ' 


These give 


lx+my — 1, mb 2 x -lahy — 0 (4) 

l = i m 

la 2 mb 2 l 2 a 2 +m 2 b 2 ' ' 


and on substituting the values of x , y given by (5) in the original equation, 


we find, as the required (Z, m) line -equation of the ellipse, 

l 2 a 2 + m 2 b 2 = 1 (6) 

With the aid of the relations (1), (2), Art. 207, we find as the ( p , y) equation, 

a 2 sin 2 yj + b 2 cos 2 y> —p 2 , (7) 

and as the (p, co) equation, (p now positive), 

a 2 cos 2 co -f 6 2 sin 2 co =p 2 (8) 
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Ex. 2. Obtain analytically the following line -equations for the circle 
x 2 +y 2 -2ax — 0, (a> 0) : (i) a 2 (l 2 +m 2 ) =(1 -al) 2 , (ii) p —a (sin y) ± 1), (iii) 

p =a (cos co + 1), (p>0), where in (ii) the positive (negative) sign is to be 
taken when the origin is on the negative (positive) sido of the tangent rolativo 
to Ox. 

[The (p, co) equation is easily obtained geometrically. Lot C be the centre 
and draw OT perpendicular to the tangent PT at P. Then if CT' is perpen- 
dicular to OT , we ha vo 

p ~OT —OT' + T'T ~OT' + CP = a cos co + a.] 


209. 2. Polar equation given. Let the point-equation be now 
r~f(6). In obtaining the line-equation 
it is natural to employ the line-coordi- 
nates (p, c o) of polar type. Referring to 
Fig. 198 and recalling the result (9) of 
Art. 202, we have 

{f(0)V 


p = rmiup- 


VKW+tfW] 




and, since w — fP n,(n & n integer), 

we have taneo= -cot ip. From the 
relations x — r cos 0, y — r sin 6 we find 

dr 



tan xp 


_ dyjdO __ dO 


tan 0 f r 


dx dO dr . n 
1 m - r tan 0 
du 


.( 10 ) 


and, therefore, writing /(0), f'(0) for r, drjdO, 


tan 

f(0)+f(0) tan O' 


( 11 ) 


The required (p, m) equation is the result of eliminating 0 between 
the equations (9) and (11). 


Ex. 3. The circle r — 2a cos 0, (a>0). Hero we find, from (9), (11), 

p =a(l +cos 20), tanco=tan20 (12) 

The required equation is therefore p =a(l + cosco). See Ex. 2, (iii), above. 
Ex. 4. The cardioid r—a( 1 + cos0), (a>0). We now find 

p=2acos 3 £0, tan co = tan §0 (13) 

As before, if we restrict 0 to the range ( - n, n ), which is sufficient for the 
description of the complete curve, and if we take to = :j0, the range of co is 
( -§7t, §7i)> and the (p, co) equation becomes 

p = 2a cos 3 Jco. 


(14) 
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210. Determination of the Point-Equation of a Curve from the Line- 
Equation. Envelopes. 

Let the line-equation of the curve be m=f(l). Consider two 
tangents (l, m), (l + A l, m + Am) to the curve. Their point-equations 
are 

lx+f(l)y = 1, (l + Al)x + {f(l)+Af(l)}y = l, (1) 

and these are satisfied by the coordinates, (#*, y*) 
say, of their point of intersection P* (Fig. 199). 
We thus obtain the equations 

lx*+f(l)y* = 1, AZ. x* + A/(Z) . y* = 0, ...(2) 
the latter of which can be written in the form 



X * I y* 

x + AZ y 


: 0, or, on employing the I.D^T., in 


the form 

x*+f(l)y* = 0, (3) 

where Z lies in the range (l, Z-f AZ). 

Suppose now that the second tangent moves 
up to coincidence with the first, so that P* 
moves up to P on the curve. Then /'(Z) ->/'(Z), and we thus have 
the equations 

lx+f(l)y = l, x+f(l)y = 0, (4) 

which hold for any point P, (x, y), on the curve. On eliminating l 
between them we get the required ( x , y) equation of the curve. 

It will be observed that the second equation in (4) is obtained 
from the first by differentiating with respect to l , keeping x } y 
constant. 

If the line-equation of the curve is given in the implicit form 
/(Z, m) — 0, the (x y y) point-equation is obtained by eliminating Z, m 
between the equations 


lx + my= 1, x + ~y = 0, = 0, 


.(5) 


the derivative dmjdl being given by the equation || + ~ = 


The curve, regarded as defined by the system of lines which touch 
it, is called the envelope of the system. The argument applied above 
shews that the curve may also be described as the locus of the points 
of intersection of coalescing lines of the system. 

If the relation between Z and m is expressed in the parametric 
form Z= 9 ?(A), m =%(/.), the equation lx + my -1=0 becomes 
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<p(X)x + %{X)y - 1 =0, where the left-hand side is a function of x , y 
and X, say f(x , y , A). The application of the above argument now 
leads to the equations 

/(*, y, A)=0, ^f(x, y, A) =0, (6) 

and the point-equation of the envelope follows on the elimination 
of X. 

This process can be generalized to cover the case in which the 
system of straight lines is replaced by a system of curves. Let this 
system be given by an equation f(x, y, X) = 0 for a range of the para- 
meter X, the particular curve corresponding to a value X ± of X in this 
range being thus given by f(x , y, A x ) — 0 . Then the equations (6) 
define the locus of the points of intersection of coalescing curves of 
the system. As in the case of a system of straight lines, this locus 
may be shewn to be touched by each of the curves of the system, 
and it is called the envelope of the system. 


Ex. 1. Shew that if the lino -equation of a curve is 2>=f( y>), the point- 
equation is found by eliminating ip between the equations 

#sin^ - y cos ip —f(ip), x cosip + ysimp ~f'(ip) (7) 


Ex. 2. The equation lm — 2. Here m -\-ldmjdl— 0 and the equations (4) 
become 

lx+?ny — 1, lx~?ny= 0 (8) 

Therefore lx —my =% and the point-equation is 8#?/ = l. Thus the curve 
(envelope) is a rectangular hyperbola ; see Ex. 2, Art. 208. 


Ex. 3. The equation 
equations (4) become 


75 + — s = l. Here we have J - +— and the 
l l m 2 l 3 m 3 dl 

lx+my = 1, l 3 x-7n 3 y— 0 (9) 


T-T x —V — 1 _ 1 

enCe m 3 ~~ l 3 ~ lm (l 2 +?n 2 )~ l 3 m 3 
line-equation gives, for the point-equation, 

x 2 ! 3 — {~ 2/ 2/3 — !. 


Thus x =4 , y - - — - , and substitution in the 
/ 3 9 * m 3 


.( 10 ) 


This represents an astroid. 

Ex. 4. Find the envelope of the parabolas 

x 2 - 2Xhy - X 2 k 2 - 1 2 —Q, (11) 

where h, k , l are constants and A is a parameter. 

Here the equation dfjdX — 0 becomes 

hy + Xk 2 = 0, or X= -hy/k 2 (12) 


On substituting in (11) we get, for the envelope, the ellipse 

x 2 y 2 l 2 
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211. The Projection of the Radius on the Tangent. 

The equations (7) of the preceding Article apply to any point 
(; x , y) on the curve. On squaring and adding they give 

x 2 + y 2 ={f (y>)} 2 + {/' (v>)} 2 , 


or 



( 1 ) 

( 2 ) 


since co and y) differ only by a constant. It follows that the magni- 
tude of the projection PT (Fig. 198) of the radius on the tangent is 

given by 

PT = |^| = |^| (3) 



dp 


dp 

dtp 


dco 


In some cases it is convenient to 
consider the algebraic measure of this 
projection, which is taken positive (neg- 
ative) if the recedent cp is less (greater) 
than We then have, simply, 

PT = dpldip — dplda) (4) 

211. 1. Working notions. The above for- 
mulae are easily recovered with the use of 
infinitesimals. Let two adjacent tangents 
Pl\ P'T\ at an inclination r$a>, meet at I 
(Fig. 200), and lot 01 =11. Then ifp, p +dp 
are the lengths of the perpendiculars OT, OT' 
on the tangents and L OIT — we have 

p +<$ p =R&in(% -I <$a>)»2£sin % + R cos % . S co (5) 

dp^Rcos x • . dw ( 6 ) 

When da) is indefinitely decreased the point of intersection I of the tangents 
converges to P. Hence PT = dp /dco. 


p =Rsin x , 


Thus 


212. Curvature of a Curve specified in Line-Coordinates. 

Let the line-equation of the curve be so that, according 

to Art. 210, the (x, y) point-equation is given by the equations 

7 i dm _ 

Ix-vmy — 1, x + -y- y = 0, (1) 


on eliminating Z, m. The required formula for the curvature of the 
curve in terms of l , m is found by writing the ordinary formula in 
the form dn/di 


dg/dl 

dx/dl 

K -(T+ffiV’ 


( 2 ) 
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y being equal to -l/m and the derivative dx/dl being obtained from 
the equations (1). On eliminating y between these equations, we get 


whence we find 



Also 


dg_ 

dl~ 


m -l 


dm 

a 




(l+g*r 2 


(l 2 + m 2 ) 312 




and the formula (2) thus becomes 


(3) 

(4) 

(5) 


K=± 


( , dm'd 

d 2 m n » , n)9 ’ 

dll {l 2 +m 2 yi- 


(6) 


the alternative sign being positive (negative) if m is positive 
(negative). 

If the line-equation is given in terms of p and xp, we make the 
transformation 


where now 


dgjdxp 

dxfdxp 

= (l+0 2 )*' 2 ’ 


(7) 





dp 

x —p sin xp + ^ cos xp , 


dx 

dxp 



cosy), 


(1 + g 2 ) 212 = | sec y) | 3 . 


(8) 


We thus find 


*=dt 


1 


P + 


<Pp ' 
dxp 2 


(9) 


the positive (negative) sign being taken if sec y) is positive (negative), 
i.e. if xp is less (greater) than \n. 

The convention for the curvature throughout the above discussion 
is that relating to axes-type of point-coordinates. If line-coordinates 
( p , a ) ) are introduced, the formula (9) is immediately transformed to 


1 
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but p is now positive and the polar convention for the curvature 
applies, k being positive if the curve is convex outwards. 


Ex. 1. The ellipse p 2 — a 2 ain 2 ip + 6 2 cos 2 y>. Here we find 

d 2 p _ (a 2 -b 2 )(b 2 cos 4 ip - a 2 sin 4 xp) 
dip 2 ~ p 3 

and hence 


Therefore 


d 2 p a 2 b 2 
P+ dy> 2 ~ p 3 ' 


k= ± 


a 2 b*’ 


( 11 ) 

( 12 ) 

( 13 ) 


the positive (negative) sign being taken if ip is less (greater) that \n. 

The student should reconcile this result with the results in Ex. 5, Art. 133, 
p. 302, (where, it will be noted, the sign of p was taken as positive throughout). 


Ex. 2. The cardioid p=2a cos 3 ?jC 0 , (a > 0, | co | ^ : hn). Here we find 

— * a cos fa sin 2 1 a) - § a cos 3 £a>, p + — fa cos \u), (14) 

(15) 

* a cos^co 

Further, the relation r 2 —p 2 + (dp/dco) 2 here gives r 2 =4a 2 cos 4 and 


and hence 


hence we have the result 


3r 

K ~ iap * 


.(16) 


SECTION III. THE RADIUS-BECEDENT RELATION OF A 
CURVE. THE (p, r) RELATION 

213. The (r, %) and ( p , r) Relations. 

A point- or line -coordinate equation of a curve possesses the 
property of defining the curve relative to axes or points of reference, 
that is, each defines not only the form of the curve but also its 
position relative to the reference axes or points. Each of the equa- 
tions involves implicitly all the properties of the curve. 

In the discussion of curves it is often convenient to employ a 
derived relation or property instead of one of the equations of the 
curve. Such a derived relation may completely define the curve, 
apart from position and orientation, or it may define it as one of a 
more or less extensive class of curves. A relation of this type is 
often referred to as an equation of the curve, but it seems preferable 
to retain the term relation , adding the names or symbols of the 
quantities which occur in the relation. 

It is easy to shew that a relation exists between any two variable 
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measures associated with the points of a curve. We may take, as 
an example, the radius r and the recedent cp as the measures in 
question. If we start with the ( x , y) point-equation of the curve, 
we can find r and cp in terms of the position on the curve of the point 
considered, i.e. in terms of x and y. The equation of the curve gives 
a relation between x and y, and therefore the quantities r, cp are 
expressible in terms of x alone, say r =f{x), cp=g(x). The elimination 
of x between these gives a relation between r and cp, which is the 
radius-recedent, or ( r , cp), relation for the curve. 

, The same argument would apply to the determination of a rela- 
tion between the perpendicular p and the radius r, or, as a third 
example, to the determination of a relation between the curvature 
k and the slope y> of the tangent. 

The reverse process of determining the form of the curve from a 
relation of the kind indicated requires, in general, the aid of the 
Integral Calculus 1 or of Differential Equations, and is often not at 
all simple. 

In the present Article we consider the formation of the radius- 
recedent or (r, <p) relation and of the ( p , r) relation for some simple 
cases of curves whose equations are given in terms of rectangular 
or polar coordinates. These relations are frequently employed in 
Dynamics when a knowledge of the form only of a curve is required, 
its orientation in the plane being a matter of indifference. 

It may be remarked here that it is most convenient to treat p as 
positive throughout , the connection between p, r and cp being always 
p—r sin cp, where the range of cp is, as usual, (0, n). 

213. 1. Polar equation given. The (r, cp) relation is most simply 
found from the polar equation of the curve when expressed in the 
form 6=f(r). We then have, from (5), Art. 202, 

tan <p=rf'(r), (1) 

which expresses the relation in question. 

To find the (p , r) relation, we observe that since sin cp—p\r, we 
have tan 2 cp=p 2 /(r 2 -p 2 ). We thus have, from (1), 


p 




doy 

dr) ’ 


which is usually written in the form 


y i (dr/dd) 2 
P*~r 2+ r* 


1 See, for example, Art. 235, Chap. IX. 


( 2 ) 


( 3 ) 
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here the derivative drjdd is supposed expressed in terms of r alone. 
If we introduce the reciprocal of r as dependent variable, writing 
= l/r, (3) becomes 

1 9 fdu \ 2 . 

p‘ =u+ (w) (4) 

hich is sometimes more convenient. 

213. 2. Cartesian equation given . Let the equation of the curve be 
=f{x). If PT (Fig. 201) is the tangent at P, ( x , y ), and GW is the 
jrpendicular p from O to it, then, by projection on ON , we have 

ON = | OM sin ip - MP cos ip | , 


Lat is, 


p = | x sin ip -y cos ip | = 
so that 


_ | x tan ip -y \ 
V(1 + tan 2 ip) 9 



P 


2 — . 


t-y)‘ 


1 + 


(dy \ 2 9 

\dx) 


.(5) 


Also 


where y — f(x ), dyldx — f'(x). 

OP 2 = OM 2 + MP 2 9 that is, 

r 2 =x* + {f(x)}\ (6) 

and the ( p , r) relation is obtained by 
eliminating x between (5) and (6). 

The (r, cp) relation follows by 
writing p = r sin cp. 

In many cases the (r, cp) and (p, r) relations can be written down 
)m a knowledge of special properties of the curve considered. The 
alytical method is then unnecessary, except as a check. 


Ex. 1. The circle r — 2acos0, (a > 0), (Fig. 163, p. 471). Here we have 
’/dO) 2 =4a 2 sin 2 6 =4a 2 -r 2 , and (3) gives 

l_l 4 a 2 -r 2 

p2“ r 2+ r 4 » 

Lence we obtain the desired (p, r) relation in the form 

2ap=r 2 (7) 

This result also follows geometrically by observing that if C is the centre, 

- A the diameter through 0 and 0 T the perpendicular from 0 to the tangent 
P, the triangles OTP , OP A are similar, so that OT/OP —OP\OA. 

Ex. 2. The equiangular spiral r=oe^ C 0 t a, (a > 0, 0<a<7i). Since here 
= a, by Ex. 3, p. 482, this is the (r, 99 ) relation for the curve. The (p, r) 
ition is therefore 


p =rsm a. 


( 8 ) 
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Ex. 3. The cardioid r=a( 1 + cos 6), (a > 0). Here we have 
(drjdO) 2 =a 2 sin 2 0 = 2 ar - r 2 , 
and the (p, r) relation is thus given by 

1 _] 2 ar -r 2 2 a 

p2 rp 4 ^.3 * 

or by 2 ap 2 —r 2 (9) 


Ex. 4. The ellipse x 2 \a 2 -\-y 2 \b 2 — 1. In this case (5) leads to the equation 
lip 2 =x 2 /a i +y 2 /b 4 , and the required ( p , r) relation is obtained by eliminating 
x 2 , y 2 between these equations and the equation r 2 — x 2 +y 2 . We obtain 


1 1 a 2 
1/a 4 

1 


1/6 2 

1/6 4 

1 



-0 


or 


a 2 b 2 

p 2 


=a 2 +6 2 -r 2 . 


( 10 ) 


This relation also follows geometrically. If OP, OQ are conjugate semi- 
diameters, of lengths r, r and if p is the perpendicular distance from the 
centre to the tangent at P , then we have the well-known results 

r 2 -f r' 2 — a 2 +6 2 , pr'—ab. 


and (10) follows on eliminating r'. 


Ex. 5. The ellipse with pole at a focus. The tangent at any point makes 
equal angles with the focal radii, so that 
L JSPT = L S'PT' (Fig. 202), where S , S' are 
the foci. This gives pjr—p'lr'. 

Also we have the fundamental results 
pp' =b 2 , r+r' = 2a, and, on eliminating 
j )', r* between these three equations, we get 

p 2 _ b 2 
r 2 a ~r 9 

l 2 1 


V* 


..( 11 ) 

.( 12 ) 



l/p 2 =2/r - l/o. 


if we write l for the length 6 2 /a of the semi- 
latus rectum. 

The student should obtain the same result analytically, starting with the 
equation l/r = 1 -ecosfl, (Ex. 3, Art. 201). 


214. Curvature in terms of r and (p, and in terms of p and r. 

For simplicity, suppose the curve specified in terms of polar 
coordinates. According to (7), Art. 204, p. 491, the curvature at 
any point is given by 


1 + 


dp 

dd 


r cosec <p 9 


(i) 
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being positive (negative) if the curve is convex (concave) outwards. 
We may write this in the form 


1 . 1 . dw dr 

K = f ,m 9 + ^n f J rm 

1 . dw 

= - sin <p -f cos <p ~ , 

Id,. . 

_ l dp 

~r dr 


( 2 ) 

(3) 


214. 1. Curvature in terms of p and co deduced from that in terms 
of p and r. From the result (2), Art. 211, namely, 

r 2 — p 2 ( dp/da >) 2 , (4) 

we find, on differentiating with respect to p , 



2 




(5) 


With the aid of (3) above, we thus get 


1 d 2 p 
K~ P+ d^ 


as in Art. 212. 


Ex. 1. The equiangular spiral <p=<x. From (2) w© conclude 


See Ex. 3, Art. 204. 


1 . 

k =— Sin a. 
r 


(6) 


Ex. 2. The cardioid 2ap 2 =r*. Here we have &ap . dp/dr =3r 2 , and from 
(3) we have 

-si-ms i (,) 

See Ex. 2, Art. 204. 


215. Plotting with the aid of the (r, y) Relation. 

If the radius-recedent relation is given, the analytical determina- 
tion of the curves for which it holds requires the use of integration, 
as we have already remarked. A curve can, however, be plotted 
from its (r, <p) relation by using a step-by-step process. Suppose 
that a starting point P x on the curve is chosen consistently with the 
relation, i.e. such that the relation gives a real value of <p for the 
chosen distance r x of P x from the origin 0. If, now, we draw a short 
length of tangent P X P 2 in the direction assigned by the value of q ?, 
we can, to a first approximation, regard P 2 as another point on the 
curve. The distance OP 2i (r 2 ), being known, the (r, cp) relation will 
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abts. 214, 215] 

give the direction of the tangent at P 2 , and we can draw a short 
length of tangent P 2 P 3 there and take P 3 as a third point on the 
curve, and so on. However, the errors in the determination of the 
successive points caused by ignoring the deflection of the curve 
from its tangent at each step will, in general, accumulate. We can 
reduce these errors by using Newton’s formula for the deflection of 
the curve from the tangent. The point P 2 ' of the curve will then 
be taken at a distance if< 1 (P 1 P 2 ) 2 from P 2 in the sense of the 
curvature, k x being the curvature at P v The curvature at any 
point is given by the formula (2) of the preceding Article, and its 
value is calculated by the use of the (r, (p ) relation and its derivative. 


EXAMPLES XXXVII 
POLAR COORDINATES 

1 . Sketch the following curves : 

(i) r —a sinra0, (m =1, 2, 3, 4) ; (ii) r —a exp( - 0 2 /c a ) ; 

(iii) r —a exp(0 2 /c 2 ) ; (iv) 0 = 2a cos r, (r >0) ; (v) a/r =sinhn0. 

2. Plot the curves tan (r/a) — k sec 0, tanh (r/a) = k sec 0. 

3. Obtain the polar equations of the conic-sections directly from the focus- 
directrix definitions. 

4. Transform the following equations to polar coordinates : 

(i) (x -b) 2 +y 2 =a 2 ; (ii) x 2 -y 2 —a 2 \ (iii) (x 2 + y 2 - 3x) 2 — 4 (x 2 -h y 2 ) ; 

(iv) y 2 (a -x) =x 3 ; (v) x 3 +y 3 =3axy. 

5. Transform the following equations to rectangular coordinates : 

(i) r=2+3cos0; (ii) r—aeM; (iii) r —a cos 2 0 ~b sin a 0 ; 

(iv) r=o0/sin0; (v) r =(a sin 0)/0. 

Sketch the graphs of the last two equations. 

[The graph (iv) is called the quadratrir .] 

6. Sketch the curve r = a\/(cos 0). Find the length of the longest chord of 
the loop perpendicular to the axis of symmetry, and shew that if this chord 
cuts the axis in M , OM =a/27 L f*. 

7. If a circle touches a given curve at the point (r, 0) and passes through the 
pole, shew that its diameter is ^{r 2 4 -(dr/dd) 2 } and hence that its equation is 

where (R,^) are current coordinates on the circle. 

If the given curve is r m =a m sin mQ, shew that the locus of the centre of the 
circle described is the curve (2r) n =a n sin n0, where n=m/( 1 -m). 

8. Find the recedent at any point of the following curves : 

(i) r=a/sjd; (ii) r=a0 /(l+ 0 ); (iii) r =a6 2 /(Q 2 - 1); (iv) rsinm0=a; 

(v) r =o6/(oe9+6e-«) ; (vi) u = 3”^ g ^os Q : (vii) r=a(l -cos 0 ). 
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9. For the reciprocal spiral r =a/0 , shew that tan 9 ? = - 0. Shew also that 
the sub tangent is equal to a. 

10 . Shew that if a point P describes an equiangular spiral of recedent 
n- a, (greater than so that the radius OP rotates with uniform angular 

2n 

velocity sin a, the projection of P on Ox executes a decaying S.H.M., 

T 

the time in which the amplitude decreases in the ratio 1 : e being ^ - sec a. 

11 . For the curve r m —a m sinm0 find (i) the curvature, and (ii) the length 

of the normal. [(i) (m + l)r w_ 1 /a m , (ii) (m + 1 )//<.] 

12. If P is a variable point on a given curve and OP is produced to P', 
where PP' is constant, prove that the polar subnormal of the locus of P' ii: 
equal to the polar subnormal of the given curve at the corresponding point. 

Shew, further, that if the tangents at P, P' meet at T , the projection of P'T 
on OP is equal to OP. 

[The locus of P' is called a conchoid of the given curve relative to the centre 

O.] 

13. Shew that if two curves are related in such a way that the product of 
their radii for the same polar angle is constant, the corresponding recedents 
are supplementary. [Each curve is said to be the inverse of the other.] 

14. Prove the following results for the equiangular spiral r =ae k0 : 

(i) subtangent =r jk ; (ii) subnormal —hr ; 

f 

(iii) tangent = ^ V (1 + k 2 ) ; (iv) normal =*V (1 +k 2 ). 


Prove, further, that if a straight line drawn through the pole cuts the spiral 
in the consecutive points P v P 2 , ... , P n , ...» and k u is the curvature at P n , then 

lo %e ( K ml K n ) = 2 ^ ( n “ m ) ■ 

15. Investigate the points of contraflexure and the curvature at any point 
of the following curves : 

(i) r=a/0 ; (ii) r =aOj(\ +Q) \ (iii) r—aO n ; 

(iv) r=a0 2 l(0 2 - 1 ) ; (v) r=a+b cos 6; (vi) r =a{6 +sin 6). 


16. Shew that for the spiral of Archimedes, r 
of the centre of curvature are given by 
„ - r* + 3 a 2 r 2 -f a 4 


= aO , the coordinates (r c , 0 C ) 


r 4 + 4 a 2 r 2 + 4a 4 J 


tan (0 C - 0) = 


1 +0 2 


17. Obtain the formula for the curvature in polar coordinates by trans- 
forming the formula d 2 y jdx 2 


MITT 


If the coordinates of a point on the curve are expressed in terms of a para 
meter t, transform the formula (45), Ex. 7, Art. 133, to obtain the formula 
drd 2 J _ dOd*r f drV > dd fdd\ 3 

dt dt 2 dt dt* \dt) dt + \dt ) 

: 

the positive (negative) sign being taken when dd/dt is positive (negative). 
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18 . If r = a + 6 /( 0 ), where b is small compared with a , shew that 

llK~a+bf(d)+bf"(0). 

19 . A particle moves in a plane, the component velocities u , v at any instant 
along and perpendicular to the radius being given as functions of the position 
of the particle. Find the curvature of the path of the particle in the position 


20 . Shew that for the conic r=l/( 1 +e cos 0 ) the curvature is given by 

(l+ecos0) 3 _ sin 3 9 
K ~ l(i + 2ecos 0 +e 2 ) 3/2 ~ ~T ' 
d 2 u /cfoA 2 

21 . Prove that dcp JjHP \d8J 

dd „ /dw\ 2 ’ 

U+ \d 0 ) 

22. Shew that if /( x, y) = 0 is the equation of a curve relative to axes of 
obliquity cd, the equation in polar coordinates with the same origin and the 
polar axis along the axis of x is 

sinjc o- 6 ) r sin0\ 0 
J l sin (o ’ sin to) 

If the equation of a conic in oblique coordinates is ax 2 + 2 hxy 4 -by 2 — 1, find 
the directions of its axes. r n 2 sinco (a cos co -h) n 


le directions ol its axes. r __ 2 smw a cos co - h ) "l 

tan 20 = —? jt “£ . 

L a cos 2a> - 2 h cos to +b J 

23 . Shew that the following functions V satisfy the corresponding equations : 
rr . .. ... d ( dV\ „ 


(i) V=\og e r, then ^ 


0 2 V 1 dV 1 d 2 V 

(ii) V ~(Ar n + #r~ n ) cos n 0 , then +- + 

dr 2 r or r 2 dd 2 


..... T/ f(at-r) d 2 V 

(m) V ~— r — • then-^ 3 


(iv) V —r 2 log e r, then ^ 
... d 2 U 


1 d 2 V 
a 2 dt 2 : 


: 0 ; 


d 

~ d ) 

! 1 d / 

' dV\\l 

dr 

_ V dr \ 

r dr \ 

k r drj ) J 


24 . Verify that the equation 


1 dU J. 0 2 U 
r dr + r 2 dO 2 ~ 
dV 1 d 2 V 


0, where 


d 2 V IdV 1 d 2 J 
dr 2 + r dr + r 2 dO 


is satisfied by putting V = rQ sin 0 or V —r log e r cos 0 . 

25 . Verify that the function V —a exsin^mr, a) satisfies the equation 

0*F 1 dV 1 a 2 F _ 

dr 2 r dr ^ r 2 dO 2 ~ 


EXAMPLES XXXVIII 

LINE-COORDINATES. ENVELOPES 

1. Shew that the (l,m) equation of the hyperbola x 2 /a 2 -y 2 /b 2 = 1 is 
a 2 l 2 - b 2 m 2 = 1, and of the parabola y 2 = 4 ax, l + am , 2 =0. 
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2. For the following equations draw a sufficient number of lines to define 
the corresponding envelopes and identify the envelope in each case : 

(i) 2Z + 3ra=6; (ii) m=l 2 ; (iii) ?n = - Z 3 ; 

(iv) l 2 + m 2 =(1 - l) 2 ; (v) 2Z 2 +m 2 = 1; (vi) lm+l+m= 0. 

3. Find the ( p , co) line-equation for the parabola y 2 = 4a(# -fa). 

[p — -a sec co.] 

4. Find the (l, m) equation for the general conic 

ax 2 + 2hxy + by 2 + 2 gx + 2fy + c = 0, 

(i) when the centre is at the origin, (ii) when the centre is at any point. 

If there are tangents through the origin, shew that their gradients y l9 y 2 
satisfy the equations 

by 2 4- 2hy + a= 0, y 2 (bc -f 2 ) - 2y(fg -ch) + ac -g 2 — 0 

in the respective cases. 

[The general form of the equation is Al 2 + 2Hlm + Bm 2 + 2 Gl -f 2 Fm + (7=0, 
where A, B, ... , H are expressible in terms of a, 6, ... , h.'] 

5. Shew that for the astroid x 2 ^ + y 2 J 3 =a 2 ^ y 

l/l 2 + 1/m 2 =a 2 , 4 p 2 = a 2 sin 2 2tp. 

6. Shew that for the cycloid x=a(0+sin0), y=a(l-cosO), the (p, xp) 
equation is p = 2 atp sin xp. 

7. Shew how to find the ( x, y) point-equation from the (g f b) line -equation. 

8. Find the point-equations of the curves for which (i) p=a tan ico t 

(ii) p —a cos ft). [In (i) put tan =Z.] 


9. If the line -coordinates ( l , m) of a curve are specified in terms of a para- 
meter t y shew that 

( dl , dm \ 3 

i m dt -Jjt) 

± (dmdH 3n > 

\ dt dt 2 (It dt 2 / 


the upper (lower) sign being taken if m is positive (negative). 

Find the curvature of the envelope of the lines Lx + My + N = 0, where 
L, M y N are given as functions of a parameter t. 

10. Find the curvature at any point of the ellipse 

Al 2 + 2tfZm + Bm 2 + 2GI + 2Fm + C =0. 

11. If a curve is specified in line -coordinates (g, b), shew that 

(dg/db) 3 __ 1 

K ~(l+ g*)*t*d*gldti* ~ ( 1 + g 2 ) 3l ‘d 2 b/dg 2 ' 

12. If C is the centre of curvature corresponding to a point P on a curve, 
and if OU is the perpendicular from 0 to <7P, prove that OU 2 = (dp/da)) 2 . 

Applying this result to the evolute, where it is to be observed that OU is 
the perpendicular to the tangent of the evolute at the centre of curvature, 
establish the result UC 2 =(d 2 pldaj 2 ) 2 . 

Hence shew that if (r c , 0 C ) is the centre of curvature, 




cot(ft) - 0 C ) = 


d 

dco 


log. 


dp 
dco 9 


dr c 

dK 


d 2 p 
dco 2 ’ 
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Find OU for the cardioid r=a(l + cos 0) corresponding to the point for 
which 0 — \n. 

13. Circles are described having their centres on Ox and radii equal to the 
corresponding ordinates of the parabola y 2 = 4 ax. Shew that their envelope 
is the parabola y 2 = 4a(x + a). 

14. Prove that the envelope of the normals of a curve is the locus of the 
centre of curvature (the evolute). 

15. Find the evolute of (i) the parabola y 2 =4 ax ; (ii) the ellipse x —a cos 0, 
y—b&md; (iii) the cycloid x =a(0 +sin 0), y = a(l -cos 0) ; (iv) the trac- 
trix x =c(u -tanhw), y =c sech u. 

0 16. Circles are drawn with their centres on (i) the hyperbola xy = a 2 , (ii) the 
parabola y 2 = 4o#, and in each case pass through the origin. Find the 
corresponding envelopes. 

17. Ellipses are drawn with their centres at the origin and their axes along 

Ox, Oy . If the sum of the semi-axes is constant, find the envelope of the 
family. [An astroid.] 

18. Lines are drawn from the foot M of the ordinate MP perpendicular to 
the tangent at P to a curve. Find their envelope when the curve is specified 
by the equations (i) x —a cos 0, y =b sin 0, (ii) y ~ax m , (iii) y =c cosh (x/c). 

19. Rays of light emanating from a point C are reflected from a circular 
cylindrical mirror. Find the envelope of the reflected rays which lie in the 
plane through C at right-angles to the axis of the cylinder. 

In particular, for the cases where C is (i) on the reflecting surface, (ii) at a 
great distance (so that the rays are parallel), shew that the envelopes are 
epicycloids. 

[Let O be the centre of the circular section, a the radius and c the distance 
of C from O. Let P be any point on the mirror, where LOOP = 0, and draw 
the incident ray CP and the reflected ray PQ , where L CPO = L QPO . If CL 
is perpendicular to PQ, express the coordinates of P, L in terms of a, c, 0, and 
hence obtain the equation of PQ in terms of the parameter 0.] 

20. Rays of light from a point 0 are reflected from parallel infinitesimal 
facets lying along a straight line A B, the planes of the facets being perpendi- 
cular to the plane OAB. Shew that the reflected rays envelop a parabola. 


EXAMPLES XXXIX 

THE (p, r) RELATION 

1. Shew that the (p, r) relation for the parabola y 2 =4a(x +a), the focus 
being at the pole, is p 2 — ar . 

2. Shew that if a focus of the hyperbola x 2 ja 2 -y 2 /6 2 = l is taken as pole, 
the (p, r) relations for the branches which are convex and concave relative 
to the outward drawn radius are Z/p a =2/r + 1/a and l/p 2 = - 2/r + 1/a, 
respectively. 
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3. Obtain the following (p, r) relations for the curves given : 

(i) spiral of Archimedes r —aQ, p 2 —r*l{a 2 -fr 2 ) ; 

(ii) reciprocal spiral r—a/0 , 1/p 2 = l/r 2 + 1/a 2 ; 

(iii) rectangular hyperbola r 2 cos 26 =a 2 , pr =a 2 ; 

(iv) lemniscate r 2 — a 2 cos 20, a 2 p — r 3 ; 

(v) Cotes’s spiral r = a sec mO, \jp 2 — (l ~m 2 )/r 2 + ?n 2 /a 2 ; 

(vi) r=a/coshm6 f l/p 2 = (l +m 2 )/r 2 -m 2 /a 2 ; 

(vii) r=a/sinhm0, l/p 2 =(l +m 2 )/r 2 +m 2 /a 2 ; 

(viii) r 2 — a 2 cos 0, p 2 =4 r°/(a 4 + 3r 4 ) ; 

(ix) r n —a n cos n0, a n p =r w+1 . 

4. If /(p, r)=0 is the (p, r) relation for the curve F(r, 0)^0 and if r ir 
changed to r n and 0 to n0, prove that the corresponding (p, r) relation is 
obtained from /(p, r) =0 by replacing r by r n and p by pr n_1 . 

5. Find the curvature at any point of the following curves : 

(i) p 2 =ar; (ii) a n p=r n+1 ; (iii) p=a-b/r ; (iv) a 2 b 2 /p 2 =a 2 + b 2 - r 2 . 
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